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PREFACE 


This  Lecture  Series  No. 94  on  “Three  Dimensional  Unsteady  Separation  at  High  Reynolds 
Numbers"  has  been  co-sponsored  by  the  Fluid  Dynamics  Panel  of  AGARD  and  by  the  von 
Karman  Institute  for  Fluid  Dynamics,  and  implemented  by  the  Consultant  and  Exchange 
Programme  of  AGARD  together  with  the  VKI. 

The  aim  of  this  lecture  series  is  to  review  the  present  state  of  knowledge  of  three- 
dimensional  flows  which  contain  regions  of  quasi-steady  or  unsteady  separation  and  to  provide 
a critical  appraisal  of  current  methods  for  the  investigation  of  such  flows.  Both  experimental 
and  theoretical  aspects  will  be  considered  and  particular  emphasis  will  be  placed  on  the 
transonic  regime. 

After  lectures  devoted  to  the  problems  which  flows  of  this  type  present  during  the 
design  and  performance  prediction  of  civil  and  military  aircraft  and  to  a review  of  recent 
progress  in  the  numerical  solution  of  two-dimensional  separated  flows,  the  following  topics 
will  be  treated  in  detail. 

~ Quasi-stationary  three-dimensional  separations:  phenomenological  aspects;  application 
to  wings  with  moderate  or  high  sweep  and  to  slender  bodies;  various  interaction 
phenomena,  instrumentation;  control  of  sepa  ation. 

- A general  review  and  physical  aspects  of  unsteady  separations;  application  to  the  problems 
of  the  trailing  edge  conditions  for  slender  bodies,  of  the  dynamic  stall  (oscillating  aerofoil, 
helicopter  blade),  and  of  shock  wave-boundary  layer  interaction;  the  prediction  of 
buffeting. 

- Inviscid  fluid  models  based  on  rolled-up  vortex  sheets  for  the  computation  of  three- 
dimensional  separation  at  high  Reynolds  number. 

- The  structure  of  turbulence  in  complex  flows.  Boundary  layer  calculations  and  prediction 
of  separation. 

- Numerical  methods  for  separated  flows.  The  present  position  and  future  prospects. 
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PRESENTATION  DU  SUJBT 
par  N.  SIRIEIX 

Office  National  d'Etudes  et  de  Recherchea  Airospatlalea 
92320  ChStlllon  (FRANCE) 


1 . PREAHBULE 

Cette  brive  confdrenoe  Introduotlve  a pour  but  : 

- do  dd^ger  lea  objeotlfa  de  oette  "Lecture  s^rlea”,  d'on  prdclaer  1 'articulation  et  le 
contmu,  en  Inalatant  eur  lea  points  autour  deaquels  pourralt  e’ engager  la  dlecusslon  de  table  ronde 
qul  tradltlonnellesMnt  cldture  un  tel  cycle  de  conferences, 

- do  presenter  de  naniere  concrete,  essentlellenent  A I'alde  de  visualisations,  oe  que  sont 
les  decollananta  trldlaenslonnels  ou  Instatlonnalres,  cosment  11s  apparalssent  notasnent  sur  des  confl- 
ffiratlons  scheBStiques  d'avlcns,  enfln  quels  sont  les  probiemes  fondamentaux  auxquels  on  se  trouve 
ccnfronte. 


a . 0BJECTIF8 

2.1  La  deolalon  prise  par  le  "Fluid  EQmanlo  Psnnel"  de  consacrer  une  "Lecture  series"  aux  ecoulsawnts 
deoolies,  un  peu  nolns  da  3 ana  apris  la  reunion  de  Speclallstes  qul  s'est  tanue  k Goettingen,  cooporte 
un  double  daaaaln  i 

- tout  d'abord  dlffuaer  de  la  sauiiere  la  plus  large  possible  les  progris  realises  dans  la  comprehension 
at  le  traltaaiant  des  decollamanta,  speclalanent  dans  le  oas  turbulent, 

- ensulte  centrar  ces  Inforsattlons  dont  bon  nombre  relevant  de  recherchea  A caractAre  trop  fondamantal 
slnon  academlque,  sur  des  objectlfs  rattaches  aux  applications  aer<»iautlquea  (avions,  heilcoptAres) 
ou  spatlales  (sdSalles). 

II  no  s'aglssalt  done  pas  seulement  de  falra  le  bllan  de  nos  connalasances  dans  certains 
dcaaines  de  Necanlqua  des  Pluldea  souvent  peu  explores  par  suite  de  leur  extreme  cooplexlte  mala  sur- 
tout  de  falra  face  A das  besolna  d'Aconomle  cosma  d'accrolssaeient  de  la  quallte  et  de  la  securlte 
des  prodults  de  1 'Industrie  Aeronautlqua. 

Pour  le  constructeur,  la  neoesslte  d 'accepter  dans  certalnes  clrconstances  1' existence  de 
decolleownta  est  une  evidence.  Son  rSle  conalsta  alors  solt  A en  contrdler  et  mlnlalaer  les  effets, 
lorsque  oas  deoollenents  constituent  un  element  nulslblo,  generateur  de  pertes  et/ou  d'lnstabllltes 
sevAras  dAgradant  les  qualltes  de  vol,  solt  au  contralre  A org^lser  A priori  le  decollasient  de  isanlAre 
A ce  qu'll  ccnstltue  une  source  naturelle  d'sccrolssement  de  performances.  Ifti  oholx  convenable  des 
formes  peut  condulre  on  effet,  A la  formation  de  structures  tourblllonnalres  trAs  organlsAes,  aveo  le 
oas  AchAant  dee  effets  d'lnteractlon  favorables  entre  certalnes  d'entre  elles  (strake,  adaptation  d'un 
plan  canard  etc,..). 

Dans  un  tel  travail  les  aspects  Instatlonnalres  du  dAcollement  reprAsentent  un  AlAment  essen- 
tial Inherent  A la  nature  m@me  du  dAcollement,  par  le  bials  de  la  turbulence,  ou  encore  assoclA  aux 
mouvements  d un  dlsposltlf  qul  les  pilots  (gouvemes,  pales  d'hAllcoptAre  etc,,.). 


Pour  manor  A blan  oette  tiohe,  11  est  nAcessalre  d'acorottre  le  niveau  encore  trAs  Inaufflsant 
de  nos  connalasances,  sur  le  plan  experimental  pour  une  comprehension  plus  grande  des  phAnomAnea  mis  en 
Jeu  et  des  facteurs  qul  lea  Influencent,  sur  le  plan  du  caloul  pour  Atabllr  un  Juste  coropromls  entre  le 
traltement  complet  des  effets  vlsqueux  et  turbulents  que  leur  complexltA  rend  IrrAalisable  m8mo  dans  un 
avenlr  lolntaln,  malgrA  les  progrAs  attendua  des  ordlnateurs  oomne  des  mAthodes  numArlques,  et,  la 
"modAllsatlon"  des  phAnooiAnos  que  1 'experience  pout  suggArer  A divers  nlveaux.  Dans  ce  but,  11  est 
permls  d'espArer  que  lea  Achanges  et  discussions  que  cette  "Lecture  SArles"  provoquera,  susclteront 
das  orientations  nouvelles  de  I'actlvltA  des  chercheurs. 

1,2  e'est  dans  os  contexts  qu’a  AtA  orffuilsA  oe  cycle  de  conferences.  Le  prograane  quolque  ambltlsux 
est  llsdte  pour  I'aasantlel,  au  oas  des  Acoulamants  A grand  nombre  de  Reynolds  et  A nombre  de  Mach 
falble  ou  modArA.  Bar  alllaurs  les  applications  envisagAes  conoemant  des  problAmes  d'AArodynamlque 
extame,  mis  A part  quelques  examples  relatlfs  aux  AooulesMnts  dans  les  prises  d'alr  ou  les  turbo- 
aaohinas. 

Pour  ce  qul  est  du  contenu  de  ce  programsie  Je  me  bomerai  A quelques  brAves  remarques  sur 
son  organisation.  Celul-cl  comporte  en  gros  3 parties.  la  premlAre  relatlvament  courts  (3  conferences) 
eat  Introduotlve,  la  seconds  (7  conferences)  est  consacrAe  aux  aspects  expArlmentaux  des  dAcollements 
trldljsenslonnels  et  Instatlonnalres,  enfln  la  trolslAme  (7  conferences)  passe  en  revue  et  dlsoute 
las  moyans  de  prAvlslon  exlstants  ou  envlsageables. 


I-: 

Duia  la  pioMlire  partle,  c’est  d’une  mantire  dtfllMrda  at  pour  Bouli0ier  1 'aspect  tris  ooncret 
das  basolns  k partir  desquels  e'ordonnent  las  sujets  tralt^s,  qu' a 4ti  confine  k un  repr^sentant  de 
1 'Industrie,  la  tfiche  Importante  de  drfflnlr  i 

• las  diff^rents  problknes  lids  k la  presence  de  ddcollemants  sur  un  avion  ou  un  missile,  au  niveau 
das  performances,  qualltds  de  vol  etc... 

- las  ooyens  en  usage  chez  le  conatruoteur  pour  ddtemlner  ces  ddoollements,  en  assurer  le  contrdle, 
en  rddulre  les  nuisances  et  notamnent  la  manlkre  dont  11  utilise  ou  entend  utlllser  le  calcul  dans 
ces  dl verses  opdratlons. 

D'autre  part,  11  lul  appartlent  de  foimuler  des  voles  possibles  de  Recherches  futures  autour 
desquelles  pourra  se  ddvelopper  la  discussion  de  table  ronde. 

II  a paru  dgaleaient  utile  dans  oette  Introduction,  de  dresser  le  bllan  des  progrks  substan- 
tlels  qul  ont  dtd  enreglstrds  ces  demlkres  anndes  dans  la  traltement  par  vole  numdrlque  des  ddcol- 
lements  bldlmenslonnels,  notaanent  en  dcoulenent  transsonlque  et  k grand  nombre  de  Reynolds. 

2 conferences  sont  consacrdes  k oe  sujet  ; chacune  d'elles  correspond  k une  approche  dlffd* 
rente  du  traltement  des  dcouleoents  k grand  nombre  de  Reynolds  : 

- resolution  des  equations  de  Navler-Stokes  convenablement  moyennees, 

- methodes  dltes  de  "couplage". 

Uhe  discussion  des  merltes  compares  de  oec  deux  approches,  des  apports  que  la  seconds  peut 
foumlr  k la  premlkre  paralt  un  bon  thkme  de  discussion  parml  ceux  qul  conoement  les  methodes  de 
calcul. 

Pour  ce  qul  est  das  parties  2 et  y du  Programme,  une  trks  large  part  du  temps  de  conference 
a ete  consaoree  aux  decollements  Instatlonnalres  en  raison  de  1 'importance  pratique  du  sujet  nials  aussl 
pour  repondre  k un  voeu  exprlme  lors  de  la  Discussion  qul  a sulvl  la  reunion  de  speclallstes  de  1973 
au  cours  de  laquelle  trks  peu  avalt  ete  dlt  sur  la  question. 

Dans  les  exposes  k caractkre  experimental,  les  conferenclers  se  sont  attaches  k foumlr  sur 
des  examples  Interesaant  les  applications,  une  description  aussl  complete  que  possible  des  mecanls- 
mes  condulsant  au  decollement  et  des  consequences  pratiques  d'un  tel  phenomkne. 

C'est  alnsl  par  exemple  que  dans  le  cas  des  decollements  Instatlonnalres  les  problkmes  de 
"tremblement"  on  fait  I'objet  d'une  conference  speolale  et  que  le  deorochage  dynamlque  a ete  tralte 
en  liaison  etrolte  avec  les  problkmes  d'heilcoptfere. 

Eh  ce  qul  conceme  les  methodes  de  calcul,  les  conferences  sont  repartles  sulvant  dlffe- 
rents  nlveaux  de  "modeilsatlon"  des  decollements  turbulents. 

- en  premier  lieu,  la  scheroatlsatlon  d'ecoulementa  decolies  trldlmenslonnels  et/ou  Instatlonnalres 
par  des  structures  tourblllonnalres  non  vlsqueuses  t cette  schematlsatlon  est  blen  adaptee  au 
traltemait  de  decollements  trldlmenslonnels  organises  k grand  nombre  de  Reynolds,  lorsque  la 
llgne  de  separation  est  flxee. 

- ensulte  les  methodes  de  couplage,  encore  Insufflsanmient  developpees  par  suite  des  dlfflcultes 
Inherentes  au  calcul  des  llgnes  de  separation  mals  qul  devralent  constltuer  un  support  naturel 
des  precedentes. 

- enfln  les  methodes  fondees  sur  la  resolution  nunerlque  des  equations  completes,  convenablement 
moyennees,  par  une  methode  Instatlonnalre,  raettant  en  Jeu  une  discretisation  k partir  des  techni- 
ques de  differences  flnles  ou  volumes  finis.  Compte  tenu  des  reductions  considerables  de  temps 
de  calcul  obtenues  recemment,  peut-on  admettre  avec  un  certain  optlmlsme  que  d'lcl  dlx  ans  le 
traltement  numerlque  d’une  configuration  complete  sera  devenu  possible  grSoe  aux  progrks  des  ordl- 
nateurs  conine  des  methodes  numerlques  ? 

Dans  tous  les  cas,  le  succks  ne  pourra  Intervenlr  que  lorsque  le  problkme  de  la  modeilsa- 
tlon  de  la  Turbulence  aura  progresse  de  faqon  sufflsante.  Ce  sujet  trks  Important  qul  Intervlent  en 
denomlnateur  commun  pour  limiter  le  developpement  des  methodes  de  calcul,  fera  I'objet  d'une  confe- 
rence consacree  k la  structure  de  la  llirbulence  dans  les  ecoulements  complexes. 

On  notera  que  s'll  n'est  pas  fait  expressement  reference  aux  methodes  d'eiements  finis 
pour  le  traltement  numerlque  de  prablemes  oii  la  complexlte  des  formes  peut  Inciter  k les  utlllser 
preferentlellement,  c'est  que  ces  methodes  sont  encore  d'un  usage  relatlvement  llmlte  et  condulsent 
pour  1' Instant  k des  performances  molns  satlsfalsantes,  sur  le  plan  de  la  duree  des  calculs  que  les 
methodes  de  differences  ou  volumes  finis. 

Ce  point  de  vue  pourra  d'allleurs  @tre  dkbattu  en  discussion  de  table  ronde. 

Ces  demlkres  remarques  concemant  le  contenu  du  programme  termlnent  la  premlkre  partle 
de  cet  expose.  Dans  la  seconds  partle  nous  nous  proposons  d'lntrodulre  de  manlkre  plus  concrkte 
notre  sujet,  avec  I'appul  extrSmement  riche  d'enselgnements  de  la  visualisation. 


I 


3 - CO>WEWT  ABOHDEH  LE3  PROELOES  DE  DF/CTJ.iaiEMT  ? O'ABOBD  PAB  lA  nSUAUSATION 


3.1  Cette  Ri^thode  eat  en  effet  une  source  d*  inspiration  f^conde  aussl  blen  pour  I'expdrimentateur 
comae  guide  dans  la  comprehension  des  mecanismes  physiques  que  pour  le  thdorlclen  dsns  1 'elaboration 
et  le  oontrSle  de  "modeies". 

L' experience  laontre  aue  les  essals  effectues  dans  I'eau  k falble  Vitesse  ( ) peuvent 

pourtant  foumlr  dans  de  nombreux  cas  une  description  fine  et  precise  d'ecoulements  trfes  complexes (donl 
les  decollements  trldlmenslonnels  sont  un  example),  qul  n'est  pas  dementle  par  les  analyses  que  I'on 
peut  effectuer  plus  dlfflcllement  et  aveo  molns  de  finesse,  sur  une  maquette  geometrlquement  semblable 
placee  dans  un  ecoulement  aerodynamlque  incompressible  k nombre  de  Reynolds  beaucoup  plus  eieve. 

Cette  technique  a ete  developpee  ii  I'ONERA  depuls  1952  sous  1' impulsion  de  M.  ROY,  A.  LECSUDRE 
et  P.  CARRIERE.  Oepuis^les  travaux  de  greuide  quality  effectutfs  sous  la  direction  de  H.  WERI£  aUit  connus 
de  tous  les  M^canlciens  des  Fluldes  et  I'^tude  ddtalll^e  de  la  structure  d'^couleraent  d^coll^s  trldlmen- 
slonnels et/ou  Instatlonnalres  constltue  I'une  des  actlvltis  prlvll^gl4es  du  tunnel  hydrodynamlque. 

(5,6,7) 

R^servant  la  presentation  de  documents  fllmes  it  1' expose  oral,  nous  nous  bomerons  ioi  e 
commenter  brievement  quelquas  images  caracterlstlques  qui  pourront  servlr  d'intzvxluctlon  aux  confe- 
rences de  D.J.  PEAKE  notamment. 

3.2  Les  traceurs  utilises  sont,  solt  des  filets  de  liquide  colore  de  meme  denslte  et  vlscoslte  que 
I'eau  emls  A partlr  d'oriflces  sltues  sur  la  surface  meme  du  modAle,  solt  da  fines  bullas  d'alr  en 
suspension  dans  I'eau,  oette  technique  etant  associee  k la  methode  du  plan  de  lumlAre. 

Les  emissions  parietales  de  colorant  visuallsent  les  lignes  de  courant  de  1 'ecoulement 
lorsque  celul-cl  est  permanent,  A I'exterleur  ou  au  seln  de  la  couche  11ml te  et  a la  llmlte  par 
reduction  du  debit  du  traceur,  1 'ecoulement  parietal. 

Los  bulles  deflnlssent  1 'aspect  general  de  1 'ecoulement,  dans  de  minces  tranches  trans- 

versales. 


Les  figures  1 A 4 montrent  un  certain  nombre  d'exemples  servant  A illustrer  les  dlfferantes 
causes  qul  provoquent  le  decolleraent  d'un  ecoulement  trldlmenalonnel  : 

Plgure  1 : 1 'effet  des  gradients  de  pression  adverses  sur  des  corps  A oaracteristiques  geoaetrlques 

continues. la  configuration  reprAsentee  id  est  cells  d'une  alle  delta  moyennement  epaisse 
et  A bord  d'attaque  arrondl  places  A incidence  variable. 

Le  schema  d 'ecoulement  constrult  A partlr  de  la  visualisation  permet  de  dlstinguer  : 

- un  certain  nombre  de  points  et  lignes  caracterlstlques  de  I'Acouleoent  parietal  (lignes  de 
decollement,  points  et  lignes  de  partage,  point  de  convereenca  splrale  etc...)  qul  ont 
ete  analyses  geometrlquement  par  R.  LEdNDRE  (1,2,3)  A partlr  des  travaux  de  POINCARE 

et  serunt  discutes  en  detail  par  O.J.  PEAKE. 

- les  conditions  de  formation  de  tourblllons  concentres  qul  s'echappent  du  modele. 

Figure  2 ! 1' effet  d' arete  ou  dfc  Bord  : analyse  lei  dans  le  cas  d'une  alle  delta  mince,  A bord  d'atta- 
que  algu,  mlse  en  Ina'dence.  la  visualisation  met  lol  en  evidence  la  belle  organisation  du 
decollement  autour  d'hn  tourblllon  principal  qui  results  de  1 ' enroulement  "en  comet"  de  la 
nappe  se  detachant  le  long  du  bord  d'attaque.  Uh  tourblllon  secondalre  molns  Intense  se  forme 
A partlr  d'un  decollement  de  la  couche  llmlte,  cette  configuration  appelle  deux  remarques. 
Tout  d'abord,  dans  une  telle  organisation,  les  effets  lies  A la  turbulence  et  A la  vlscoslte 
tlennent  une  place  relattvement  redulte  tout  au  molns  pour  le  tourblllon  principal,  ensulte 
1 'organisation  du  decollement  est  pratiquement  la  m@me  en  ecoulement  supersonlque. 


Figure  3 : 1 'effet  de  protuberance  : L'exemple  presente  icl  est  oelul  d'un  ressaut  d'envergure  llmltee 
place  sur  une  parol  plane.  Le  caractAre  dominant  de  oette  configuration  trAs  conplexe  reside 
dans  1 ' echappement  transversal  tourblllonnalre  du  fluids  provenant  de  la  couche  llmlte  qul 
la  distingue  du  cas  bldlmensionnel  pur. 

Figure  4 : 1' effet  d'un  Jet  non  parallAle  A la  parol.  Cans  oe  cas  le  decollement  s'or^inlse  de  manlAre 
A satisfalre  deux  exigences  opposees,  d'une  part  1' effet  de  protuberance  qul  tend  A crAer 
le  decollement,  d'autre  part  I'effet  d'entralnesiant  du  Jet  d'autant  plus  sarquA  que  celul- 
cl  est  plus  Intense,  qul  tend  A le  rAdulre. 


3.3  Ces  dlffArents  exemples  mettent  en  evidence  1' existence,  dans  bon  nombre  de  configurations  dAcol- 
lAes  trldlmenslonnelles,  d'une  structure  fortement  organisAe  autour  de  tourblllons  concentrAs,  assu- 
rant  une  grande  stabilitA  A ces  configurations. 

Toutefois,  sous  I’effet  de  gradienttde  pression  antagonlstes  ImportantS,  ces  structures  peu- 
vent  se  dAsorganlser  et  on  assists  alors  au  phAnomAne  d'Aclatement  du  tourblllon  qui  est  reprAsentA 
figures  5 A 7.  Ce  phAnoisAne  apparalt  par  example  dans  le  cas  d'une  alle  delta  mince,  lorsque  1' inci- 
dence orott.  II  se  tradult  par  une  dAsagrAgatlon  chaotlque  du  noyau,  assoclAe  une  dAcrolssance  rapi- 
ds de  la  Vitesse  axlale  (figure  5.). 

Ce  phAnomAne  est  partlcullArement  sensible  aux  effets  de  dlssymAtrie  de  I'Acoi'lement  et 


M 


notamnent  de  d^rapage  (figure  6)  et  peut  contrlbuer  & entretenlr  oes  dlsayiirftries, 

Paral  lea  raoyena  d'^viter  ou  tout  au  nolna  de  retarder  I'apparltlon  d'un  tel  pMnom^ne, 
le  contrdle  par  aoufflage  eat  I'un  dea  plua  effloacea  (figure  7). 

Ell  icoulement  tranaaonlque  et  auperaonlque  I'effet  dea  ondea  de  choc  peut  oonduire  i.  dea 
phdnon^naa  d'dclatement  de  meme  nature. 

L'4tude  de  I'^olatement  dea  tourblllona  (dont  1' Interaction  ohoo-tourblllon  eat  un  caa 
partlouller)  conatltue  un  thfeme  de  recherohea  extrSmement  Important  pour  lea  applications. 

3.4  Lea  dlveraea  olrconatancea  d'^coulenent  que  noua  venona  de  d^crlre  sur  dea  conflguratlona 
g^omdtrlquement  alnplea>  ae  retrouvent  blen  ^vldeimient  dans  lea  Etudes  effectu^es  sur  dea  maquet- 
tea  d'avlona,  la  visualisation  pemettant  de  mleux  appr^cler  la  complexity  et  1' Importance  relative 
dea  phinomknea  mis  en  Jeu.  De  tela  examples  sont  prysentys  figures  8 et  9. 

11s  servant  k montrer  : 

- tout  d'abord  que  lea  phynom^nes  obaervys  au  tunnel  hydrodynamlque  ont  iti  conflrmys  k de  nombreuses 
reprises  par  des  essals  en  vol,  notamnent  dans  le  cas  de  Concorde  (cllchys  a et  b de  la  figure  8) 
et  de  1 'avion  Douglas  F5D,  (cllchys  c 4 f de  la  figure  8 , les  cllchys  c et  e ytant  prls  en  vol). 

- ensulte  (figure  9)  les  Interactions  complexes  exlstant  entre  dlverses  structures  tourblllonnalres 
forrayes  sur  le  fuselage  et  la  vollure,  notarament  lorsque  celle-cl  oomporte  des  variations  rapldes 
de  la  forme  en  plan. 

L'ytude  de  oes  Interactions,  des  phynomfenes  de  stability  liys  aux  Interfyrences  entre  oes 
dlverses  structures  est  I'un  des  probleraes  majeurs  pour  la  ryallsatlon  d'un  bon  projet.  Cela  nyoes- 
slte  la  mlse  en  oeuvre  sur  le  plan  expyrlmental  de  moyens  d'analyse  du  champ  et  sur  le  plan  thyorl- 
que  la  dyflnltlon  des  mythodes  permettant  de  reprysenter  oorreotement  I'yvolutlon  de  oes  structures 
complexes. 


3.5  Aprys  avoir  montry  I'apport  de  la  visualisation  des  phynomynes  physiques  dans  I'analyse  des 
yooulements  dycoliys,  Je  voudrals  olore  oette  prysentatlon  sur  un  dernier  example  oii  la  visualisation 
Intyresse  4 la  fols  I'expdrlence  numyrlque,  les  aspects  physiques  et  les  comparalsons  que  I'on  peut 
falre  entre  le  "raodyie"  et  la  ryallty. 

Dana  le  cadre  d'une  approohe  numyrlque  des  dycollements  trldlmenslonnels  4 tres  grand 
nombre  ^Reynolds  par  un  modyie  de  flulde  parfalt,  sujet  qul  sera  tralty  en  dytall  par  J.H.B.  SMira, 
REHBACtt^' ryoemraent  dyvtloppy  4 I'ONERA  une  mythode  dont  Je  me  bomeral  slmplement  4 donner  les 
grandes  llgnes,  en  reprenant  lea  Intentions  mSmes  de  1 'auteur. 

L'approche  utilisye  est  fondye  sur  une  dlscrytlsatlon  volumlque  du  tourblllon  qul,  en 
ycoulement  tridlmenslonnel,  dvoluera  dans  le  temps  en  fonctlon  des  dlstorsions  locales  du  champ 
des  vltesses  pour  respecter  les  thyorymes  de  conservation  propres  aux  yooulements  tourblllonnalres. 
(HELMHOLTZ). 

La  formulation  utlllaye  est  une  formulation  Intygro-diffyrentielle  Lagrangienne  permet- 
tant de  sulvre  I'yvolutlon  dans  le  temps  d'une  rypartltlon  dlscryte  de  partloules  fluldes  chargyes 
chacune  d'un  vecteur  tourblllon. 

Les  conditions  d'ymlsslon  de  ces  partloules  sur  le  contour  attachy  4 1 'obstacle  sont  ddfl- 
nles  par  les  conditions  aux  llmltes  Imposyes  sur  ce  contour. 

L'lntyrSt  de  Cette  mythode  est  tout  d'abord  d'Stre  Instationnalre,  le  cas  statlonnalre 
constltuant  un  cas  llmlte.  A ce  tltre  elle  peut  tirer  avantage  de  conditions  Inltlales  oorrespondant 
4 une  situation  ptiysique  blen  dytermlnye  et  permettrait  une  remise  en  question  naturelle  de  la  llgne 
d'ymlsslon  par  adjonotlon  d'une  procedure  de  oaloul  de  la  llgne  de  dyoollement  4 partlr  d’un  oalcul 
de  couohe  llmlte  lul-m8me  Instationnalre.  Qisulte,  par  sa  forme  Intrlnsyque,  elle  permet  de  s'affran- 
ohlr  de  tout  raalllage  de  caloul  dans  le  domalne  de  pysolutlon. 

Cette  myuiode  a yty  appllquye  notamnent  au  caloul  de  1 'ycoulement  autour  d'une  plaque 
plane  d 'allongement  1 placye  4 dlffyrentes  Incidences  o( et  raise  en  mouvement  de  faqon  Impulsive. 

Uhe  visualisation  sur  console  des  llgnes  d'ymlsslon  c'est-4-dlre  des  llgnes  Jolgnant  4 
un  Instant  t donny  les  partloules  fluldes  ymlses  d'une  m8ae  source  a yty  effectuye  avec  la  possibi- 
lity d'obtenlr  une  vue  perspective  de  I'ensemble  de  ces  ll0ies  ou  une  vue  des  projections  sur  un 
plan  quelconque,  le  plan  de  symytrie  par  exemple. 

^elques  rysultats  typlques  pour  o( « 15*  30*  et  un  temps  rydult  t « j 

C 

sont  pryaentys  figure  10  et  oomparys  ollohy  par  ollchy  4 oeux  qul  ont  yty  obtenus  lore  d une  ytude 
expyrlmentale  de  ce  phynomyne  au  TUnnel  hydrodynamlque  de  I'ONERA. 


L'analogla  entre  oes  rysultats  est  assez  frappante  et  myrlte  quelques  commentalres 
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A I'lncidencs  oL  • 13°,  la  rdgularltd  des  llgnes  d'Amlsslon  dans  I'expdrlence  coiane  dans  le 
calcul  montre  qu'un  dtat  statlonnalre  a 4td  assez  rapidement  attaint  du  molns  au  volslnage  de  I'alle. 

Par  contra  k I'lncldanoa  o(  • 30*,  I'allure  tourmentka  volra  ohaotlqua  des  llgnes  d'kmls- 
slon  eat  1' Indies  d'une  configuration  fortement  Instatlonnalre  condulsant  pour  des  temps  plus 
longs  k un  veritable  kclatement  des  structures  tourblllonnalres  aussl  blen  dans  I'exp^rlence  nurakrl- 
que  que  dsns  1' experience  physique. 

Peut-on  Indulre  de  cette  analogle  que  par  le  Jeu  de  la  vlscosltk  numkrlque  Introdulte  oar 
I'algorlthme  de  oaloul,  ce  dernier  peut  foumlr  une  Indication  au  molns  qualitative  sur  la  tendance 
k 1 'eclatement  d’un  noyau  tourblllonnalre  en  flulde  reel  ? La  reponse  sera  foumle  lorsoue  les  re- 
cherches  en  cours  auront  permls  de  tralter  des  configurations  reallstes  en  nombre  sufflsant. 

4  - COWCLUSIOM 

Avant  de  lalsser  la  parole  aux  autfes  conferenolers,  Je  voudrals  Inslster  sur  le  r81e  de 
catalyseur  que  dolt  Jouer  cette  Lecture  Series  tant  par  son  contenu  que  par  les  orientations  qu'elle 
peut  ausclter. 

II  faut  en  effet  engager  beauooup  de  conviction  et  entreprendre  beaucoup  d 'efforts  sur  le 
plan  des  methodes  numerlques  comma  de  la  recherche  experloentale  speclalement  dans  le  domalne  de  la 
turbulence  pour  que  dans  un  avenlr  pas  trop  lolntaln,  les  progres  dejk  Importants  realises  notarament 
pour  le  traltement  des  decollements  bldlmenslonnelfk  grand  nombre  de  Reynolds  solent  etendus  et 
completes  par  des  rdsultats  de  meme  niveau  dans  le  cas  des  decollements  trldlmenslonnels  et  Insta- 
tlonnalres. 
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iigne  de  decoHement  4 Ugne  de  partake.  Fig,  2 — Ecoulement  sur  (extracfos  dune  atle  defta  mince  avec  incidence 

point  de  partake  d«  I'ecoulemcnt  parietal.  5 poml  de  convergence  spi'ale 

tourbiflon  de  bord  de  fuite.  6.  touibiHon  d’extrados  dsu  de  5 
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PRESENTATION  OF  THE  SUBJECT 


i-i: 


by  M.  SIRIEIX 

Office  National  d'Etudes  et  de  Recherches  Aferospati al es 
92320  Chatlllon  (France) 


I - PREAMBLE 


The  alms  of  this  short  introductory  lecture  are  : 

- to  bring  out  the  objectives  of  the  lecture  series,  to  detail  the  way  in  which  it  is  put 
together  and  its  content,  and  to  emphasize  the  points  around  which  the  round  table  dis- 
cussion which  traditionally  closes  such  a lecture  series  can  develop, 

- to  explain  in  a concrete  way,  with  the  help  of  flow  visualizations,  what  three-dimen- 
sional or  unsteady  separation  is,  how  it  makes  its  appearance,  particularly  on  different 
aircraft  configurations,  and  finally  the  fundamental  problems  with  which  one  is  con- 

f ronted . 

2 - OBJECTIVES 

2.1  The  decision  taken  by  the  Fluid  Dynamics  Panel  to  devote  a lecture  series  to 
separated  flows,  a little  less  than  3 years  after  the  Specialists  Meeting  at  Gdttingen, 
had  a double  purpose  : 

- firstly,  to  spread  as  widely  as  possible  details  of  the  progress  made  in  the  under- 
standing and  treatment  of  separation,  particularly  in  the  turbulent  case, 

- secondly,  to  relate  this  information,  of  which  a large  part  refers  to  research  of  too 
fundamental  if  not  academic  a nature,  to  objectives  associated  with  aeronautical  (air- 
craft,hel  icopters)  or  spatial  (missiles)  applications. 

It  is  therefore  not  only  a matter  of  reviewing  our  knowledge  of  certain  areas 
of  fluid  mechanics  which  are  often  not  studied  because  of  their  extreme  complexity,  but 
above  all  to  face  up  to  economic  requirements  such  as  improvements  in  the  quality  and 
safety  of  the  products  of  the  aeronautical  Industry. 

For  the  manufacturer,  the  necessity  to  accept  the  existence  of  separation  in 
certain  circumstances  is  evident.  His  role  therefore  consists  either  of  controlling  and 
minimizing  the  effects,  when  separation  is  an  undesirable  feature,  the  cause  of  losses 
and/or  severe  instabilities  which  degrade  flying  qualities,  or  on  the  contrary  of  so 
organizing  the  separation  that  it  constitutes  a natural  way  of  improving  performance. 

A suitable  choice  of  geometry  can  lead,  in  fact,  to  the  formation  of  wel 1 -organi zed 
vortex  structures,  with  in  some  cases  favourable  interaction  effects  between  certain  of 
them  (strake,  use  of  a canard  layout,  etc.). 

In  such  work  the  unsteady  aspects  of  separation  are  an  essential  feature  in- 
herent in  the  very  nature  of  the  separation,  through  the  effects  of  turbulence,  or  alter- 
natively associated  with  the  movements  of  a device  which  controls  them  (control  surfaces, 
hel  i copter  bl  ades , etc.). 

To  carry  out  this  task  successfully  it  is  necessary  to  raise  the  still  far  too 
low  level  of  out  knowledge,  from  the  experimental  poitit  of  view  to  obtain  a greater  com- 
prehension of  the  phenomena  called  into  play  and  of  the  Factors  which  influence  them, 
and  from  the  computational  point  of  view  to  establish  an  acceptable  compromise  between 
the  complete  treatment  of  viscous  and  turbulent  effects,  which  cannot  be  envisaged  even 
for  the  distant  future  in  spite  of  the  progress  to  be  expected  in  computers  and  numeri- 
cal methods,  and  in  the  various  levels  of  "modelling"  which  experience  can  suggest. 

To  this  end  it  is  reasonable  to  hope  that  the  exchange  of  views  and  discussions  provoked 
by  this  lecture  series  will  lead  to  new  directions  for  research  activities. 

2.2  It  is  in  this  context  that  this  lecture  series  has  been  organized.  Although  far- 
reaching  the  programme  is  essentially  limited  to  the  consideration  of  flows  at  high 
Reynolds  numbers  and  at  low  or  moderate  Mach  numbers.  Furthermore,  the  applications  en- 
visaged concern  problems  of  external  aerodynamics,  with  the  exception  of  some  examples 
relating  to  flows  in  Intakes  or  turbomachines. 

As  far  as  the  content  of  this  programme  is  concerned  I limit  myself  to  a few 
brief  remarks  on  its  arrangement.  It  is  divided  broadly  into  3 parts.  The  first  is  rela- 
tively short  (3  lectures)  and  introductory,  the  second  (7  lectures)  is  devoted  to  ex- 
perimental aspects  of  three-dimensional  and  unsteady  separation,  and  the  third  (7  lec- 
tures) reviews  and  discusses  existing  and  contemplated  methods  of  prediction. 

In  the  first  part,  with  the  considered  intention  of  underlying  the  relevance 
of  the  subjects  treated  for  current  needs,  a representative  of  industry  is  charged  with 
the  important  task  of  defining  : 

- the  various  problems  related  to  the  occurrence  of  separation  on  an  aircraft  or  missile, 
concerning  performance,  flying  qualities,  etc. 

- the  methods  used  by  the  manufacturer  to  predict  and  control  separation  and  to  reduce 
its  adverse  effects,  with  emphasis  on  the  way  in  which  he  uses  or  plans  to  use  numerical 
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methods  for  these  various  operations. 

On  another  point,  he  will  formulate  the  possible  directions  for  future  research 
which  can  guide  the  development  of  the  round  table  discussion. 

It  was  also  felt  to  be  useful  In  this  Introduction  to  review  the  significant 
progress  made  during  the  last  few  years  In  the  numerical  treatment  of  two-dimensional 
separation,  particularly  In  transonic  flow  and  at  high  Reynolds  number. 

2 lectures  are  devoted  to  this  topic;  each  of  them  deals  with  a different  ap- 
proach to  the  treatment  of  flows  at  high  Reynolds  number  : 

- solution  of  the  suitably-averaged  Navler-Stokes  equations 

- so-called  “coupling"  methods. 

A discussion  of  the  comparative  merits  of  these  two  approaches  and  of  the  con- 
tribution which  the  second  can  make  to  the  first  would  appear  to  be  a fruitful  theme  for 
discussion  among  others  concerning  numerical  methods. 

As  far  as  parts  2 and  3 of  the  programme  are  concerned,  a large  amount  of  time 
will  be  devoted  to  unsteady  separation  because  of  the  practical  Importance  of  the  topic 
but  also  In  response  to  a wish  expressed  during  the  discussion  which  followed  the  Spe- 
cialists Meeting  In  1975  when  very  little  was  said  on  this  question. 

In  the  presentations  dealing  with  experimental  work,  the  lecturers  will  seek 
to  present,  using  examples  which  Illustrate  applications,  as  complete  a description  as 
possible  of  the  mechanisms  leading  to  separation  and  the  practical  consequences  of  the 
phenomenon . 

Thus,  for  example, In  the  case  of  unsteady  separation  the  problems  of  buffeting 
form  the  subject  of  a special  lecture  and  dynamic  stall  Is  dealt  with  In  the  context  of 
helicopter  problems. 

Regarding  computational  methods,  the  lectures  may  be  classified  In  terms  of 
the  various  levels  of  "modelling"  of  turbulent  separation. 

- in  the  first  place,  the  representation  of  three-dimensional  and/or  unsteady  separated 
flows  by  Inviscid  vortex  structures;  this  representation  Is  well-adapted  to  the  handling 
of  organized  three-dimensional  separation  at  high  Reynolds  number  when  the  separation 
line  is  fixed. 

- secondly,  coupling  methods,  still  Insufficiently  developed  because  of  the  difficulties 
Inherent  In  the  calculation  of  separation  lines  but  which  ought  to  be  able  to  provide  a 
natural  back-up  for  the  preceding  methods. 

- finally,  methods  based  on  the  numerical  solution  of  the  complete  equations,  suitably 
averaged,  by  an  unsteady  method,  making  use  of  the  techniques  of  finite  differences  or 
finite  volumes  to  effect  discretization.  Taking  Into  account  the  considerable  reductions 
In  computing  time  obtained  recently,  may  one  optimistically  expect  that  ten  years  from 
now  the  numerical  treatment  of  a complete  configuration  will  have  become  possible  thanks 
to  progress  In  both  computers  and  numerical  methods  ? 

In  all  cases,  success  will  not  be  achieved  until  turbulence  modelling  has  pro- 
gressed to  a sufficient  extent.  This  very  Important  topic,  which  Is  a common  factor  li- 
miting the  development  of  numerical  methods,  forms  the  subject  of  a lecture  devoted  to 
the  structure  of  turbulence  In  complex  flows. 

It  will  be  noted  that  finite  element  methods  for  the  numerical  solution  of 
problems  In  which  the  geometrical  complexity  may  suggest  them  to  be  appropriate  are  not 
referred  to  explicitly.  These  methods  are  still  not  used  extensively  and  lead  at  the 
present  time  to  computing  times  which  are  long  In  comparison  with  those  needed  using 
finite  difference  or  finite  volume  methods. 

This  point  of  view  can  be  debated  during  the  round  table  discussion. 

These  last  remarks  concerning  programme  content  conclude  the  first  part  of 
this  presentation.  In  the  second  part  we  shall  Introduce  our  subject  In  a more  concrete 
way,  with  the  invaluable  help  of  Information  provided  by  flow  visualization. 

3 - HOW  SHOULD  SEPARATION  PROBLEMS  BE  TACKLED  7 IN  THE  FIRST  PLACE  BY  FLOW  VISUALIZATION 

3.1  This  method  Is  In  fact  a source  of  fruitful  Inspiration  as  much  for  the  experi- 
menter who  Is  trying  to  understand  physical  mechanisms  as  for  the  theoretician  In  the 
formulation  and  verification  of  "models". 

Experience  shows  that  tests  done  In  water  at  low  speeds  (Re  -v  10'*)  can  never- 
theless provide  In  many  cases  a precise  and  detailed  description  of  very  complex  flows 
(three-dimensional  flows  being  an  example)  which  Is  not  falsified  by  more  difficult  and 
less  precise  analyses  made  for  a geometrically  similar  model  placed  In  an  Incompressible 
air  flow  with  a much  higher  Reynolds  number. 

This  technique  has  been  developed  at  ONERA  since  1952,  the  stimulus  being 
provided  by  M.  Roy,  R.  Legendre  and  P.  Carriire.  Since  that  time  the  high  quality  work 
done  under  the  direction  of  H.  Werle  (4)  has  become  known  to  all  workers  In  fluid  mecha- 
nics and  the  detailed  Investigation  of  the  structure  of  separated  three-dimensional  and/ 
or  unsteady  flows  Is  one  of  the  activities  entrusted  to  the  hydrodynamic  tunnel. 
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Filmed  records  (5,  6,  7)  will  be  shown  during  the  spoken  presentation;  we  con- 
fine ourselves  here  to  brief  comments  on  some  characteristic  situations  which  will  serve 
by  way  of  introduction,  in  particular  to  the  lectures  of  O.J.  Peake. 

3.2  The  tracers  used  are  either  coloured  liquid  filaments  of  the  same  density  and 
viscosity  as  water  emitted  from  holes  on  the  surface  of  the  model  Itself,  or  small  air 
bubbles  in  suspension  in  the  water, these  being  used  in  conjunction  with  the  light  sheet 
technique . 

The  coloured  emissions  from  the  wall  visualize  the  streamlines  of  the  flow 
when  this  is  steady,  in  the  outer  flow  or  within  the  boundary  layer  and,  in  the  limit 
when  the  flow  of  tracer  is  reduced,  the  flow  at  the  wall. 

The  bubbles  reveal  the  general  appearance  of  the  flow  in  transverse  sections. 

Figures  1 to  4 show  a certain  number  of  examples  which  serve  to  Illustrate  the 
various  causes  of  separation  of  a three-dimensional  flow  : 

Figure  1 : The  effect  of  an  adverse  pressure  gradient  on  bodies  with  continuously 

varying  geometrical  characteristics.  The  conf^iguration  shown  here  is  that  of 
a delta  wing  o^  moderate  thickness  and  rounded  leading  edge  placed  at  a 
variable  incidence. 

The  flow  pattern  constructed  from  the  visualization  makes  it  possible  to 
distinguish  : 

- a certain  number  of  points  and  lines  characteristic  of  the  flow  at  the  sur- 
face (separation  lines,  dividing  points  and  lines,  point  of  spiral  conver- 
gence, etc.)  which  have  been  analyzed  geometrically  by  R.  Legendre  (1,  2,  3) 
starting  from  the  work  of  Poincar#  and  which  will  be  discussed  in  detail 

by  D.J.  Peake. 

- The  conditions  leading  to  the  formation  of  concentrated  vortices  emitted 
from  the  model . 

Figure  2 : The  effect  of  a corner  or  edge  : analyzed  here  in  the  case  of  a thin  delta 
wing  with  a sharp  leading  edge,  placed  at  incidence.  Visualizations  show 
clearly  the  organization  of  the  separation  around  a primary  vortex  which 
results  from  spiral  rolling-up  of  the  sheet  springing  from  the  entire  leading 
edge.  A secondary  weaker  vortex  forms  following  separation  of  the  boundary 
layer,  this  pattern  calling  for  two  comments.  Firstly,  in  such  an  organized 
flow,  effects  arising  from  turbulence  and  viscosity  occupy  a relatively  un- 
important place  at  least  for  the  primary  vortex,  and  secondly,  the  organiza- 
tion of  separation  is  practically  the  same  in  supersonic  flow. 

Figure  3 : The  effect  of  a protuberance  : The  example  presented  here  is  that  of  a step 

of  limited  breadth  placed  on  a flat  wall.  The  dominant  characteristic  of  this 
very  complex  pattern  is  the  transverse  vortical  flow  of  fluid  from  the  boun- 
dary layer  which  distinguishes  it  from  the  purely  two-dimensional  case. 

Figure  4 : The  effect  of  a jet  inclined  to  the  wall.  In  this  case  separation  organises 

itself  in  such  a way  as  to  satisfy  two  opposing  demands  - on  the  one  hand  the 
protuberance  effect  which  tends  to  cause  separation,  on  the  other  hand  the 
effect  of  jet  entrainment  which  increases  with  the  strength  of  the  jet  and 
which  tends  to  oppose  separation. 

3.3  These  different  examples  make  apparent  the  existence,  in  a large  number  of  three- 
dimensional  separation  patterns,  of  a strongly-organized  structure  around  concentrated 
vortices,  ensuring  high  stability  of  these  configurations. 

All  the  same  under  the  effect  of  important  adverse  pressure  gradients  these 
structures  can  break  up,  so  giving  rise  to  the  phenomenon  of  vortex  bursting  which  is 
shown  in  figures  5 to  7.  This  phenomenon  occurs,  for  example,  in  the  case  of  a thin  delta 
*<iny  when  incidence  Increases.  It  reveals  itself  in  a chaotic  disintegration  of  the 
core,  associated  with  a rapid  decrease  in  axial  velocity  (figure  5). 

This  phenomenon  is  particularly  sensitive  to  the  effects  of  assymmetry  of  the 
flow  and  notably  of  sideslip  (fig. 6)  and  can  contribute  to  maintaining  these  assymetries. 

Among  the  methods  for  avoiding  or  at  least  delaying  the  onset  of  such  a pheno- 
menon, control  by  blowing  is  one  of  the  most  effective  (figure  7). 

In  transonic  and  supersonic  flow  the  effects  of  shock  waves  can  lead  to  bursting 
phenomena  of  the  same  type. 

Investigation  of  vortex  bursting  (of  which  shock-vortex  interaction  is  a parti- 
cular case)  is  a research  topic  of  extreme  Importance  for  many  applications. 

3.4  The  various  flow  conditions  which  we  have  been  describing  on  geometrically  simple 
configurations  occur  also,  of  course,  in  studies  made  on  aircraft  models,  visualization 
making  it  possible  better  to  appreciate  the  complexity  and  relative  importance  of  the 
phenomena  which  play  a part.  Such  examples  are  shown  in  figures  8 and  9. 

Thev  serve  to  show  : 
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- firstly,  that  the  phenomena  observed  in  the  hydrodynamic  tunnel  have  been  confirmed 
many  times  by  flight  tests,  notably  In  the  case  of  Concorde  (figure  8 a and  b)  and  of 
the  Douglas  F5D  (figure  8,  c to  f,  c and  e being  taken  In  flight). 

- secondly,  (figure  9)  the  complex  Interactions  existing  between  various  vortex  structures 
formed  on  the  fuselage  and  wings,  particularly  when  the  latter  displays  abrupt  variations 
in  planform. 

Investigation  of  these  Interactions  and  of  the  stability  phenomena  related  to 
Interference  between  the  various  structures  Is  one  of  the  major  problems  In  the  achieve- 
ment of  a good  project.  It  necessitates  the  Implementation  of  experiments  designed  to 
analyze  the  field  of  flow  and,  on  the  theoretical  side,  of  the  development  of  methods 
which  provide  the  correct  representation  of  the  evolution  of  these  complex  structures. 

3.5  Having  shown  the  contribution  made  by  visualization  of  physical  phenomena  to  the 
analysis  of  separated  flows,  I would  now  like  to  close  this  presentation  with  a final 
example  In  which  visualization  has  an  interest  at  the  same  time  for  numerical  experiments, 
physical  aspects  and  the  comparisons  which  can  be  made  between  the  "model"  and  reality. 

Within  the  framework  of  a numerical  approach  to  three-dimensional  separation 
at  very  high  Reynolds  number  by  means  of  a perfect  fluid  model,  a subject  treated  In 
detail  by  J.H.B.  Smith,  Rehbach  (8)  has  recently  developed  at  ONERA  a method  for  which  I 
will  content  myself  simply  with  giving  the  broad  outline  as  stated  by  the  author. 

The  approach  used  Is  based  on  a volume  discretization  of  the  vortex  which.  In 
three-dimensional  flow,  evolves  In  time  as  a function  of  the  local  distortions  of  the 
velocity  field.  In  such  a way  as  to  respect  the  conservation  theorems  appropriate  to 
vortex  flows  (Helmholtz). 

The  formulation  employed  is  a Lagranglan  Integro-differentlal  one  which  makes 
It  possible  to  follow  the  evolution  In  time  of  a discrete  distribution  of  fluid  particles 
each  of  which  carries  a vorticity  vector. 

The  emission  conditions  of  these  particles  on  a contour  describing  the  obstacle 
are  defined  by  the  boundary  conditions  Imposed  on  the  contour. 

The  method  Is  of  Interest  In  the  first  place  because  it  Is  unsteady,  the  steady 
case  being  a limiting  case.  Because  of  this  It  can  take  Into  account  the  Initial  condi- 
tions corresponding  to  a wel 1 -determi ned  physical  situation  and  then  update  a streak  line 
In  a natural  way  by  the  addition  of  a procedure  for  calculating  the  separation  line, 
starting  from  a calculation  of  the  boundary  layer  which  Is  Itself  unsteady.  Furthermore, 
the  very  nature  of  the  method  makes  It  Independent  of  the  computational  mesh  In  the  solu- 
tion domain. 

This  method  has  been  used  for  the  calculation  of  the  flow  around  a flat  plate 
of  unit  aspect  ratio  placed  at  different  Incidences  a and  set  Into  motion  In  an  Impulsive 
way . 


Visualization  of  the  streak  lines,  that  is  to  say  the  lines  Joining  at  a given 
time  t the  fluid  particles  emitted  from  the  same  source,  has  been  made  on  a computer 
display  and  has  provided  the  possibility  of  obtaining  a general  perspective  view  of  these 
lines  or  a picture  of  their  projections  on  any  required  plane,  such  as  the  plane  of  sym- 
metry. 

V_t 

Some  typical  results  for  a • 15°  and  30°  and  a reduced  time  t « "v-  3 are 

presented  on  figure  10  and  compared  case  by  case  with  those  obtained  during  an  experiment- 
al Investigation  of  this  phenomenon  in  the  ONERA  hydrodynamic  tunnel. 

The  agreement  between  these  results  Is  fairly  striking  and  warrants  comment. 

At  an  Incidence  o ■ 15°,  the  smoothness  of  the  streak  lines  both  in  the  experi- 
ment and  In  the  computation  shows  that  a steady  state  Is  attained  fairly  quickly  at  least 
In  the  neighbourhood  of  the  wing.  { 

At  an  Incidence  a » 30°,  on  the  other  hand,  the  twisted.  Indeed  chaotic,  ap- 
pearance of  the  streak  lines  Is  an  Indication  of  an  extremely  unsteady  pattern  leading  at 
greater  times  to  a true  bursting  of  the  vortex  structures  for  both  the  computational  and 
the  physical  experiments.  I 

Is  It  permissible  to  Infer  from  this  agreement  that  through  the  effect  of  nu- 
merical viscosity  Introduced  by  the  computational  algorithm,  this  last  can  provide  at  any 
rate  a qualitative  Indication  of  the  bursting  tendency  of  a vortex  core  In  a real  fluid  7 
The  answer  will  be  given  when  research  now  In  progress  has  made  It  possible  to  study  a I 

sufficient  number  of  realistic  configurations.  | 

4 - CONCLUSION  1 

Before  calling  on  the  other  lecturers  to  speak,  I would  like  to  emphasize  the 
catalytic  role  which  this  lecture  series  must  play,  as  much  by  Its  content  as  by  the 
orientations  to  which  It  can  lead. 

In  fact  It  Is  necessary  to  have  conviction  and  to  undertake  strenuous  efforts 
In  the  fields  of  both  numerical  methods  and  experimental  research,  particularly  as 
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regards  tha  study  of  turbulence.  In  order  that  the  already  important  progress  made  In  the 
handling  of  tMO-dimens1ona1  separation  at  high  Reynolds  number  should  be  extended  and 
completed,  in  the  not  too  distant  future,  to  provide  results  of  the  same  quality  for 
cases  of  three-dimensional  and  unsteady  separation. 
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LES  PROBLEMES  DE  DECOLLEMENTS  POSES  A L*AV10NNEUR 
par 

Pierre  PERRIER 

Chef  du  D^parCemenc  des  Etudes  Th^oriques  A^rodynamiques 
Division  des  Etudes  Avanc^es 

AvioNs  marcel  dassault-breguet' aviation 

78,  quai  Carnot  - 92214  ST  CLOUD  (France) 

1 . INTRODUCTION 

1.0.  II  n'y  a pas  si  longtemps,  I'avionneur  dessinait  les  avions  pour  r4duire  autant  que  possible  les 
d^collements  dans  les  zones  courantes  de  vol  et  demandait  aux  pilotes  d'^viter  les  zones  except 

tionnelles  de  d^crochage  ou  de  buffeting  pour  lesquelles  quelques  methodes,  voire  quelques  recettes, 
pensettaient  de  rendre  le  vol  sinon  acceptable  du  moins  sans  danger  excessif. 

L'augmentation  du  prix  des  avions  et  la  recherche  d'une  s^curit^  plus  grande  ont  conduit  paral- 
lelement  A la  recherche  d'une  neilleure  quality  du  produit  dans  les  zones  d'utilisation  courante  et  A la  , 

recherche  d'un  comportement  totalement  sans  danger  dans  les  zones  exceptionnelles . 

Pour  prendre  un  exemple  simple,  on  est  pass^  ainsi  en  peu  d'ann€es  d'avions  £cole(Fouga**Magister), 
dont  le  d^crochage  $tait  acceptable  et  suff isamment  franc  et  agit^  pour  que  le  pilote  sache  qu'il  avait 
"d^croch^"  et  qu'il  devait  "rendre  la  main",  A des  avions  dessin^s  pour  avoir  un  d^crochage  sans  accident 
de  stability  aucun  et  dessinSs  pour  avoir  une  recuperation  de  vrille  toujours  effective  en  deux  rotations 
(Alphd'Jet)  et  on  prepare  des  avions  dont  les  caracteristiques  longitudinales  et  transversales  rendent  * 

1 'entree  en  vrille  involontaire  improbable  et  le  pilotage  acceptable  dans  tout  le  domaine  de  vol  decroche, 
grSce  A des  commandes  dc  vol  eiectriques  adaptees  (Controle  Automatique  Generalise). 

Un  objectif  aussi  ambitieux  se  retrouve  au  niveau  du  controle  des  decollcments  plus  localises. 

Cet  objectif  peut  etre  atteint  de  deux  faqons  compiementaires  : d*une  part,  on  peut  experiment 
talement  modifier  les  configurations  jusqu'A  ce  que  les  caracteristiques  demandees  soient  atteintes  ; 
d* autre  part,  on  peut,  en  partant  d'une  certaine  comprehension  de  la  structure  fine  de  phenomenes  de 
decollement,  modifier  les  formes  pour  realiser  des  champs  aerodynamiques  acceptables  d'abord  sur  des 
modAles  numeriques,  puis  verifier  par  essais  en  soufflerie.  Ces  deux  approches  doivent  rester,  encore  un 
certain  temps,  compiementaires  car  on  n'a  pas  encore  atteint  un  niveau  suffisant  de  modeiisation  nume- 
rique  des  decol lements  pour  permettre  A une  approche  rationnelle,  confirmee  et  orientee  par  des  calculs, 
de  suffire  A la  definition  initiale  d'un  avion* 

1.1.  Dans  cet  expose,  nous  aliens  tout  d'abord  distinguer  les  differentes  formes  sous  lesquelles  se 
posent  les  problAmes  lies  aux  decollements  suivant  le  point  de  vue  oD  I'on  se  place  : performance, 

qualite  de  vol,  etc  ...,  A I'aide  d'exemples.  Les  solutions  recherchees  peuvent  presenter  des  incompatit 
bilites  suivant  ces  points  de  vue. 

Dans  une  deuxidme  partie,  nous  passerons  en  revue  les  moyens  dont  nous  disposons  pour  resoudre 
ces  problAoes  d'un  point  de  vue  purement  experimental  et  d'un  point  de  vue  analytique  ou  un  bagage  nume- 
rique,  non  negligeable,  est  dejA  disponible. 

Enfin,  nous  indiquerons  quelques  voies  de  recherche  qui  semblent  prometteuses  et»qui  permet* 
traient  de  rendre  plus  efficaces  les  moyens  de  prevision  non  negligeables  dont  nous  disposons.  " 

).2.  On  separera  dans  la  suite  ~ les  decollements  avec  eau  morte  importante,  quasi  isobares  en 

general  - les  decollements  fortement  turbulents  inorganisAs  qui  admettent  des  gradients  de 
pression  moyens  non  negligeables  - les  decollements  tridimensionnels  organises  ou  coexistent  des  grosses 
structures  souvent  en  spirale  avec  un  bruit  de  fond  turbulent  A plus  faible  frequence  et  A nettement  plus 
haute  frequence  que  la  frequence  de  base  des  decollements  bidimensionnels . 

I 

2.  LES  DIFTERENTS  PROBLEWES  LIES  A LA  PRESENCE  DE  DECOLLEMENTS  ' 

2.1.  Les  pilotes  de  planeur  savent  bien  le  silence  et  la  douceur  des  vols  A bord  d'une  machine  de 

competition  oO  les  cecollements  ont  ete  systematiquement  supprimes.  Les  niveaux  de  finesse  i 

attaints  par  ces  planeurs  raprellent  qu'un  ecoulement  propre  est  une  condition  necessaire  pour  avoir  des 
performances  eievees  et  une  finesse  de  pilotage  suffisante.  Malheureusement , on  ne  peut  ni  dessiner  un 
avion  usuel  coomm  un  planeur  de  competition  par  suite  de  necessaires  coiiq>romis  oO  I 'aerodynamic ien  ne  peut 
pas  avoir  toujours  le  dernier  mot,  ni  toujours  voler  dans  lea  conditions  ou  I'avion  a Ate  optimise.  On 
separera  done  toujours  les  decollements  lies  au  dessin  de  I'avion  dans  les  conditions  d'adaptation  et  les  i 

decollements  hors  adaptation.  ‘ 

Nous  allona  distinguer  les  decollements  suivant  les  quatre  noints  de  vue  usuels  des  quatre  prin~ 
cipaux  spedalistes  qui,  ensemble,  essayent  de  faire  le  meilleur  produit. 

2.2.  - Influence  des  decollements  sur  les  performances  * 

Les  performances  sont  degradAes  par  la  presence  de  zones  decoliees  trop  Atendues.  L'Avaluation 
des  zones  dAcoliecs  Atait  autrefois  faite  uniquement  en  souffleiie  principalement  A I'aide  de  visualisa~ 
tions,  exceptionnel  lament  A I'aide  de  mesures  de  pressions  paridL'^ales  ou  de  sillage  dont  I 'interpretation 
est  moins  Avidente.  Cette  evaluation  peut  maintement  etre  faite  pat  It  calcul.  On  prAsentc  sur  la  figure  1 
un  calcul  ayant  servi  A I'optimisation  du  fuselage  arriAre  du  Falcon  50  supercritique.  Ce  calcul  peut  etre 
fait  en  conditions  de  vol  ec  en  conditions  de  soufflerie,  les  recoupements  effectuAs  sont  excellenta  entre 
calculs  et  essais  ; la  corrAlatlon  entre  soufflerie  et  vol  est  moins  bonne  , la  couche  limite  Atant  plus 
Apaisse  au  nombre  de  Reynolds  plus  faible  en  soufflerie,  ce  qui  diminue  les  reconpressions  suivant  un 
processus  bien  connu  de  sous'-estimation  des  dAcollements  sur  les  rAtreints*  Sur  un  avion  conme  le  MD~315, 


dont  les  performances  ^talent  excellentes  pout  I'^poque  de  sa  conception  (1947),  on  admettait  des  zones 
d^coll^es  dont  la  surface  ^tait  incomparablement  plus  grande.  Remarquons  que  l'6valuation  du  coOt  en 
trainee  des  zones  d^coll^es  n'est  passimple  (cf.  plus  bas  $ 3.)  et  souvent  elle  est  assez  imprecise  par  le 
calcul. 


Les  exemples  les  plus  simples  de  probldmes  pos^s  d I'avionneur  couvrent  les  dicollements  de 
r^treint  de  fuselage  dont  on  vient  de  parler,  splcialement  d'avions  cargo  (Br^guet  941),  les  d^collements 
de  coins,  sp^cialement  de  Karman  ou  de  jonction  de  mSts  r^acteur.  Des  augmentations  de  trainee  de  I'ordre 
de  20  I par  rapport  au  resultat  non  d^coll^  sont  couramment  la  consequence  de  mauvais  dessins  locaux  qui 
ne  devraient  plus  etre  acceptes  grace  aux  methodes  de  calcul  dlsponibles  actuellement . 

Cependant,  en  general,  les  augmentations  de  trainee  importantes  liees  au  decollement  se  produi- 
sent  en  transsonique.  Ceci  est  du  h 1 'accroissement  tr^s  important  de  trainee  lie  e une  variation  impor' 
tante  de  oourbure  en  transsonique  ou  s'accrochent  des  ondes  de  choc  dont  on  peut  se  rendre  compte,  par 
exeraple,en  regardant  la  variation  de  trainee  d*un  culot  en  fonction  du  nombre  de  Mach  (figure  4)  pour 
lequel  les  depressions  sont  multipliees  par  des  facteurs  de  l*orJre  de  2 d 4 par  rapport  au  subsonique* 
Beaucoup  de  travail  a ete  fait  sur  les  profils  pour  reduire  ces  accroissements  de  trainee  de  forme  ou 
d'onde  parasites  que  tout  le  monde  connatt  bien.  On  voudrait  cependant  rappeler  qu'un  dessin  tridimen- 
sionnel  tres  correct  est  necessaire  pour  eviter  les  decollements  lies  aux  focalisations  de  chocs  et  aux 
gradients  tres  eieves  dus  d I ' accumulation  des  retreints  par  effets  de  lois  des  aires.  Ces  decollements, 
par  nature  tridimensionnels  et  organises,  donnent  souvent  naissance  i des  augmentations  de  trainee  tr^s 
importantes  liees  aux  depressions  ainsi  generees  : on  verra  done  les  retreints  de  jonction  voilure-fuselage 
aprdsla  correction,  par  effet  de  lois  des  aires,  apporter  en  fait  un  gain  beaucoup  plus  important  que  la 
simple  suppression  du  volume  occupe  par  les  zones  decoliees. 

Enfin,  on  rappelle  qu'en  supersonique  coexistent  avec  les  decollements  tridimensionnels  des 
zones  de  decollements  d'eau  morte  dont  I'effet  est,  en  general,  de  reduire  la  trainee  d*onde,  ce  qui  a un 

effet  benefique  sur  les  performances.  Ce  schema  est  systematiquement  utilise  dans  les  arridres  corps 

d'avions  militaires  i grand  Mach  et  permet  qu'une  part  de  I'effet  de  convergent-divergent  de  I'arriere 
corps  soit  recuperee  sur  le  fuselage  arriere  sans  avoir  i materialiser  le  divergent  optimum(fig . 5 et  reLl2). 

De  la  roeme  fa^on,  on  pourrait  rappeler  que  les  decollements  d'eau  morte  ou  de  zones  fortement 
turbulentes  sont  I'occasion  de  forts  deficits  par  rapport  aux  performances  theoriques  en  fluide  parfait. 

Ces  types  de  decollement  comencent  cependant  maintenant  e etre  correctement  representes,  ce  qui  permet 
en  particulier  une  approche  analytique  relativement  correcte  du  probieme  des  decollements  dans  les  hyper- 
sustentateurs  (cf.  ref.  3 et  9 ) . II  n'en  est  pas  de  meme  pour  les  decollements  organises  (cf.  ref.  2,3 
et  4 ) qui  permettent  d' interessantes  performances  de  portance  tant  que  les  depressions  qu'ils  induisent 

ne  sont  pas  limitees  par  le  voisinage  de  la  vitesse  limite  du  fluide  (figure  6). 

2.3.  - Influence  des  decollements  sur  les  qualites  de  vol 

Sous  sllons  separer  trois  types  de  probiemes  lies  d 1' irregularite  stationnaire  et  instation- 
naire  de  I'ecoulement  : les  probiemes  de  non-1 inear ite,  de  metastabilite  et  d'hysteresis  et  de  tremblement. 

2.3.1.  - En  fluide  parfait  sans  decollement,  les  differentes  caracteristiques  de  portance  et  moment  ne 

sont  pas  lineraires  en  general,  soit  que  les  grandes  incidences  ou  le  transsonique  mettent  en 
jeu  des  non-linearites,  soit  que  les  positions  relative  des  sillages  et  empennages  introduisent  ces  non- 
linearites  en  fonction  de  I* incidence  ou  du  derapage.  Bien  que  les  caracteristiques  de  base  ne  soient 
pas  lineaires,  on  en  minimise  les  consequences  par  le  choix  de  la  configuration  (position  d'empennage, 
forme  en  plan  ...).  La  figure  7 montre  un  ecran  interactif  travaillant  sur  un  progranme  d'optimisation 
de  position  d ' empennages . En  fait,  ce  programae  inclut  I'effet  des  decollements  sur  la  voilure  car  on  tente 
souvent  de  realiser  une  compensation  entre  ces  deux  effets.  La  figure  7 montre  un  exeiig>le  classique  de 
tendance  e I'autocabrage  en  cours  de  misc  au  point  du  Falcon  SO  du  e un  decolleisent  d'extremite  d'aile  qui 
pose  de  gros  probiemes  de  qualite  de  vol.  La  diminution  de  stabilite  a ete  corrigee  par  un  nouveau  dessin 
des  profils  d'extremite  de  voilure  moyennant  une  legdre  penalisation  en  trainee.  Sur  la  figure  8 est 
presente  un  cas  contraire  (Mirage  G)  oO  la  configuration  empennages bas , choisie  pour  les  grandes  inci- 
dences, cree  des  pertes  de  stabilite  autour  des  Cg  nuls  ou  negatifs  (vol  dos)  auxquelles  s'ajoute 
1* instabilite  suppiementaire  creee  par  les  decollements  d'intrados  lies  R la  cambrure.  On  voit  ainsi  que 
I'avionneur  ne  peut  pas  reussir  partout  la  compensation  des  non-lindarites  de  fluide  parfait  et  de  decol- 
lement . 


Une  non-linearite  courante  correspond  au  cas  des  decollements  non  etablis  e petit  angle  d'atta- 
que  et  disparaissant  rapideisent.  Gala  donne  lieu  aux  courbes  en  S caracteristiques  (figure  9 : resultats 

caracteristiquesde  stabilite  de  route  i tres  grande  incidence)  qui  peuvent  provoquer  des  cycles  limites 
tres  desagreables  en  qualite  de  vol  si  la  zone  I grande  incidence  est  stable  ou  des  stabilites  pointues 
favorables  aux  vrilles  dans  le  cas  inverse.  Curieusement  ce  meme  phenomena  exists  souvent  aussi  sur  les 
avions  d aile  epaisse  en  soufflerie  lie  aux  decollements  laminaires  autour  des  incidences  d'adaptation. 

11  esc  couranc  pour  les  corps  eiances  ou  les  corps  de  reentree  d'engins  (figure  17). 

2.3.2.  - Si  les  non-linearites  sont  faibles  en  fin  d'optimisation  de  I'avion  en  soufflerie,  ou  regulidres, 
mais  que  I'avion  est  Cquipe  de  C.A.G.,  il  n'y  aura  pas  de  probieme  A obtenir  de  bonnes  qualites 
de  vol  ; il  n'en  est  pas  de  meme  si  I'avion  presents  des  decollements  metastables  que  I'on  ne  pourra  pas, 
en  general,  sisniler  dans  les  fonctlons  de  transfert  correctrices  de  pilotage  automatique. 

L'exemple  classique  de  la  figure  10  relatif  au  ddcrochage  d'un  avion  par  edateamnt  de  bulls  de 
transition  (Alpha  Jet)  peut  etre  precise  en  signalant  que  : 

- la  position  en  incidence  du  decrochage  depend  du  ddrapage  de  I'avion  et  de  la  vitesse  de 

tangage. 

- les  effets  lateraux  induits  par  le  ddcrochage  dissymetrique  d'une  alls  sont  prAponderants. 

Ces  effets  existent  pour  une  dissymetrie  minima  geomAtrique  des  deux  ailcs  et  l*on  sait  bien  que  le 
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d^crochage  d'une  aile  J^charge  auf f isanment  l*aucre  en  chargeroent  diasyiD^trique  pour  retardat  son  d^cro" 
chage  et  done  la  retour  & des  coefficients  de  roulis  faibles. 

- 11  y a hyst^r^sis  du  processus,  ce  qui  rend  le  retour  au  regime  sans  dScollement  g^n^ralise 
aussi  cahotique  que  I'aller,  d moins  d'optimiser  I'alle  ce  qui  est  contradictoire  avec  la  performance. 

Un  grand  effort  de  clarification  de  cette  notion  de  m^tastabillt^,  une  expression  de  la  proba*~ 
bilit^  ou  de  la  stability  compar€e  des  diff^rents  regimes  dclalrerait  beaucoup  ce  probl^me  actue 1 lement 
aborde  de  fa^on  trop  sotmaire. 

Un  exemple  tr$8  complexe  en  est  donn^  par  la  stability  en  incidence  et  derapage  des  d^collements 
de  culot  d'un  avion  en  transsonique . La  figure  21  schematise  la  modification  ainsi  apportle  au  detriment 

de  la  trainee  h I'arriere  corps  du  Mirage  IV  pour  supprimer  une  instabillte  S M - 0.92  - 0.95.  Le  metne 

processus  a ete  applique  au  MRCA  recemment  (cf.  ref.  21  ). 

2.3.3.  - Nous  avons  parie  dans  les  paragraphes  precedents  de  I'apparition  de  decollements  sous  leur 

aspect  stationnaire.  En  fait,  I'aspect  instationnaire  est  souvent  aussi  important.  On  I'evaluera 
sur  un  avion  civil  par  la  variation  du  confort  et  sur  un  avion  militaire  par  la  modification  de  la  facilite 

I remplir  une  mission,  sur  les  deux  par  I'agrement  de  pilotage  (cf.  ref.  6 ). 

2. 3. 3.1.  Pour  un  avion  civil,  il  est  criticable  qu'en  croisiere  les  decollements  que  I'on  n'a  pas  pu 

eliminer  induisent  un  trembleroent  notable  ddsagreable  pour  le  confort  du  passager,  ou  un 
bruit  dans  la  cabine  excessif  pour  le  personnel  navigant.  En  approche,  h I'atterrissage,  egalement  doivent 
etre  eliminees  les  vibrations  excessives  qui  peuvent  etre  liees  A I'accord  entre  les  frequences  discretes 
de  structure  et  le  spectre  inducteur  des  fluctuations  de  pression.  Les  volets  multielements  separes  en 
envergure  sont,  par  exemple,  mieux  places  que  les  grands  volets  uniques  tres  braques  par  reduction  des 
dimensions  caracteristiques  des  decollements  et  comportement  plus  tridimensionnel , ce  qui  attenue  nette- 
ment  les  spectres  inducteurs.  II  en  est  de  meme  pour  les  aerofreins.  Le  comportement  des  avions  k forte 
fleche,  ou  les  decollements  sont  plus  stables,  est  globalement  meilleur,  mais  dans  les  zones  de  stabilite 
des  configurations  A vortex  (cf.  le  buffeting  de  configuration  de  Concorde  en  approche) seulement. 

II  faut  egalement  considerer  les  conditions  anormales  de  vol  et  rappeler  le  vieux  probleme  des 
limites  de  buffeting  en  transsonique  et  A grande  incidence,  mal  explique  en  general.  Rappelons  A ce  propos 
que  les  intensites  d* accelerations  perques  (pour  ne  pas  parler  des  snectres  qui  dependent  de  la  structure 
directeroent)  ont,  en  fonction  du  parametre  incidence  ou  nombre  de  Mach,  trois  types  principaux  d'evolution 
donnes  figure  11. 

La  courbe  (1)  est  caracteristique  des  decollements  brutaux  en  subsonique  (ou  transsonique  sur 
des  avions  sans  fl&che)  ; elle  est  souvent  consideree  comme  inacceptable  si  le  pic  d' acceleration  est 
superieur  A 0,1  g,  ^ moins  de  servir  d* interdiction  au  pilote,  par  contre  elle  est  souhaitable  si  ce  pic 
est  inferieur  ^ 0,05  g et  superieur  I 0,02  g et  sert  d* indicateur  au  pilote.  Sur  le  Mercure  nous  avons 
trop  bien  reussi  la  courbe  de  type  (1)  associee  au  decrochage  lisse  puisqu'elle  est  consideree  comme 
limite  par  les  pilotes  (>0,1  g)  et  que  le  travail  effectue  au-delA,  pour  rendre  excellentes  les  qualites 
de  vol  aprds  decrochage,  n'est  pratiqueroent  jamais  reconnu  par  les  pilotes.  Le  recours  aux  dispositifs 
artificiels  (branleur  de  manche,  signal  sonore)  toujours  moins  surs  (sensibilite  aux  derapages,  vitesses 
de  tangage)  peut  ainsi  etre  evite.  Une  courbe  de  type  (1)  avec  un  niveau  de  I'ordre  de  0,02  h 0,05  g est 
souhaitable  pour  signaler  la  sortie  des  bees,  des  volets, du  train,  le  pilote  etant  alors  parfaitement 
capable  de  reconnaitre  sa  configuration.  On  ne  souhaite  pas  une  courbe  de  type  (I)  en  transsonique  car 
elle  risque  d'etre  induite  par  les  variations  de  vitesse  en  atmosphere  turbulente. 

On  souhaiterait  plutot  une  courbe  de  type  (2)  qui  correspond  e un  etabl issement  progressif  du 
buffeting  initial  pilote  par  une  extension  progressive  des  zones  decollees  et  une  structure  initiale  non 
bidimensionnelle  ; cependant,  les  "impuretes"  correspondant  au  debut  de  la  courbe  ne  doivent  etre  trop 
pr4coces  ni  d un  niveau  trop  eleve.  L'id^al  serait  que  la  croissance  plus  brutale  ait  bien  lieu  d 0,05  g 
environ  I point  de  Mach  aorls  le  debut  du  buffeting. 

Enfin,  avec  des  decollements  de  type  fortement  tridimensionnels,  on  a souvent  une  courbe  tres 
progressive  de  type  (3),  e'est  par  exemple  le  cas  d'un  avion  d geometric  variable  (Mirage  G)  h forte 
fieche  et  I'on  a beaucoup  de  mal  A definir  une  incidence  au-dessus  de  laquelle  le  buffeting  est  inaccep- 
table . 


2. 3. 3.2.  Pour  les  avions  militaires,  le  niveau  acceptable  ne  peut  etre  place  comme  pour  les  avions  civils 

^ une  valeur  forfaitaire  (0,05  g)  car  on  a prefere  I'inclure  dans  la  totalite  des  effets  qui 
degradent  la  capacite  de  remplir  la  mission  en  augmentant  la  charge  de  travail  du  pilote  (pilotage  neces- 
saire  simultane  ou  non  k cause  d'une  degradation  des  qualites  de  vol  liees  ^ la  presence  des  decollements) 
ou  la  precision  du  tir.  La  premidre  notion  reste  proche  du  confort  civil  mais  I 'aspect  qualite  de  vol  est 
important  : dans  la  seconde,  au  contraire,  la  distribution  spectrale  du  treroblement  est  preponderante  par 
rapport  A son  niveau  pour  les  vibrations  relatives  des  yeux  et  du  viseur  par  rapport  au  siSge  du  pilote. 

Entre  la  determination  a priori  des  courbes  (I)  (2)  ou  (3)  et  de  leur  intensite  et  les  mesures 
actuelles  en  soufflerie,  il  y a un  ecart  bien  connu.  On  a donne  figure  12  une  comparalson  sur  un  Falcon 
des  courbes  d' iso-acceieration  moyenne  de  buffeting  mesurees  en  vol  et  des  courbes  dites  de  "limite  de 
buffeting"  que  I'on  obtient  en  exploitant  divers  signaux  enregistres  en  soufflerie  A grands  Reynolds  (RSf. 7) . 
A 1* exception  des  jauges  de  moment  sur  la  voilure,  les  signaux  exploit's  ont  des  accidents  cr^^s  par  les 
decollements  mais  non  lies  A I'aspect  instationnaire  des  phenomAnes,  ce  qui  limite  les  conclusions  que 
I'on  peut  tirer  de  I'enonne  discordance  des  signes  precurseurs.  Pour  remedier  A cet  etat  de  fait,  il  semble 
important  de  tenter  la  mesure  directe  des  efforts  instationnaires . Nous  avons  initie  une  telle  mAthode  de 
mesure  (cf.  ref.  8 ) mais  elle  sera  de  portee  limitee  tant  que  le  niveau  de  turbulence  des  souffleries 
rendra  impricises  les  mesures  A 1' Equivalent  de  0,01  g prAs  (soit  I % du  Cx  EtudiE) . 


:-4 

2. 3*3. 3.  Nous  n'avons  pas  parle  specif iquement  des  englns  h propos  des  effets  de  dicol lements  sur  la 

trainee,  la  portance  et  les  autres  coefficients,  car  ils  ne  posent  pas  de  problemes  specifiques 
^ I’exception,  peut-etre,  du  probletne  du  d^colleraent  en  pied  de  jupe  sur  les  corps  de  r^entree.  Par  contre, 
il  est  necessaire  de  parler  des  forts  buffeting^engendres  en  transsonique  par  les  formes  assez  peu  aerody- 
namlques  souvent  retenues  pour  des  raisons  de  devis  de  masse.  Ces  memes  problemes  sont  egalement  souvent 
rencontres  avec  les  charges  externes  d'un  avion  militaire  et  leurs  supports  et  mats  egalement  dans  la 
zone  de  nombre  de  Mach  0.9  - 1.05.  Les  decollements  correspondents  interessent  I'avion  autant  que  les 
charges  par  les  champs  induits  reciproques.  Enfin,  il  ne  faut  pas  oublier  les  bufferings  induits  par  les 
sorties  d'aerofreins. 

2.4.  - Influence  des  decollements  sur  le  dimensionnement  des  structures 

Cette  influence  peut  S nouveau  etre  separee  en  dimensionnement  aux  charges  stationnai res  et 
instationnaires. 

2.4.1.  - Sur  les  avions  civils,  les  charges  de  dimensionnement  font  exceptionnellement  intervenir  les 

zones  decollees  sur  I'avion  lisse.  Par  contre,  sur  l*avion  hypersustente,  on  retrouve  la  neces- 
SLte  de  predire  les  efforts  sur  les  differents  elements  des  volets  en  presence  des  decollements  toujours 
existants  des  que  les  braquages  sont  suffisants.  Les  methodes  de  calcul  approchees  dont  nous  disposons 
en  tridimensionnel  sont  suffisantes  pour  ce  genre  de  prediction  (cf.  ref.  13  ) dans  la  plupart  des  cas 
et  pennettent  d'economiser  des  essais  couteux  en  soufflerie  ou  en  vol. 

Sur  avion  militaire,  au  contraire,  le  fonctionnement  en  regime  decolle  est  systematique  et  il  est 
necessaire  d'evaluer  les  charges  dans  ces  conditions  ou  les  calculs  sont  ncttement  rooins  precis,  en  parti*^ 
culier  en  transsonique  et  supersonique . 

2.4.2.  - Les  charges  instationnaires  font  surtout  intervenir  des  problemes  de  fatigue  de  la  structure, 

ils  sont  li^s  a la  coincidence  d'un  spectre  de  niveau  tres  eleve  avec  la  reponse  de  la  structure, 
soit  que  la  frequence  principale  soit  renforcee  (resonance)  , soit  que  le  spectre  ait  une  repartition 
blanche  mais  de  niveau  exceptionnellement  eleve.  Sur  l^exemple  de  la  figure  13  , l*economie  de  la  tole 

d*intrados,  pour  obturer  les  fentes  de  volets  de  I' Alpha  Jet,  a conduit  ^ une  rupture  prematuree  des 
supports  de  goutte  et  des  toles  de  voute,  rupture  supprimee  par  I'etancheite  de  la  solution  II.  Ce  pheno- 
menc  est  souvent  rencontre  avec  des  decollements  confines  bidlmensionnels  qui  ont  souvent  un  spectre  avec 
une  raie  tris  marquee. 

De  meroe,  un  cas  dimensionnant  pour  les  engins  correspond  souvent  a la  tenue  au  vent  au  sol. 

Outre  la  tenue  statique,  les  charges  alternees  produites  par  1 ' echappement  des  tourbillons  du  cylindre 
normal  au  vent  constitue  par  I'engin  sont  souvent  critiques. 

Citons  egalement  les  fatigues  creees  dans  les  trappes  ouvertes  d'avions  militaires  ou  au  culot 
des  engins,  ou  chaque  fois  qu'un  decollement  important  et  peu  tridimensionnel  existe  (toles  de  fuselage 
ou  de  voilure  au  voisinage  des  aerofreins).  C'est  souvent  un  cas  dimensionnant  de  la  structure  quand  on 
ne  peut  eviter  les  decollements.  On  trouve  dans  ces  cas  par  exemple  les  zones  des  manches  ^ air  qui  sont 
le  sidge  de  decollements  importants  : effets  des  vents  lateraux  au  point  fixe  en  avion  civil,  des  grandes 
incidences  (vrille  en  particulier)  en  avion  militaire  transsonique  et  les  pompages  d'entree  d*air  en  vol 
supersonique  hors  adaptation. 

Il  est  bon  d'insister  h nouveau  pour  finir  sur  les  problemes  d* interaction  entie  manche  I air 
et  reacteur  dont  nous  venons  de  parler  du  point  de  vue  des  effets  sur  la  structure  de  I’avion,  mais  qui 
jouent  un  role  encore  plus  grand  sur  le  moteur  lui-Tneme.  Un  grand  progres  a ete  fait  dans  la  comprehension 
et  la  caracterisation  de  ces  probldmes  d'interface,  qui  se  ramenent  d la  description  de  I'ecoulement  d'un 
fluide  partiel lement  decolle  et  fortement  turbulent  pour  que  le  motoriste  puisse  mieux  prevoir  I'effet 
sur  le  moteur,  mais  le  chemin.  Id  particulierement,  reste  tres  long  jusqu'd  une  maitrise  suffisante  des 
phenomenes  complexes  mis  en  jeu  (cf.  figure  14  montrant  un  gcoulement  transsonique  dans  une  entree  d'air 
d grande  incidence  prise  en  strioscopie  eclair). 

3.  LES  MOYENS  D'ETUDE  ET  DE  REDUCTION  DES  DECOLLEMENTS 

3.0.  - Nous  allons  passer  en  revue  successivement  et  sommairement  les  remedes  dont  nous  disposons  et 

les  moyens  de  controler  leur  efficacite.  La  panoplie  des  moyens  d'evaluation  est  assez  6levee 
quoique  son  efficacite  soit  liee  d la  validite  des  moyens  (limitation  de  nombre  de  Reynolds  ou  de  schema- 
tisation  principalement) . 

3.1.  - Les  remddes 

3.1.1.  - Les  remddes  d appliquer  dependent  principalement  du  but  d atteindre  et  nous  rappelons  la  dis- 

tinction essentielle  que  nous  avons  exposee  au  chapitre  precedent  entre  les  regimes  de  fonction- 
nement, oO  il  est  possible  et  souhaitable  de  limiter  ou  supprimer  les  decollements,  et  ceux  ou  il  faut 
se  limiter  d en  reduire  les  consequences  (stabilisation-diffusion). 

Si  I'on  essaye  de  supprimer  les  decollements,  il  faut  d'abord  s'assurer  qu'avec  les  contraintes 
de  construction  donnees  il  n'existe  pas  de  modifications  simples  de  formes  qui  rdpondent  d la  question. 

La  methode  consists  par  approximations  successives  d rdaliser  des  distributions  de  pression  evitant  le 
decollement  des  couches  limites  (cf.  figure  1).  C’est  le  travail  habituel  de  I’avionneur  sur  toutes  les 
zones  de  rdtreint  de  fuselage  et  de  jonction  de  volume  mdts,  empennages.  Cette  vole  de  travail  est  loin 
d'etre  encore  exploitde  compldtement  car  il  est  Evident  que  ce  travail  rdagit  fortement  sur  le  deasin 
g^n^ral  de  I'avion  et  que  les  r^treints  optimaux  sont  loin  d'etre  facllement  ^valuables  dans  tous  les  cas. 

Cependant  les  gradients  de  pression,  consequence  du  dessin  subsonique,  ne  permettent  pas  toujours 
de  trouver  simplement  des  formes  qui  "marchent".  A ddfaut  de  rdduire  les  gradients  de  pression  absolus,  on 
peut  reduire  les  gradients  de  pression  relatifs  aux  zones  visqueuses  dKp  (Kp  coefficient  de  pression, 
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■ abcitie  curviligne  en  suivant  la  ligne  da  courant  lur  laqualle  I'Cpaiaaeur  de  couche  linlte  locale 
eat  6)  en  rCduisant  5.  Dans  lea  cas  iaportanta  on  fait  appel  i des  piiges  i couche  liaite  qul  permettent 
de  rediaarrer  la  couche  limite  au  voisinage  de  la  recotapreaeion  (cf,  figure  15  lea  piigea  d'entrfe  d'air 
de  I'Etendard  et  de  I'Alphat  Jet)  ou  A des  aspirations  A trsvers  des  plaques  perforfes  moins  efficaces 
■ais  de  realisation  souvent  plus  simple  en  rattrapage. 

On  peut  dgalement  utiliser  un  aroyen  de  soufflage  qui  permet  de  riduire  le  paraaetre  de  forme  de 
la  couche  limite  avec  un  gradient  rCduit  dKp/ds/£  un  peu  augmentd  en  gdneral  par  suite  de  I'^paississement 
lie  1 1' introduction  de  I'air  souffle.  Conae  cet  effet  de  stabilisation  est  de  durde  liaiitee,  ce  type  de 
controle  de  la  couche  limite  est  mieux  adapte  1 la  correction  de  probiemes  locaux  ainon  le  debit  mis  en 
jeu  peut  devenir  rapideawnt  excessif  pour  le  rdacteur  sur  lequel  il  est  preievd. 

Le  fonctionnement  des  hypersustentateurs  modernes  fait  appel,  par  I ’ intensediaire  de  fentes 
jouant  le  rSle  de  pidge  1 couche  limite  et  de  dispositifs  de  soufflage,  A des  moyens  dont  I'efficacite 
est  tris  grande  pour  la  reduction  des  ddcolleaients  (cf.  rdf.  9 ) et,  par  exemple,  I'hypersustentation 
classique  mais  optimisde  par  le  calcul  du  Super  Etendard  apporte  une  amelioration  de  la  portance  de  cet 
avion  supdrieure  d celle  qui  dtait  obtenue  par  I'hypersustentation  d volets  soufflds  qui  avait  etd  essayde, 
mais  non  retenue  par  suite  des  sujdtions  qu'elle  introduisait  sur  I'Etendard. 

Une  voie  analogue  consiste  d rdduire  le  pararndtre  de  forme  de  la  couche  limite  par  melange  plus 
dnergique  que  le  processus  turbulent* normal  entre  I'extdrieur  d grande  vitesse  de  la  couche  limite  et 
I'intdrieur  proche  du  ddcollement . Ce  mdlange  est  effectud  de  la  meilleure  faqon  possible  par  des  tour- 
billons  d'axes  colindaires  d la  vitesse,  gdnerds  par  des  ailettes  de  faibles  allongements  dits  gdnerateurs 
de  tourbillons.  Ce  moyen  est  trds  efficace  en  rattrapage  mais  le  prix  d payer  est  souvent  grand  en 
trainee. 


Rappelons  pour  memoire  que  I'on  peut  dgaleraent  rdduire  les  ddcollements  locaux  en  supprimant 
le  frottement  des  sous-couches  par  cylindre  tournant  ou  tourbillon  captif. 

3.1.2.  - Pour  stabiliser  des  ddcollements,  les  deux  voies  habituelles  consistent, soit  d assurer  une  sta- 

bilitd  suffisante  du  point  de  recollement  ou  des  zones  turbulentes  de  mdlange  le  long  du  ddcol- 
lement,  soit  d recourir  d une  stabilisation  tridimensionnelle. 

Four  stabiliser  le  point  de  recollement,  on  utilise  habituellement  une  survitesse  locale  si  cela 
est  possible  sous  forme  d'un  arrondi  au  point  de  recollement.  On  peut  aussi  essayer  de  stabiliser  la  ligne 
de  jet,  instable  par  nature  en  subsonique,  en  la  rendant  extremement  turbulente  par  des  tourbillons  amonts 
de  la  taille  de  la  zone  de  mdlange  et  non  de  la  zone  ddcollde  (cf.  figure  17). 

Cependant  chaque  fois  qu'un  effet  de  fldche  favorise  ('existence  de  tourbillons  tridimensionnels 
dont  la  stabilitd  est  beaucoup  plus  grande  que  celle  d'une  nappe,  il  devient  intdressant  de  favoriser  les 
grosses  structures  de  tourbillons  en  cornet  en  utilisant  des  aretes  d fortes  fldches  ou  simplement  des 
bords  d'attaque  ; voir  par  exemple  les  fldches  internes  d'avion  tel  le  Mirage  G ou  le  fonctionnement  des 
entrdcs  d'air  noydes  de  type  MACA  vcf.  planche  18). 

On  peut  dgalement  favoriser  les  structures  en  hdlices  par  soufflage  transversal  (procddd  Lockeed). 


3.2.  - Les  moyens  d'dtudes  expdriiiientaux 


3.2.0.  - Nous  prdsentons  dans  la  revue  rapide  suivante  les  moyens  d'dtudes  expdrimentaux  et  thdoriques 
disponibles  ou  3 mettre  au  point  pour  aider  au  travail  de  I'avionneur  dans  la  rdduction  et  le 
controle  des  ddcollements. 


3.2.1.  - Les  moyens  les  plus  simples  de  controle  et  d'dtude  des  ddcollements  sont  paridtaux.  Les  visuali- 

sations par  enduits  visqueux  permettent,  en  gdndral,  de  bien  ddtecter  les  ddcollements,  mais  la 
technique  mise  au  point  3 I'O.N.E.R.A.  d'injection  continue  de  fluides  colords  est  probablement  la  plus 
riche  en  information  3 la  fois  sur  I'dtude  des  zones  ddcolldes  et  sur  la  stabilitd  de  ces  zones  (cf.fig. 19: 
visualisations  colordes  3 la  soufflerie  S2  de  Hodane  de  I'O.N.E.R.A.  au  cours  de  la  mise  au  point  du 
Mirage  FI  en  transsonique  grande  incidence).  Les  pressions  sont  un  guide  utile  surtout  avec  des  capsules 
instationnaires  type  Kulite  pour  I'dtude  des  spectres  de  fluctuations,  mais  elles  sont  d' interprdtation 
plus  difficile  et  le  coQt  des  maquettes  dquipdes  de  centaines  de  prises  de  pression  les  rdservent  3 des 
msquettes  chires  disponibles  assez  tardivement  dans  le  processus  de  conception  de  I'avion. 

3.2.2.  ■ Nous  coBiienqons  3 dquiper  dgalement  nos  maquettes  assez  systdmatiquement  de  jauges  de  contrain- 

tes  et  d'accdldromdtrea  permettent  de  mieux  prdciser  ('importance  des  fluctuations  d'efforts  et 
compldtant  les  indications  des  efforts  globaux  donnds  par  la  balance. 

3.2.3.  - Enfin,  il  devient  de  plus  en  plus  ndeessaire  d'dtudier  le  champ  adrodynamique  autotir  de  I'avion 

pour  mieux  apprdhender  les  dimensions  des  zones  ddcolldes  et  turbulentes.  Pour  cela,  les  visua- 
lisstions  tridimensionnclles  renaeignent  mieux  sur  ce  champ.  Initialement  on  disposait  surtout  des  tr3s 
belles  visualisations  colordes  effectudes  par  I'dquipe  de  Monsieur  Werld  3 I'O.N.E.R.A.  aux  trds  faibles 
nombres  de  Reynolds  (1000  - 5000)  du  tunnel  hydrodynamique  ou  des  sondages  sosssaires  au  fil  de  laine  ou  3 
la  ftasde,  et  aux  mesures  locales  de  pressions  totales  et  statiques  obtenues  par  des  peignes  fixes  multi- 
prises.  Naintsnant  les  visualisations  tridimensionnelles  sont  compldtdes  par  I'emploi  de  dispositifs 
d'dmission  de  bullc  d'hdlium  (rdf.  22  ) et  la  motorisation  des  peignes  de  sillage  rend  leur  emploi  plus 
deonomique  done  courant.  Citons  I'emploi  systdmatiqua  de  tela  peignes  tournants  pour  I'dtude  des  champs  de 
pression  stationnaire  et  instationnaire  dans  les  siaquectes  d'entrde  d'air  et  l'esq>loi  de  sondes  dont  le 
ddplacement  en  XTZ  est  coasandd  grlce  3 des  moteurs  pas  3 pas  par  I'ordinateur  de  la  soufflerie.  Un  tel 
dispositif  rend  ('exploration  de  grandea  zones  ddcolldes  accessible  3 I'asaai  industriel,  il  peut  etre 
dquipd  de  dlvcrsea  sondes  de  pression  statique,  totals,  diractionnelle  et  mSme  de  dispositifs  spdeiaux 
tel  le  tourbillomdtre  (cf.  rdf.  20  ) dont  I'intdrit  eat  grand  surtout  dans  I'dtude  des  ddcollements  trds 
organisda  tridimensionnels.  On  donne  figure  20  le  rdsultat  d'un  sondage  de  ce  type  effectud  sur  un 
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Super  Mirage  Delta  k trda  grande  incidence  au  bord  de  fuite  aontrant  que  la  totality  de  l*aile  eat  envahie 
par  le  ddcollenent  turbulent  dont  la  structure  eat  tris  loin  de  la  structure  classique  en  cornet. 

3.3.  - Lea  aoyens  d*4tude  th^orique 

3.3.1.  * Outre  lea  calculs  de  Unite  de  zones  d^col l^es , par  calcul  dea  couches  limites  tridinenaionnellea 

aaont^  que  nous  avons  ddji  prdsent^a  aur  la  figure  1,  il  eat  possible  assez  sinplenent  de  cal* 
culer  la  forme  dea  zones  d^collfea  iaobares  et  la  presaion  correspondante  • Ces  calculs  sont  de  type 
couplage  ou  itdratif  : ou  bien  I'on  ae  donne  un  raoyen  d'^valuer  une  zone  s4par(e  de  1 '^coulenent,  et  il 
faut  la  rendre  compatible  suivant  une  limite  k I'int^rieur  du  fluide  avec  I'^coulement  extirieur  (cf. 
r^f.  M et  13  ),  ou  bien  on  r^aoud  I'ensemble  de  I'^coulement  en  plaqant  sinplenent  une  ligne  de  dis- 
continuity par  ityration  k la  frontidre  de  la  zone  isobare.  Le  travail  de  l*avionneur  consiste  alors  k 
ryduire  la  dimension  maximale  de  la  zone  ddcoliye  ou  bien  k rapprocher  la  valeur  de  la  pression  correspon- 
dante de  la  presaion  en  I 'absence  de  dycollements . En  aupersonique  1 'optimisation  peut  etre  plus  compliquye, 
en  particulier  k cause  de  I'effet  de  ryduction  de  trainye  lid  aux  ddcollenients  et  principalement  dans  les 
probldmes  d' arridre-corps . 

3.3.2.  - Malheureusement,  les  zones  decolldes  sont  rarement  iaobares  en  dehors  dea  zones  fortement  bidi- 

mensionne I les  que  I'on  trouve  sur  les  ailea  et  lea  culota.  Il  est  alors  de  la  plus  grande  impor- 
tance d'utiliaer  un  moddle  thdorique  pour  analyser  le  rdsultat  des  mesures  et  visualisations  et  choisir 
pami  lea  differentes  modifications  de  forme  oossibles  cellea  qui  joueront  aur  les  phenorndnea  en  cause  k 
dyfaut  de  savoir  les  influences. 

Pour  cela  lea  mythodes  de  calcul  les  plus  pratiques  font  intervenir  les  aingularitys  dans  le 
fluide,  soit  suivant  le  schema,  initialement  proposd  par  Belotaerkovakii,  de  nappes  de  tourbillons  (cf. 
ryf.  2 et  3 , soit  suivant  le  schyma  de  tourbillons  diserdtisys  de  Rehbach  (rdf.  4 ).  Ces  metho- 

des  fournissent  un  moyen  de  calcul  prdcieux  pour  I'avionneur  limity  par  la  dlscrdtisation  (temps  de  calcul 
excessifs  sur  des  configurations  complexes)  et  surtout  par  leur  principe  mal  adaptd  k la  structure  reelle 
tres  turbulente  des  phynorndnes,  bien  que  I'on  puisse  les  perfectionner  dans  ce  sens  (rdf.  16  ). 

Il  est  alors  prdfyrable  de  partir  de  solutions  directes  des  equations  de  Navier-Stokea  auxquelles 
on  ajoute  un  modele  de  turbulence  dont  la  validity  est  k ameliorer  constansent.  Les  AMD-BA  (rdf.  19  ) ont 
trouvd,  dans  I'utilisation  courante  des  solutions  de  ce  type,  une  aide  importante  k I'analyse  des  dcoule- 
ments  ddcollds  non  isobares. 

3.3.3.  - Enfin,  trds  peu  de  moyens  thdoriques  ont  une  prdci8ion,de8  temps  de  calculs, acceptab les  pour 

etudier  I'aspect  instationnaire  et  analyser  les  rdsultats  expdrimentaux  de  Mabey  et  autre8(ryf.I3) 

Alors  que  I'on  a insistd  sur  I' importance  de  ce  probldme  pour  I'avionneur,  peu  de  moyens  d'analyse  aident 
ainsi  la  prdvlsion  de  la  stability  des  dcoulements  ddcollds.  Rappelons  conme  example  bien  connu  I'inata- 
bilitd  du  ddcollement  sur  des  pointes  avant  de  rdvolution  d'avions  militaires  qui  Influent  beaucoup  sur  le 
ddpart  en  vrille.  Ce  phdnomdne,  attache  au  phenomdne  de  I 'echappement  tourbillonnaire  autour  de  cylindre, 
a dtd  bien  vu  en  vol  sur  le  Mirage  FI,  comne  en  soufflerie,  et  sur  nombre  d'autres  avions  analogues.  Les 
contraintes  de  construction  des  radomes  de  radar  principalement  limitent  les  modifications  de  forme  accep- 
tables  et  font  l^-aussi  souhaiter  I'aide  d'une  meilleure  comprehension  des  phenomdnes  et  de  calculs  a 
priori . 

4.  LES  VOIES  DE  RECHERCHE 

4.0.  - Nous  avons  rencontrd  et  recensd  beaucoup  de  problemes  posds  k I'avionneur  par  les  ddcollements . 

Beaucoup  de  recherches  consaerdes  k la  comprdhension  fine  du  mdeanisroe  des  ddcollements  sont  done 
souhai tables . Pouvona-nous  cependant  recoimander  que  les  troi^;  approches  suivantes  soient  utilisdes 
conjointement  ? « 

4,1  - Approche  bas  Reynolds 

11  eat  trds  important  de  caraetdriser  globalement  les  dcoulements  moyens  ddcollds  dans  de  nom- 
breux  cas  et  de  les  comparer  k dea  solutions  des  dquationa  des  fluides  visqueux  : on  en  tirera  des  mdthodes 
de  calcul  qui  dviteront  de  trop  recomnencer  des  expdriences  sur  des  cas  trop  sommaires  ou  accessibles  avec 
des  hypothdses  simples  ; ces  cas  ne  couvrent  qu'une  part  trds  limitde  des  ddcollements  que  rencontre 
1 ' avionneur  - spdcialement  poor les  cas  bidimensionnels  - surtout  en  supersonique.  D'autres,  plus  tridimen- 
sionnels  ne  sont  pas  moins  importants  dans  la  pratique. 

4.2.  - Approche  turbulente 

11  est  trds  important  de  considdrer  comne  des  dcoulements  turbulents,  trds  inhomogdnes  et  non 
isotropes  certes,  ces  zones  ddcolldes  et  d'appliquer  les  connaissances  de  base  acquises  rdceoBDent  dans  la 
comprdhension  des  dcoulements  turbulents  pour  analyser,  mesurer  et  calculer  les  ddcollements  et  leur  aspect 
instationnaire. 

4.3.  “ Approche  dynamique 

Une  connaissance  plus  approfondie  de  la  dynamique  des  ddcollements  devra  consister  en  un  appro- 
fondissement  et  une  clarification  des  iddes  de  stability  et  de  changement  de  forme  des  ddcollementa 
Beaucoup  d'expdriences  et  de  recherches  thdoriques  sont  ndeessairea  dans  cette  approche. 

5.  CONCLUSION 

L'avionneur  n'a  pas  fini  de  passer  le  plus  clair  de  la  aise  au  point  adrodynamique  d'un  engin 
volant  au  controle  des  ddcollementa  et  de  leurs  effets  stationnaires  et  instationnaires . Mala,  aprds  avoir 
cssayd  de  lea  auppriaer  ou  k ddfaut  de  lea  rdduire  aux  points  d* adaptation,  son  souci  sera  de  plus  en  plus, 
dans  le  futur,  de  lea  renire  stables  et  progressifs.  * 
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TRAITEMENT  DES  PROBLEMES  D'INTERACTION  FLUIDE  PARFAIT  - FLUIDS  VISQUEUX 
EN  ECOULEMENT  BIDIMENSIONNEL  COMPRESSIBLE  A PARTIR  DES  EQUATIONS  DE  NAVIER-STOKES 

Henri  VIVIAND 

Office  National  d'Etudes  et  de  Recherches  Airospatiales  (ONERAI 
92320  ChStiHon  (France) 

RESUME 

On  se  propose  de  faire  le  point  sur  le  traitement  des  problfemes  d' interaction  fluids  parfait-fluide 
vlsqueuz  en  dcoulenent  bidlmensionnel  compressible,  4 grand  nombre  de  Reynolds, par  resolution 
numerique  des  equations  de  Navier-Stokes  (n.S.).  Cette  approche  globale  comports  deux  volets  diatinots  : 
d'une  part  la  resolution  numerlque  des  equations  et,  d'autre  part  la  modeiisation  de  la  turbulence  pour 
les  ecoulements  decolies  compressibles,  la  comparaison  entre  lea  predictions  du  calcul  numdrique  et  les 
resultats  experlmentaux  etant  necessalre  pour  etabllr  la  valldite  des  modules  de  turbulence.  La  discus- 
sion de  ces  domalnes  de  recherche,  tres  vastes  et  en  raplde  evolution,  deborde  largement  le  cadre  d'une 
conference,  et  nous  avons  choisi  d'une  part  de  donner  une  idde  d'ensemble  des  probl^mes  traites  et  des 
resultats  obtenus,  et  d'autre  part  de  presenter  seulement  les  grandea  lignes  des  methodes  numeriques 
et  des  modules  de  turbulence  utilises. 

Lea  progres  recents  realises  dans  les  deux  domaines  qu'on  vient  de  citer  sont  dus  en  grande  partie 
aux  travaux  d'equipes  de  la  NASA,  travaux  bases  sur  lea  methodes  numeriques  developpesa  par 
HacCormack  et  ses  collaborateurs . Notre  expose  sera  done  centre  sur  ces  travaux,  mala  nous  ferons  etat 
aussi  d'autres  travaux  plus  limltes. 

Nous  passons  d'abord  en  revue  les  problbmes  d' Interaction  en  ecoulement  compressible  qui  ont  ete  ou 
sont  traites  par  cette  approche  globale,  A savoir  : 

- ecoulement  transsonique  autour  d'un  profil, 

- interaction  choc  droit-couche  limite  en  transsonique, 

- interactions  choc  oblique-couche  limite  en  superaonlque  ou  en  hypersonlque , solt  sur  une  plaque  plane, 
ou  sur  un  cylindre  circulalre,  solt  dans  un  angle  de  compression. 

On  presents  ensuite  une  discussion  de  la  formulation  des  equations  de  Navier-Stokes  moyennees  en  temps 
en  les  comparant  avec  les  equations  correspondantes  dans  le  cas  Incompressible.  Le  problAme  de  la  mode- 
iisation de  la  turbulence  est  seulement  aborde,  en  faisant  etat  des  types  de  modbles  utilises  dans  les 
applications  sans  les  decrlre  en  detail. 

En  ce  qui  conceme  les  methodes  numdrlques  de  resolution  des  equations  de  Navier-Stokes,  nous  presentons 
le  prlncipe  de  la  methods  actuellement  la  plus  utilisee,  e'est-A-dire  la  methods  de  HacCormack,  dans 
la  formulation  volumes-finls,  valable  dans  un  malllage  quelconque.  Divers  aspects  - Importanta  en 
pratique  - de  cette  methods,  ainsl  que  certains  developpements  rAcents,  ne  sont  que  mentlonnes  avec 
renvoi  a\ix  publications  correspondantes.  Nous  indiquons  aussi  plus  rapldement  d'autres  methodes  de 
discretisation  dans  des  malllages  quelconques,  basAes  aussi  sur  le  schAma  de  HacCormack. 


NUMERICAL  SOLUTION  OF  VISCOUS  - INVISCID  INTERACTION  PROBLEMS 
IN  TWO-DIMENSIONAL  COMPRESSIBLE  FLOWS  BASED  ON  ^HE  NAVIER-STOKES  EQUATIONS 

S U H H A R r 


K. 


A review  is  presented  of  the  approach  based  on  the  numrical  solution  of  the  Navier-Stokes  (h.S.) 
equations  for  the  treatment  of  vlscous-invlscid  interaction  problems  in  two-dimensional  high  Reynolds 
number  compressible  flows.  This  global  approach  involves  two  dlstincte  problems  i on  the  one  band  the 
numerical  solution  of  the  equations  used,  and  on  the  other  hand  turbulence  modeling  to  close  the 
system  of  the  averaged  N.S,  equations  for  the  case  of  compressible  separated  flows,  the  validity  of 
turbulence  models  being  tested  through  comparisons  between  numerical  predictions  and  experimental 
results.  The  discussion  of  these  rapidly  evolving  domains  goes  much  beyond  the  limits  of  one  conference 
and  we  have  chosen  here  first  to  give  a general  presentation  of  the  problems  and  of  the  results  which 
have  been  obtained,  and  secondly  to  discuss  only  the  essential  features  of  the  numerical  methods  and  of 
the  turbulence  models  which  have  been  used. 

Recent  progress  in  these  domains  is  due  in  large  part  to  research  works  carried  out  at  NASA  and  based  on 
numerical  methods  which  have  been  developped  by  HacCormack  and  his  co-workers.  Our  report  will  thus  be 
centred  round  these  works,  but  we  shall  also  mention  other  less  extensive  works. 
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First  we  present  a review  of  interaction  problems  which  have  been  treated  by  this  global  approach,  i.e.  : 

- transonic  flow  about  a profile, 

- shock-boundary  layer  interaction  in  transonic  flow, 

- oblique  shock-boujidary  layer  interactions  in  supersonic  or  hypersonic  flow,  either  over  a flat  plate 
(or  a circular  cylinder),  or  over  a compression  ramp. 

Then  the  time-averaged  compressible  N.S.  equations  are  discussed  and  compared  to  their  Incompressible 
counter  part.  The  problem  of  turbulence  modelling  is  only  outlined  ; the  types  of  turbulence  models 
which  are  actually  used  in  the  applications  are  only  mentionned  without  detailed  description. 

Concerning  the  numerical  methods  for  solving  the  N.S.  equations,  we  present  the  ftuidamentals  of  the 
most  widely  used  method,  i.e.  MacCormack's  method.  In  its  finite-volume  form.  Various  practically 
important  features  of  this  method  as  well  as  some  recent  developments,  are  only  mentioned  with 
reference  to  the  litterature.  We  give  also  brief  indications  about  other  discretization  techniques, 
based  on  MacCormack's  scheme  and  which  can  be  used  with  arbitrary  mesh  systems. 


1 - INTRODUCTION  - 

Tous  les  dcoulements,  laminalres  ou  tiurbulents,  de  gaz  usuels  comme  I'air  sont  d^crlts  avec  une 
trbs  grande  precision  par  les  Equations  de  Navier-Stokes  (d^not^es  N.S.  dans  ce  qui  suit),  i 
1' exception  des  ^coulements  ou  des  regions  d'^coulement  oil  le  libre  parcours  moyen  des  molecules 
n'est  plus  sufflsamment  petit  devant  une  longueur  caract4rlstique  des  gradients  locaux  Instantan^s. 
Les  Equations  de  N.S.  permettent  done  en  principe,  si  on  peut  les  r^soudre  avec  une  precision 
suffisante,  de  determiner  par  le  caloul  numerique  la  grande  majorite  des  ecoulements  rencontres  en 
aerodynamique . 

Les  problfemes  que  ces  equations  ne  permettent  pas  de  traiter  sont  les  ecoulements  de  gaz  dits 
rarefies,  la  structure  d'une  onde  de  choc  de  forte  intensite,  et  eventuellement  les  voisinages 
trfes  restreints  de  points  singuliers  des  solutions  des  equations  de  N.S.,  coaoe,  par  eiemple,  k 
un  angle  de  detente,  si  le  comportement  singuller  de  la  solution  n’est  pas  physiquement  acceptable. 
En  dehors  des  ecoulements  de  gaz  rarefies  qui  sortent  du  cadre  de  cet  expose, ces  zones  de  non- 
valldite  des  equations  de  N.S.  ont  au  moins  une  dimension  extrSmement  petite  devant  une  longueur 
caracteristique  de  I'ecoulement,  telle  qu'une  epaisseur  de  couche  limite,  et  on  admet  que  la  solu- 
tion des  equations  de  N.S.  n'est  pas  affectee  par  la  structure  interne  de  ces  zones,  du  moins  au 
niveau  de  precision  recherche  dans  I'etude  d'un  problfeme  type  d'interaction  fluids  parfait-f luide 
visqueux. 

La  turbulence,  par  centre,  phenom^ne  le  plus  souvent  present  et  d'une  importance  pratique  conside- 
rable, eat  deorite  par  les  equations  de  N.S.,  mais  elle  fait  intervenir  des  echelles  de  temps  et 
d'espace  trop  petites  pour  8tre  prises  en  compte  dans  une  representation  diacretisee  de  I'espace 
et  du  temps,  mfime  sur  les  ordinateurs  les  plus  pulsaants. 

Des  etudes  recentes  font  appel  k une  discretisation  partielle,  pour  lea  echelles  sufflsamment 
grandes,  et  k une  modeiisation  (e'est-k-dire  une  representation  mathematique  compiementaire)  pour 
les  echelles  plus  petites.  Cette  simulation  numerlque  de  la  turbulence  [f jt  reste  trks 
coflteuse  en temps  de  calcul  et  n'est  pas  encore  applicable  aux  problfemes  concrets,  ne  sera 
pas  discutee  ici  ; nous  ne  oonsiderons  que  I'approche  basee  sur  les  equations  de  N.S.  moyennees 
en  temps  et  compietees  de  relations  algebrlques  ou  d' equations  aux  derlvees  partlelles  qui  consti- 
tuent ce  qu'on  appelle  un  modkle  de  turbulence  et  qui  permettent  la  fermeture  du  aystkme  d' equations. 
Dana  cette  approche,  I'ecoulement  turbulent  n'est  dderit  que  par  des  valeurs  moyennes  en  temps,  ce 
qui  suppose  Implicltement  qu'on  peut  sdparer  les  effets  instatlonnalres  propres  k la  turbulence 
d'autres  effets  instationnaires  plus  globaux  et  k frequences  nettement  plus  basses  : I'ecoulement 
moyen  est  done  soit  stationnaire,  aoit  instationnaire  mais  k une  frequence  aasez  baase  pour  qu'il 
n'y  alt  pas  interference  avec  la  turbulence  proprement  dite.  Cette  hypothkse  est  done  acceptee, 
par  force,  dans  les  calculs  qu'on  peut  fairs  actuellement,  mais  les  llmites  de  sa  valldlte  sont 
mal  connues.  Bn  tout  cas,  elle  paralt  exclure  I'etude  de  decollements  trks  etendus  dans  toutes 
les  directions,  et  dans  lesquels  les  grosses  stzructures  tourbillonnalres  sont  de  dimensions  compa- 
rables k une  dimension  gdomdtrique  du  problkme  (corde  d'un  profil,  rayon  d’une  sphkre  ...). 


Les  calculs  d ' dcoulements  de  fluids  visqueux  compressible  par  rdsolutlon  numdrlque  des  dqustlons 
de  N.S.  se  sont  ddveloppds  partlcullkrement  depuls  une  dlzalne  d'anndes.  On  trouvera  une  revue 
des  mkthodea  numkrlques  utlllskes  et  des  applications  traltkes  Jusqu'k  1975  dans  lea  rkfkrences 
[zl  k [aI.  Dans  le  present  exposk  nous  nous  proposons  de  fairs  le  point  sur  le  traltement  des 
problkmes  d'interaction  fluids  parfait-f luide  visqueux  k grand  nombre  de  Reynolds,  en  kcoulement 
compressible  bidimensionnel.  par  rksolutlon  numkrlque  des  Aquations  de  N.S. 

Le  sujet  est  trks  vasts  et  nous  n'en  prksentons  id  qu'une  discussion  trks  gknkrale,  aussl  blen 
en  ce  qui  conceme  les  applications  traltkes  qu'en  ce  qui  concerne  les  mkthodes  numkriques  utlllskes. 
La  bibliographie  k laquelle  nous  renvoyons  pour  des  discussions  dktalllkea  est,  sinon  complkte, 
du  moins  representative  de  I'ktat  actual  de  dkveloppement  de  cette  approche  globale  baske  sur  les 
equations  de  N.S. 
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• ■ U RESOIiUTION  DBS  EQUATIONS  DE_NAVIER-STOKES  i_UNE  APPROCHE  OLOBALE  DE3  PROBLEMES  D' INTERACTION  - 

Loraqu’il  s'aNlt  de  oalculer  dea  6ooulementB  A falble  nombre  de  Reynolda,  la  n^ceaaitd  de  falre 
appel  aiu  Equations  de  N.S,  eat  dvldente.  Par  centre,  pour  lea  ^coulementa  A grand  nombre  de 
Reynolda  que  noua  conald^rona  Icl,  et  en  excluant  le  caa  de  d^collementa  trAa  ^tendus  dana  toutes 
lea  dlrectlona,  I'utlllaatlon  dea  ^quationa  de  N.S,  complAtea  n'eat  paa  Indiapenaable  et  l'lnt4rNt 
d'une  approche  baa^e  aur  cea  ^quatlona  eat  en  fait  dfl  A dea  ralaona  que  nous  dlscutona  dans  ce 
paragraphs . 

La  decomposition  classique  entre  Acoulement  de  fluids  parfalt  et  couche  vlaqueuse  de  faible  epalsseur 
reate  valable  pour  lea  problAmea  d' interaction  considdres  ici.  II  y a interaction  loraque  I'ecoulement  de 
fluids  parfait  eet  plus  ou  moins  fortement  influence  par  la  couche  vlaqueuse,  o'est-A-dire  qu'il 
ne  peut  Stre  determine  Independamment  de  celle-cl.  Ce  phenomAne  est  toujours  present  lorsqu'll  y a 
decollement  de  la  couche  llmite,  et  I'on  salt  que  la  theorle  classique  de  la  couche  llmite  est 
alors  miae  en  defaut.  Cet  dchec  n'eat  cependant  paa  imputable  aux  equations  de  Prandtl  elles-mSmes, 
mals  plutflt  aux  conditions  aux  limltes  utillsees  A la  frontlAre  de  la  couche  llmite  et  qul  supposent 
I'ecoulement  exterieur  connu.  On  peut  en  effet,  en  premlAre  approximation,  continuer  A utlllser  lea 
equations  de  Prandtl  pour  la  couche  visqueuae  m8me  en  interaction,  A condition  de  coupler  I'ecoule- 
ment de  fluids  parfait  et  la  couche  vlaqueuse  par  des  conditions  de  raccord  aur  leur  frontlAre 
commune.  Ces  conditions,  appelAes  relations  de  couplage,  peuvent  8tre  etablies  de  faqon  rlgoureuse 
dans  le  cadre  d'une  theorle  asymptotlque  bien  precise  mals  Impllquant  alors  dea  restrictions 
d'appllcatlon,  ou  de  faqon  plus  heuristlque  et  en  mAme  temps  plus  gendrale  (par  ex.,  [5],[6],  [7l). 

On  aboutlt  alnsl  A une  approche  des  problAmea  d' interaction  basAe  aur  le  calcul  couple  des  solutions 
dans  la  rAgion  du  fluids  parfait  et  dans  la  couche  vlaqueuse.  Cette  approche  fait  I'objet  de  I'exposA 
de  J.C.  Le  Balleur  dans  ce  cycle  de  conferences. 


sur  DABC  : Aooulement  uniforme 


sur  DC 


Aooulement  uniforme  ou  3/3x  = 0. 
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Aooulement  donnA 

Aooulement  donnA,  ou  ondes  limples 

3/at  = 0,  ou  pss  de  condition  (schAma  dAcentrA  en  amont) 


sur  AB  : 
sur  BC  ; 
sur  CD  : 
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(ABCDEFGA)  : domaine  'Navier. Stokes" 

c — Domaina  limitA  avac  raooord  numAriqua 
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Fig.  1 - Domainat  de  calcul  da  I'approcfia  globale. 
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L'approche  globale,  bas^e  sur  les  Equations  de  N.S.^  peut  dtre  dlstingu^e  des  m^thodea  de  couplage  par 
les  deux  propri4t4a  sulvantes  : 

l)  le  domaine  de  calcul  dans  l'approche  globale  est  : 

a)  solt  la  quaal>totallt4  de  l'4coulement  4tudi^  (ex.,  figure  I'-a), 

b)  aoit  un  domaine  limits  qui  d^borde  sur  I'dooulement  de  fluide  parfait  et  sur  les  couches  vis- 
queuses  au-deli  de  la  zone  d'interaotion  (ei.,  figures  1-b  et  1-c). 

La  frontibre  entre  fluide  parfait  et  couche  visqueuse,  qui  eat  I'une  des  inconnues  dans  les  mdthodes 
de  couplage,  est  situde  ^ I'int^rieur  de  ce  domaine  de  calcul,  mais  sa  position  n'a  pas  h Stre 
pr4cis^e. 

?)  L'^coulement  dans  ce  domaine  est  ddtermlnd  par  un  traitement  numdrique  unique,  ce  qui  implique 
I'utllisation  d'un  systhme  d'^quationa  unique,  mais  n'exclut  pas  par  exemple  1 ' utilisation  de 
schemas  num^riques  diffdrents  dans  diff^rentes  parties  de  ce  domaine. 

Nous  n'imposons  pas,  avec  la  propri^td  2),  I'utilisation  des  Equations  de  N.S.  compJfetes,  la 
seule  condition  requise  ^tant  que  le  systfeme  d'dquationa  soit  dgalement  valable  dans  la  couche  vis- 
queuae  et  dans  la  rdgion  de  fluide  parfait.  C'est  pourquoi  nous  prdfdrons  parler  d'approche  globale 
plutSt  que  de  resolution  des  equations  de  N.S.,  mSme  si  dans  lea  applications  ce  sont  le  plus  souvent 
cea  derniferes  qui  sont  mises  en  oeuvre.  Des  examples  d’approche  globale  avec  des  equations  de  N.S. 
tronquees  sont  fournls  par  les  references  [l9]  et  [SO]. 

Lea  conditions  aux  limites  sur  la  frontifere  exterieure  du  domaine  de  calcul  (paroi  exclue)  peuve.t 
Stre  fixees  (cas  des  figures  1-a  et  1-b),  ou  elles  peuvent  dependre  d'un  raccord  numerique  avec 
des  ecoulements  de  fluide  parfait  et  de  couche  limite  qu'll  faut  alors  calculer  simultanement 
(cas  de  la  figure  1-c).  Le  cas  de  la  figure  1-c  se  distingue  de  celui  de  la  figure  1-a  surtout  par 
le  fait  que,  pour  le  premier,  les  traitements  numdriques  de  la  zone  1 (fluide  parfait)  et  des  zones 
2 et  3 (couche  limite  et  sillage)  sont  supposes  diffdrents  du  traitement  du  domaine  "Navier-Stokes”, 
ce  qui  oblige  i mettre  en  oeuvre  une  technique  spdciale  de  raccord  numdrique  h la  frontifere  de  ce 
domaine.  Pour  le  cas  de  la  figure  1-a  au  contraire,  le  mSme  traitement  numdrique  4tant  appliqud  h 
tout  l'4coulement,  ce  problhme  de  raccord  numdrique  ne  se  pose  pas. 

Le  mode  de  calcul  qui  correspond  au  schdma  de  la  figure  l-c  a 4t4  proposd  en  [s]  pour  des  dcoule- 
ments  incompresslbles  et  il  a dtd  mis  en  oeuvre  pour  des  dcoulements  compressibles  k grand  nombre 
de  Reynolds,  mais  sous  une  forme  quelque  peu  simplifide,  dans  [51 ],  [SP]  et  [53]  ou  une  zone  N.  S. 
est  effectivement  calculde,  mais  oil  son  influence  sur  I'dcoulement  de  fluide  parfait  n'est  repr4- 
sentdeque  par  un  effet  de  ddplacement. 

L'approche  globale  ne  fait  done  pas  de  distinction  entre  la  couche  visqueuse  et  la  zone  de  fluide 
parfait  incluse  dans  le  domaine  de  calcul.  De  ce  point  de  vue,  elle  foumit  une  description  du 
phdnomkne  d 'Interaction  plus  proche  de  la  rdalitd  que  les  mdthodes  de  couplage,  mime  si  elle  est 
utilisde  avec  des  dquations  dont  les  termes  visqueux  sont  approchds  et  non  exacts.  Paradoxalement, 
on  peut  dire  que  le  principal  avantage  de  l'approche  globale  n'est  pas  dans  la  possibilitd  qu'elle 
offre  de  tenir  compte  de  tous  les  termes  visqueux  des  dquations  de  N.S.,  ce  qui  ndanmoins  prdsente 
un  intdrit  pour  les  zones  ddcolldes,  mais  plutftt  dans  le  fait  qu'elle  permet  de  tenir  compte  de 
tous  les  termes  de  fluide  parfait,  o'est-k-dire  des  dquations  d' Euler  complktes,  car  ceux-ci 
peuvent  Itre  particulikrement  importants  dana  ia  partie  extdrieure  de  la  couche  limite  (par  exemple, 
le  gradient  de  presslon  normal  peut  8tre  Important). 

Ajoutona,  pour  conclure  ces  remarques,  que  1' existence  de  deux  rdgions  k caraetkres  diffdrents  ne 
peut  cependant  Itre  ignorde  dans  l'approche  globale.  II  est  en  effet  ndeessaire  de  mettre  en  oeuvre 
une  dlscrdtlsation  de  I'espace  adaptde  aux  gradients  locaux  des  propridtds  de  I'dcoulement,  et  le 
maillage  doit  Itre  beaucoup  plus  fin,  dans  la  directior  transversals,  dans  la  couche  visqueuse 
que  dans  I'dcoulement  de  fluide  parfait. 


3 - RETOE  DES  PROBUMES^TRAITOS  - 

Nous  avens  rassembld  dana  la  blbllographle  une  lists  de  travaux  rdeents  (k  partir  de  1971>  mais 
la  plus  grande  partie  correspond  k la  pdriode  1975-1977)  conoernant  le  calcul  d'dcoulements  bidi- 
menslonnels  compressibles  visqueux  k grand  nombre  de  Reynolds  par  cette  approche  globale.  Cette 
revue  reprend  en  partie  et  complkte  cells  qui  a dtd  prdsentde  dans  [d].  On  pourra  constater  qu'll 
y a eu  une  forte  actlvitd  de  recherche  dana  ce  domaine  pendant  la  pdriode  1975-1977,  et  qu'une 
grande  partie  de  cette  activltd  est  ddveloppde  au  Ames  Research  Center  de  la  NASA  et  est  centrde 
sur  les  mdthodes  numdriques  mises  au  point  par  R.W.  HacCormack  et  ses  collaborateurs . 

L'objet  de  ce  paragraphs  est  de  prdsenter  une  vue  d' ensemble  des  problkmes  traltds,  sans  rdfdrence 
aux  mdthodes  numdriques  elles-mimea.  On  peut  grouper  les  problkmes  dtudlds  selon  les  catdgorles 
d'dcoulements  sulvantes: 

A - Interaction  choc-couche  limits  sur  plaque  plane  ou  cylindre  clrculaire  (dcoulement  de  rdvolutlon), 
en  rdglme  supersonique  ou  hypersonique  (rdfdrences  [9]  ^ [3?]). 

J - Interaction  choc-couche  limite  dans  un  angle  de  oomjpression  en  rdglme  supersonique  ou  hyperao- 
nlque  (dcoulement  plan)  (rdfdrences  [l4]-(l)  et  [32]  k [39]). 
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£ - Interaction  choc  droit-couche  limite  dans  un  canal  clroulalre  en  r4gime  transsonlque  (^coulement 
de  revolution)  (references  [31 ],  [32]  et  [40]  ). 

D - Eooulement  complet  autour  d'un  profil  portant  ou  non  en  regime  transsonlque  (references  [41 ] 
i [53]). 

£ - Divers  (references  [27]  et  [54]  h [59]). 

Nous  n'avons  pas  rf^prls  dans  cette  lists  les  probl^mes  classiques  de  I'dcoulement  de  culot  en 
supersonique  et  tie  l*4coulement  sur  le  bord  d'attaque  d*une  plaque  plane  en  superaonique  ou  en  hyper- 
sonique.  Ces  probl^mes  qui  ont  parml  les  premieres  applications  num^riques  des  m^thodes  de  resolu- 
tion des  Equations  de  N.S.»  en  g^n^ral  k des  nombres  de  Reynolds  moddr^s,  sont  passes  en  revue  dans 

[4]. 

Presque  tous  les  problhmes  traltes  concernent  des  ^coulements  stationnaires  (laminaires  ou  turbu- 
lenta),  & I'ejception  de  calculs  r^cents  d'4couleinents  transsoniques  Instationnaires  autour  de 
profile  (r^f^rences  [49]  et  [50]). 

Les  problhmes  A et  B sont  particuliferement  int^ressants  pour  tester  des  m^thodes  de  calcul  oar  les 
configurations  g^om4trlques  sont  simples  et  ils  permettent  d'obtenlr  des  nombres  de  Reynolds  assez 
^lev^s  en  regime  laminaire.  Les  premlhres  4tudes,  [9]>  [l2],  [l5]t  [33]i  [34],  [35],  ont  done 
naturellement  port4  sur  ces  problhmea.  En  partlculler  le  problhme  de  1' Interaction  choc-couche 
limite  sur  plaque  plane  en  regime  supersonique  ou  hypersonique  a 4t^  souvent  traits  pour  tester  des 
m4thodes  num^riques  nouvelles,  [16],  [l7],  [23]  h [27],  ou  pour  ^tudier  de  faqon  plus  approfondie 
les  questions  de  convergence  et  de  precision  [20],  [28].  Les  applications  h des  ^coulements  turbu- 
lenta,  tent^es  dhs  1973-1974,  [10],  [11,  [13],  [u],  se  sont  beauooup  d^velopp^es  A partir  de  1975, 
[18],  [21]  i [24],  [29]  A [32],  [36]  A [39]  pour  ^tudier  et  tester,  par  comparaison  avec  des  r^sul- 
tats  exp^rimentauXf  des  modules  de  turbulence  adapt^s  auz  4coulements  supersoniques  ou  hypersoniques 
souffiis  k de  forts  gradients  de  pression  et  ^ventuellement  d^collds. 

Le  problkme  C,  qui  a 4t4  consid^r^  plus  tard  que  les  problkmes  A et  B,  pr^sente  les  mdmes  avantages 
que  la  configuration  axisym^trique  du  problkme  A,  k savoir  la  simplicity  g^omytrique  pour  le  calcul, 
et  I'absence  d'effets  tridlmensionnels  parasites  pour  I'erpyrience.  Ce  problkme  est  done  intyressant 
pour  tester  des  modkles  de  turbulence  dans  le  rdglme  transsonlque. 

Pour  les  problkmes  A,  B et  C,  le  domaine  de  calcul  est  limity  de  fapon  naturelle  k un  voisinage  de 
la  zone  d' interaction,  avec  conditions  aux  limites  connues  aux  frontikres,  comme  sur  l*exemple  de 
la  figure  1-b.  Eventuellement,  l*ycoulement  de  couche  limite  sur  la  totality  de  la  paroi  en  amont 
de  cette  zone  peut  Itre  calcuiy  par  la  m#me  mythode  pour  dyterminer  des  conditions  aux  limites  juste 
en  amont  de  la  zone  d* interaction. 

Pour  le  problkme  B,  on  peut  dyfinir  un  domaine  de  calcul  limity,  Incluant  les  zones  d'interaction  qui 
apparaissent  au  niveau  des  chocs  ainsi  qu'au  bord  de  fuite,  mais  on  ne  peut  pas  fairs  correspondre  k 
ce  domaine  des  conditions  aux  limites  fixyes,  e'est-k-dire  indypendantes  de  I'ycoulement  k I'extyrieur 
du  domaine,  car  on  salt  que  tout  le  profil  peut  $tre  affecty  par  des  effets  d'interaction  locale.  II 
faut  done  soit  appliquer  I'approche  globale  k la  quasi-totality  de  I'ycoulement  (cas  de  la  figure  t-a), 
soit  n'utilieer  cette  approche  que  dans  un  domaine  limity,  mais  en  assurant  un  raccord  numyriaue  avec 
I'ycoulement,  calcuiy  par  d’autres  mythodes,  k I'extyrieur  du  domaine  (cas  de  la  figure  1-c)  Cpour  la 
commodity  de  la  discussion,  nous  appellerons  D.a  la  premikre  mythode  et  D.c  la  seconde).  D'une  fapon 
gynkrale,  la  difficulty  suppiymentaire  que  prysente  le  problkme  D par  rapport  aux  problkmes  A,  B 
et  C tient  k I'ytendue  du  domaine  de  calcul  comparke,  par  exemple,  k I'kpaisseur  de  la  couche  limite, 
qui  conduit  k des  temps  de  calcul  trks  importants.  C'est  dans  le  but  de  rkduire  les  temps  de  calcul 
que  la  rnkthode  D.c  a ktk  ytudike  et  mise  en  oeuvre  dans  [31 ]»  [32],  [33li  mais, comme  nous  I'avons 
dkjk  dkt  au  paragraphs  2, avec  une  technique  de  raccord  approchke.  Des  comparaisons  faites  dans  [33] 
entre  les  mkthodes  D.a  et  D.c,  il  ressort  que  la  mkthode  D.c  est  beaucoup  plus  rapide  que  la  mkthode 
D.a,  tdut  en  donnant  des  rksultats  aussi  prkeis. 

On  peut  cependant  se  demander  si  le  raccord  approchk  prksentement  utilisk  donnera  dans  tous  lea  cas 
une  prkeision  kquivalente  k celXe  de  la  mkthode  D.a,  particulikrement  dans  le  cas  de  dkcollements 
importants,  et  si  la  mise  en  oeuvre  d'un  raccord  exact  dans  la  mkthodo  D.c  ne  provoquera  pas  une 
augmentation  sensible  des  temps  de  calcul. 

Le  problkme  D a ktk  ktudik  en  kcoulement  sraktrique,  pour  un  profil  biconvexe  de  18  ^ d'kpaisseu:' 
relative  k incidence  nulle  (rkfkrences  [41  J k [46]),  ainsi  qu'en  kcoulement  portant  (profil  NACA 
0012  en  incidence,  profil  Garabedian-Kom  , profil  NACA  64  AGIO,  un  profil  supercrltlque  . rkfk- 
rences  [47],  [48],  [50]).  Le  cas  du  profil  biconvexe  A Incidence  nulle  a did  reprls  dans  [49],  sans 
laposer  de  condition  de  symdtrie  et  en  tenant  compte  des  parols  de  la  velne  (mais  sans  les  couches 
Unites  de  ces  parols)  i le  calcul  A ■ 0,754  et  11  x 10°  donne  une  solution  Insta- 

tlonnalre  osclllatoire  prdsentant  les  mSDea  caractdrlstlques  que  les  dcoulements  observds  en  souffle- 
rle  A des  nombres  de  Mach  IdgArement  plus  dlevds. 

Le  calcul  met  en  drldence  le  mouvement  alternatlf  du  point  de  ddcollement,  114  au  choc  lorsque  I'lnten- 
8it4  de  celul-cl  est  assez  forte,  et  revenant  prAs  du  bord  de  fuite  dans  le  cas  contrairet  les  ph4no- 
sAnes  se  reprodulsent  identlquement  A I'extrados  et  A I'intrados  mais  avec  un  dAphasage  de  180°. 

Des  calculs  d'Acoulements  transsoniques  Instationnaires  sont  aussi  pr4sent4s  dans  [50]  (en  utillsant 
une  approximation  de  couche  mince  pour  tronquer  les  termes  visqueux  des  Aquations  de  N.S.),  pour  le 
profil  NACA  64A010  anlmA  d'un  mouvement  de  battement  vertical  slnusoTdal,  ainsi  que  pour  le  profil 
biconvexe  de  16  ^ A incidence  nulle  en  atmosphAre  inflnie.  Pour  ce  dernier  cas,  le  caloul  donne  une 
solution  atatlonnaire  A ■ 0,754,  et  instationnalre  A • 0,783,  contrairement  A ce  qui  est 
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obtenu  dans  [49li  ©t  en  meilleur  accord  avec  I'exp^rience  au  moins  pour  le  premier  nombre  de  Mach. 

Etant  donn^  que  ces  calculs  sent  effectu^s  avec  un  module  alg^brlque  trbs  simple  de  viscosity 
tourbillonnaire,  1* interaction  choc-couche  limite  ainsl  que  lea  zones  ddcoll^es  ne  aont  pas  d4crites 
de  faqon  trbs  precise  ; on  voit  que  le  calcul  permet  n4anmoins  de  reproduire  lea  caract^ristiques 
esaentielles  du  ph4nom6n©  instationnaire.  Une  description  fine  de  1' interaction  fluide  parfait- 
fluide  visqueux  reate  sans  doute  indispensable  si  I'on  veut  pr4dire  correctement  lea  conditions 
dans  lesquelles  se  manifeste  le  regime  instationnaire, 

Dans  la  cat4gorie  "divers”, nous  avons  regroup4  des  travaux  qui,  b l*exception  de  [59]»  ne  concement 
pas  directement  des  probl^mes  d'interactlon  k gr&nd  nombre  de  Reynolds,  mals  qu'll  nous  semble  int4res- 
sant  de  signaler  ici  comme  examples  d'applications  de  I'approche  globale,  parce-que  soit  les  problb* 
mes  trait4s,  soit  les  m4thode8  num4rique3  utllis4es,  pr4sentent  des  aspects  originaux. 


4 - EQUATIONS  DE  NAVIER-STOKES  MOYEKNES  BT  MODELISATION  DE  M TURBULENCE  - 

Dans  ce  paragraphs  nous  pr4sentons  les  4quations  de  N.S.  moyenn4es  en  temps  pour  le  cas  des 
4coulements  turbulenta,  et  nous  discutons,  en  comparant  avec  le  cas  incompressible,  certaines  compli- 
cations introduites  par  la  compres8ibilit4  dans  les  4quations  moyennes.  Nous  donnons  ensuite 
quelques  indications  sommaires  aur  les  modules  de  turbulence  utilis4s  jusqu’A  pr4sent  avec  les  4qua- 
tions  de  N.S,  en  Huide  compressible.  La  justification  de  ces  modules  repose  prlncipalement  sur  la 
comparaison  entre  le  calcul  num4rique  et  l’exp4rience,  d'ou  1* importance  de  m4thode8  de  calcul 
suffisamment  pr4cisea. 

En  fluide  compressible,  les  fluctuations  de  masse  volumique  introduisent  des  termes  suppl4mentaires 
de  corr4lation  dans  les  4quations  moyennes.  L'utilisation  des  moyennes  pond4r4ed  par  la  masse,  [60] 

^ p©rmet  de  r4duire  au  minimum  le  nombre  d_e  ces  termes.  Pour  une  quantit4  fluctuante  quelconque 

, on  d4finit  d'une  part  une  valeur  moyenne  et  une  fluctuation  au  sens  habituel,  et 

d' autre  part  une  valeur  moyenne  pond4r4e  par  la  masse,  , k laquelle  correspond  une  fluctxiation 
, Ces  d4finitions  conduisent  aux  formules-  suivantes  : 


(0 


9 * <p' 

^ 

7y  = 


, 9'  = 0 

, 9=9+9" 

= - jr 


p(f’  =.  0 


On  pourra  constater  les  simplifications  introduites  par  la  pond^ration  par  la  masse  en  comparant  les 
formules  suivantes  : 


p99  = P99  +■  p 9"^'' 

^ 

p99‘  = P99  + 9 p9"‘  + Z4i  p9‘9"  y-  p9"9‘^ 

auz  formules  correspondantes  en  fonction  ie  9 • 9’  t 9 et  9'  , 

Les  Equations  de  N.S.  instantan^es  s'dcrivent,  soug  forme  vectorielle  conservative,  et  avec  les 
notations  habituelles  : 

(3)  ( pV ) s 0 , Equation  de  continuity 


(4)  ^ + di'f  ^7  J = diV  £ , Equation  de  quantity  de  mouvement 


(5)  ^ ^ J I.  * /*  dtf  ^ I dtf  V = gradV  + V )^  , I = tenaeur  unity 


(6)  7 J £ —^1  > yquation  de  I'ynergie 

(7)  q = - k grpd  T = _ ^ grod  £ 

ou  le  nombre  de  Prandtl,^  =fi  C^J  A eat  suppoay  constant. 

11  faut  compiyter  ce  syatyme  par  une  loi  d'ytat  et  par  des  formules  donnant  les  variations  de  jl  , 


i 

» 
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u , k en  fonction  de  la  temperature  T ou  de  E.  On  consldere 
cnaleura  specif Iques  constantes,  de  rapport  y : 


lei  le  cas  d'un  gaz  parfalt  & 


(8) 


Dans  lea  applications,  on  admet  toujours  la  relation  de  Stokes,  ^yl  / “0. 

Effectuant  I’op^ration  de  moyenne  dans  le  temps  sur  le  syst^me  des  Equations  (j),  (4)  et  (6), on 
obtient  ; 


(9) 

/ div 
dt 

(pf 

) = 0 

(io) 

-LipP)  V 

1 div 

[(P^. 

=d,v(l^X^) 

ot; 

(11) 

J/f 

= - (PP 

' . 7 
/ 

7 

est  le  tenseur  des  contraintes  de 

(12) 

±\ 
)t  L 

p{£.jp\ 

/e)] 

y div  [ 

d/  v 

- 7 - 

-(>r 

Reynolds  en  fluids  compressible. 


oti  e,  est  l'4nergie  oin^tinue  de  la  turbulence,  d4finle  par  : 

(13)  = J = - 7 i/e 

et  A est  la  fluctuation  d*enthalpie  specif ique  h (i=£:^.  fi/f>  ,i  = A +A‘). 

La  pression  moyenne  f.  s 'exprime  immddiatement  en  fonction  de  'a  et  de  ^ par  une  formule  identi- 
que  k (e)  : ^ 


(14) 


^ = (]f-  1)  P £ 


L'eqxiation  moyenne  de  I'energie  totale  (l2)  fait  intervenir  au  premier  membre  I'energie  cinetique 
de  la  turbulence,  e , pour  laquelle  on  peut  obtenir  une  equation  independante  k partir  de  1' equation 
moyenne  de  I'energie  mecanique  ; 


(15) 


^ t.)  f div  . grod  7 ^ 


div  [^7'  T p 7']  - I • srod  7*  y.  div  7“ 


Eja  r^ranohant  (l5)  de  (l2),  on  obtient  une  Equation  pour  I'dner^e  totale  de  l'4coulement  moyen, 
S' y.  t dont  le  premier  membre  a mSme  forme  que  le  premier  membre  de  (6),  mais  dont  le  second 

membre  contient  des  termes  sous  forme  non  conservative.  Pour  la  suite  de  la  discussion,  nous 
utiliserons  l'4quation  (l2).  On  peut  d^velopper  lea  termes  du  second  membre  de  I'dquation  (l5)  de 
faqon  b mettre  en  Evidence  les  termes  suppldmentaires  dus  b la  compressibility  ; il  vient  : 


(l 6)  (^t)  -t.  d/V  (f  z V ) = If,  9i^<^  7 

- l'.grod7' 


V".  ^div  I - grod  + p'  div  7* 


ob  1m  termes  encadrys  sont  nuls  en  Incompressible,  soit  pares  que  « 0,  soit  pares  que 

div  y*  - 0. 


Bn  ^coulement  compressible,  les  variations 
des  moyennes  pond^r^es  par  la  masse  de  E 
sions  de  ? et  de  ^ . Par  ezemple,  pour 


de  yU/  et  k avec  la  temperature,  ainsl  que  I'utilisation 
et  7 , introduisent  des  complications  pour  les  expres- 
une  composante  caraetdriatique  de  r telle  que^^t< 
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en  coordonn^es  cart^siennes,  on  a rigoureusement » en  incompressible  et  ^ ^ constant  ; 

= /* 


En  compressible,  par  contre,  et  avec  a fonction  donn^e  de  E,  on  a : 


En  pratique,  on  ne  retient  que  le  premier  terme  de  ce  d^veloppement,  ce  qui  semble  tout^b  fait  justi- 
fi^  compte  tenu  de  I'^tat  de  d^veloppement  actuel  des  modules  de  turbulence.  Bn  outre  £ est  n^gli- 
geable  devant  dans  la  majeure  partie  d’une  couche  turbulente,  et  ne  redevient  important  que 

dans  la  sous-couche  visqueuse  ou  les  fluctuations  dimlnuent  d’intensit^  lorsqu*on  s'approche  de  la 
parol.  De  fa^on  g^n^rale,  on  ^crit  done  : 

(le)  f = i4.(E)]^ef  ^ - j div  / /J 


et  de  fa?on  analogue, pour  le  flur  de  chaleur  moyen  : 

('9)  ^ ^ = - 


JL  fi.(£)  grad E 


Les  modules  de  turbulence  mis  en  oeuvre  avec  les  Equations  de  N.S.  en  fluids  compressible  sont, 

'k  notre  connaissance,  tous_  des  modules  de  viscosity  turbulente  oL  le  tenseur  des  contraintes  de 
Reynolds  est,  comae  £ , supposd  fonction  lindaire  du  tenseur  des  vitesses  de  ddformation  de 

1' dcoulement  moyen.  En  tenant  compte  de  ce  que  la  trace  de  £ est  nulle  (avec  3 A alors  que 

celle  de  est  dgale  & - 2pe  , il  vient  : 

(20)  = *I  - yP'l 

ou  //t  t ^tant  la  viscosity  turbulente. 

Portons  (20)  dans  (l0)  ; I'^quation  moyenne  de  quantity  de  mouvement  s'^crit  s 


(21)  ^(pV)  ^ d,vl(pV;V)  ^ fi*!!  = div[iU^)l] 

ob  l*on  a report^  la  contribution  de  la  trace  de  dans  le  terme  de  preasion  en  poaant 


(22) 


y = t ^ pm 


= p[fr-V^  ^ f «] 


Pour  l'dq\iation  de  I'dnergie  (12),  la  diffxision  turbulente  d'enthalpie  est  prise  proportionnelle 
grad  £ : 


(23)  p ^ F*  = _ grad  E = _ — ^ grad  E 

Pr^ 

oJj  est  une  conductivltd  turbulente  variant  comme  , et  oU — Pt  nombre  de 

Prandtl  turbulent, pria  dgal  en  gdndral  ^ 0,9.  Lee  deux  autres  termes  de  corrdlation  au  second 
membre  de  (l2)  sont  ndgllgda,  et  il  vient  : 

<//>  r , c)  f 5^  - jt,(E)  grad 


(24) 
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La  mod^llaatlon  de  aelon  I'dquatlon  (20)  lalaae  e Inddtermlnd.  II  apparatt  id  une  difference 
importante  par  rapport  au  cn  incompresaible,  car  dans  ce  dernier  cas  la  contribution  ie  c k ft* 
ne  Joue  aucun  rSle  dans  la  resolution  de  1’ equation  de  quantite  de  mouvement  pour  le  champ  des 
vitesses  moyennes.  En  compressible,  il  n'en  est  plus  de  mtme  puisque  7 est  calcuie  en  fonction  de 
^ et  de  t . 

La  prise  en  compte  de  c dans  les  premiers  membres  des  equations  (21 ) et  (24)  est  d' importance  rela- 
tive secondaire  par  rapport  k I'effet  de  t dans  les  seconds  membres.  Heanmoina  I'erreur  commise 
en  ndgligeant  e peut  ne  pas  Itre  tout  k fait  negligeable  pour  les  ecoulements  k nombre  de  Mach 
eieve.  Si  le  modkle  de  turbulence  utilise  inclut  une  equation  pour  c , alors  il  n'y  a pas  de  diffi- 
culte  k tenir  compte  des  termes  en  e dans  (21 ) et  (24)  ; sinon,  et  c'est  le  cas  le  plus  frdquent 
dans  les  modkles  etudids  Jusqu'k  malntenant,  il  faut  ndgliger  ces  termes. 


Trois  types  de  modkles  de  viscosite  turbulente  ont  dtd  etudids  et  utilisds  dans  des  applications  : 

A - Les  modkles,  dlts  algdbriques,  qul  ne  font  pas  intervenlr  e , et  ok  est  calculd  en  fonction 
de  donndes  locales  ou  Intdgrales  de  I'dcoulement  moyen,  k I'aide  de  relations  algebrlgues  qul  consti- 
tuent le  modkle  (rdfdrences  [l0],  [ll],  [l8],  [2l]  k [24],  [29]  k [32],  [36]  k [53],  [59]). 


£ - Les  modkles  k une  equation  pour  I'dnergle  clndtique  de  la  turbulence,  obtenue  par  moddllsation 
des  termes  de  correlation  au  second  membre  de  (l5),  ok  est  calculd  en  fonction  de  a et  d'une 
longueur  caractdristique  de  turbulence  L,  fonction  donnde  de  la  distance  k la  parol,  (rdfdrences 
[51],  [32]  [39-(2)]). 


C - Les  modkles  k deux  equations,  respectivement  pour  *■  et  pour  une  autre  quantltd  (pseudo-tourbll- 
lon,  ou  dissipation  de  I'dnergle  clndtique  de  la  turbulence),  f*i  s'ezprlmant  alors  slmplement  en 
fonction  de  e et  de  cette  autre  quantltd.  (rdfdrences  [10],  [11],  [13],  ]l4],  [32]). 


Les  modkles  algdbrlques  utilisds  sont,  pour  la  plupart,  ddrivds  du  modkle  k deux  couches  ddveloppd 
par  Cebecl  et  Smith,  [63],  pour  les  couches  llmites  attachdes.  Dans  les  equations  qul  suivent,  pour 
simplifier  I'dcrlture,  les  grandeurs  relatives  k I'dcoulement  moyen  sont  notdes  sans  barre  nl  tilde. 
Le  modkle  de  base  peut  Etre  prls  sous  la  forme  sulvante  (par  example  [38],  [39])  : 

rdyion  intdriaure  : y < 

(25)  \n)t7\  , i=0,U  ) 


A=  26li[?\Vp\] 


ok  ^ est  la  distance  normals  k la  parol,  et  -ala  composante  de  la  vltesse  parallkle  k la  parol, 
rd^on  extdrieure  : if  > If* 

(26)  -/‘d,  - 0,0168  , /=  [f  ] 

ok  IJ,  est  la  valeur  de  ly  (20  pour  une  oouohe  ddcollde)  ok  -u  s' annuls  et  ok  S est  la  frontlkre 
de  la  couche  vlsqueuse  ; la  ddflnltlon  de  S dans  tine  rdglon  de  forte  interaction  peut  6tre  ddlicate, 
[38].  La  llmlte  f*  des  deux  rdglons  est  ddfinle  comme  la  plus  petite  valeur  de  ^ ok  iuf.  -/i>  ) 
devlent  posltif.  * • 

Ce  modkle  n'dtant  pas  adaptd  aux  couches  turbulentes  soumlses  k de  forts  gradients  ou,  a fortiori, 
ddcolldes,  I'objet  principal  des  travaux  citds  est  d'dtudler  des  modifications  de  ce  modkle  et  de 
lee  tester  sur  des  applications  numdriques  par  comparalson  avec  des  rdsultats  expdrlmentaux.  Alnsl 
I'hiatolre  de  la  turbulence  dolt  Stre  prise  en  compte  lorsque  celle-cl  n'est  pas  en  dqulllbre  avec 
I'dcoulement  moyen  looal.  Une  faqon  approchde  de  reprdsenter  cet  effet  de  "mdmoire"  consists  k modi- 
fier le  calcul  de  ft/  selon  la  formule  ([18],  [22],  [31],  [36],  [37],  [39])  ! 

ex/).  [-(f-fJ/A] 


ok  ]F  eat  la  distance  le  long  de  la  parol  (ou,plus  prdcladment,  le  long  d'une  llgne  de  courant). 


(28)  «/>■ 


Des  modlficatlona  ont  auasl  dtd  Introdultea  dans  I'expresslon  de  la  longueur  de  mdlange  ■/  , pour  tenir 
compte  de  I'effet  du  gradient  de  presslon  [18],  [39],  ou  dans  I'expresslon  de  la  vltesse  de  frotte- 
ment  pour  dviter  un  comportement  alnguller  quand  tend  vers  adro,  [21],  D'autres  modifications 
sont  encore  dlacutdea  dans  [21 ] et  [I8]. 

Pour  le  cas  de  I'dcoulement  transsonlque  autour  d'un  profil.  il  faut  Introdulre  une  moddliaation  J 

partlculikre  pour  le  slllage.  Un  modkle  rdcemment  utlllsd,  [43],  [46],  [49],  felt  Intervenlr  lea  | 

formulas  aulvantes  1 1 

1 
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r^^on  Int^rieure  de  la  couche  liiaite  non  d^coll^e; 
formule  (23)  mala  avec  A « 26 

r4^ion  ext^rleure  de  la  couche  liolte  et  sllla^e  (zone  ddcoll4e  exclue^  : 

(29)  = 0,0166  f>u, 

ou  |r  = eat  la  ll^e  de  courant  s^paratrice  qul  Unite  la  zone  de  recirculationt  et  ^ m 0 en 
dehors  de  la  zone  d^coll^e. 


zone  ^collrfe  ( 7 < ) 

(30)  > 0,0168  p 2’ 

avec  Z~1L  (1~  ttp(-  -2-))  sur  le  profil,  et  Z = ' dans  le  aillage. 

Is^  A ' 

Ce  module  a aussl  dtd  utllls^  dans  [d?]  avec  un  effet  de  relaxation  dans  la  rdglon  extdrleuce  et  le 
aillage,  oalculd  le  long  des  lignea  de  courant  selon  la  formule  (28),  ^tant  alors  donn^  par 

(29).  L' effet  dD  it  la  suppression  de  la  viacositd  turbulente  dans  la  zone  ddcollde  a dtd  examind 
dans  [52)  et  [53],  et  une  certaine  amelioration  des  rdsultats  a dtd  observee. 


Les  modules  du  type  B,  k une  equation  pour  e , sont  la  version  originals  et  des  versions  modlfiees 
du  modfele  de  Rubesln  [bd].  Le  rapport  t de  la  viacosite  tourbillonnaire  k la  viscosite  laminaire  eat 
une  fonction  donnee  du  nombre  de  Reynolds  de  la  turbulence  r , ddfini  par  : 

(31)  r=^flL  p/^ 

oil  L est  une  echelle  de  longueur  caracteristique  de  la  turbulence,  fonction  donnee  de  la  distnuce  ^ 
k la  paroi  et  de  I'epalsseur  S de  la  couche  limits  : 

(32)  I = ^ fC^J^) 

_ 5?“ 

Le  coefficient  L dans  (2l)  et  dans  le  teznoe  {i  i k’  de  (24)  est  done  pris  ^gal  k 6 (r)  , alors 
que  le  coefficient  dans  le  terme  proportionnel  h grad  ^ dans  (24)  est  remplac^  par  t (/’r)  oil 

r est  une  constante  prise  dgale  it  l/Pr^  • Dans  le  modble  de  Rubesln,  I'equation  (l6)  pour  e est 
moddlia^e  b I'aide  des  relations  suivantes  : 

p ci'Xr)  grad  t. 

dir^V"r'j-  t'gradV"  =div^(E} grod^- > Cc/L 


et,  pour  les  termes  encadr^s  dans  (l6),  qui  s*annulent  en  incomyrcssible  : 

y^=.  ILzl.  — (E)  c{r r)  gtad  E 

7i  ~1  'jt' 

f'divl"  f 11  divV  , a = yL 

' ' a*  a'  * P 

oil  X,C,  ft  , {■  sont  des  Constantsa  numdriques. 

Bn  regroupant  tons  cea  tenses,  et  en  posant  : 

(33)  /‘e  = ^ ^ ^ 

on  obtient  1' Equation  suivante  pc 

(3d)  - 

}L.  - z divV  ~ 

I jr  a'  3/ 

ou.  les  grandeurs  caraetdristiques  de  I'dcoulement  moyen  sont  notdes  sans  barre  ni  tilde. 

Ce  modble  est  utillsd  dans  [3']  pour  traiter  deux  problbmes  d' Interaction  ohoc-couche  limits  en 
rdglme  transsonlque  et  en  rdgime  hypersonlque  (en  dcoulement  de  rdvolution),  et  dans  [39-(2)]  pour 


lur  e ! 

6 (>•)  T_.  grad  7 y.  div  grod  ej 

/“e  ^ \l'''  I - 3'^°^  /*] 
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trailer  un  probl^oe  d' interaction  dans  un  angle  de  coDpresslon  en  rdflne  supersonlque . Les  Dodlflca- 
tions  dtudi^es  portent  sur  la  forme  de  la  fonctlon  f qul  ddflnlt  L (Equation  {32)),  sur  les  valeurs 
des  Constantsa  numdrlques  dont  ddpend  le  module,  et  sur  I'utllisatlon  de  1 C (r)  et  P t(r)  au  lieu 
C(Pf)  respeotivement  pour  simplifier  lea  calculs. 

Le  module  de  Rubesln  eat  utll^d  k nouveau  dans  [32]  pour  trailer  les  trols  probl^mes  prdcltds,  mals 
sans  les  tenses  et  f.'  div  V"  (w  = «e  et  ^ - O)  et  en  prenant  [l  + 0,4  £ (r)  ]. 

En  ce  qul  concerns  lea  modules  du  type  C ,'k  deux  Equations  de  transport,  on  peut  remarquer  que  les 
travaux  citda  correspondent  soil  au  ddbut  ([l0],  [ll],  [l3],  [h]),  soil  & la  fin,  [32],  de  cette 
pdrlode  1773-1977  qul  a vu  un  Important  ddveloppement  de  I'approche  globale  pour  lea  dcoulements 
ccmpresslbles  k grand  nombre  de  Reynolds.  Le  fait  que  I'dtude  de  tels  modules  n'ait  pas  4t4  poursulvle 
apr^s  les  premlbres  tentatlves  est  sans  doute  dfl  & 1' Importance  des  temps  de  calcul  requis  pour 
trailer  ces  modules  avec  des  mdthodes  explicltes.  L'lntdrlt  rdcent  manifest^  h nouveau  pour  des 
modules  i une  ou  deux  dquations  de  transport  s'expllque  & la  fols  par  I'utllisatlon  d'une  nouvelle 
methods  beaucoup  plus  raplde,  [23],  [24],  par  le  ddveloppement  des  dtudes  de  modules  k plusleurs 
Equations  de  transport  pour  les  couches  limltes  ccmpresslbles,  (par  example,  [63]),  et  par  lea  dlffi- 
cultds  rencontrdes  pour  construlre  des  modkles  algdbrlques  de  validity  sufflaamment  g4n4rale  pour  les 
problkmes  d' Interaction  avec  ddcollement. 

Deux  modkles  de  type  C ont,  k notre  connalssance,  4t4  utilises  avec  les  Equations  de  Navler-Stokes 
en  fluids  compressible.  Les  premiers  calculs,  [lo],  [ll],  [l3],  [l4],  ont  iti  effectuks  avec  le 
modkle  de  Saffman-Vllcox,  [66],  qul  comprend  une  dquation  pour  a et  une  dquatlon  pour  un  pseudo- 
tourblllon  J2.  , la  viscosltd  turbulente  4tant  slmplement  le  rapport  de  ces  deux  quant Itks  : 

= t/SL  . Le  calcul  le  plus  rdcent,  [32],  met  en  oeuvre  le  modkle  de  Jones-Launder,  [67],  qul 
comprend  une  kouatlon  pour  c et  une  Equation  pour  le  taux  de  dissipation  de  I'knergle  turbulente 
s(ps  = T'.  grad  j ; la  longueur  caractkrlstique  L est  donnke  en  fonctlon  de  • et  r par  I'expres- 
slon  L , i'oh  r=  fit)  , et  est  donnk  comme  une  fonctlon  expllclte  de /• 

On  trouvera  dans  [68]  une  discussion  approfondle  du  problkme  de  la  nodkllsatlon  de  la  turbulence  pour 
les  kcoulementa  ccmpresslbles  en  Interaction,  ainsl  qu'une  discussion  des  ktudes  expkrlmentales 
nkcessaires  k I'kvaluatlon  des  modkles. 


3 - N^ODES  NUNERIQDK  - 
5.1  - Revue  gknkrale  - 

Nous  donnons  id  un  aperqu  seulement  des  mkthodes  de  rksolutlon  numkrlque  des  kquatlons  de  H.S. 
mises  en  oeuvre  dans  les  travaux  passks  en  revue  au  paragraphe  3.  Ces  mkthodes  sent  toutes  des 
mkthodes  de  dlffkrences  flnles  ou  de  volumes  finis  et,  k I'exceptlon  d'une  seule,  [27],  elles  sent 
de  type  Instationnaire  ; les  kquatlons  de  N.S,  Instationnalres  sent  Intkgrkes  pas  k pas  dans  le 
temps,  jusqu'k  une  convergence  vers  un  ktat  statlonnaire  si  celul-cl  exists  ; sinon  I'kvolution 
dans  le  temps  de  la  solution  numkrlque  reprksente  un  kcoulement  Instationnaire  rkel  k condition 
que  le  traltement  numkrlque  des  kquatlons  solt  conslstant  dans  le  temps  et  que  les  conditions  aux 
limltes  sur  des  frontlkres  non  matkrlelles  ainsl  que  lea  conditions  Inltlales  alent  un  sens  physique 
pour  le  rkglme  instationnaire. 

La  mkthode  la  plus  utillske  dans  les  applications  cltkes  est  la  mkthode  de  MacGormack  dont  on  trouvera 
une  description  dktaillke  dans  [l2].  Dans  la  forme  Inltlale  de  cette  mkthode,  [69],  les  kquatlons  de 
N.S.  kcrltes  en  coordonnkes  cartkslennes  sent  dlscrktlskes  dans  un  malllage  rectangulalre  k I'aide 
d'un  schkma  aux  dlffkrences  flnles  k deux  pas  en  temps  prkcls  au  second  ordre.  Cette  mkthode  a ensulte 
ktk  comblnke  avec  une  technique  de  pas  fractlonnalres  qul  en  accrolt  I'efflcacitk,  [9].  L'extenslon 
k un  malllage  ciirvillgne  quelconque  peut  Etre  rkallske  de  diverses  faqons  : nous  dkcrlvons  au 
paragraphe  3.3  le  prlnclpe  de  la  mkthode  de  volumes  finis  utillske  en  partlculier  pour  le  calcul 
d'kcoulements  autour  de  profile  (voir  par  example,  [3],  [4l]),  et  noxis  Indlquerons  comment  cette 
extension  peut  aussl  ktre  rkallske  dans  la  mkthode  de  dlffkrences  flnles. 

Ces  diverses  varlantes  auxquelles  nous  venons  de  fairs  allusion  sent  toutes  des  mkthodes  explicltes 
dans  lesquelles  la  stabilltk  numkrlque  limlte  la  valeur  du  pas  de  temps,  et  ce  d'autant  plus  que 
le  malllage  est  plus  fin  (voir  par  example,  le  crltkre  donnk  en  [l2]).  Divers  auteurs  ont  cherchk 
k rendre  la  condition  de  stabilltk  molns  restrictive  en  utlllsant  des  schkmas  k caractkre  Impliclte 
plus  ou  molns  prononck.  L'ktude  de  telles  mkthodes  pour  les  kquatlons  de  N.S.  n'est  pas  nouvelle 
(voir  revue  [4]),  mala  leur  mlse  en  oeuvre  pour  trailer  des  kcoulements  en  Interaction  k grand 
nombre  de  Reynolds  est  rkcente.  Nous  nous  bomerons  k signaler  les  travaux  qul  ont  ktk  menks 
Jusqu'k  des  applications  de  ce  type,  en  dlstinguant  les  mkthodes  partiellement  Implicites  utlllsant 
de  faqon  extensive  la  technique  de  dkcomposltlon  des  opkrateurs  (rkfkrences  [16],  [l7],  [23],  [24], 
[23]),  et  les  mkthodes  k caractkre  fortement  Impliclte  utlllsant  des  techniques  de  factorisation  pour 
la  rksolutlon  des  systkmes  algkbriques  (rkfkrences  [26],  [30]).  Dana  toutes  ces  mkthodes,  qul  rentrent 
dans  la  grande  famllle  des  mkthodes  k pas  fractlonnalres,  I'idke  dlrectrlce  est  de  se  ramener  k la 
rksolutlon  de  systkmes  llnkalres  trldlagonaux,  ou  tridlagonaux  par  blocs,  pour  que  I'avantage  acquis 
par  I'utllisatlon  de  grands  pas  de  temps  ne  solt  pas  perdu  dans  le  temps  de  calcul  nkcessaire  pour  la 
rksolutlon  des  systkmes. 

Dependant,  nous  mentionnerons  plus  spkclalement  la  nouvelle  mkthode  partiellement  Impliclte  proposke 
par  NacCormack,  [23],  [24],  car  elle  a dkjk  ktk  utillske  pour  des  applloations  trks  diverses,  [21 ], 
[31],  [32],  [39],  [49],  et  mime  pour  un  problkme  tridlmensionnel  [70j.  Dana  cette  nouvelle  mkthode, 
la  technique  de  dkcomposltlon  est  utillske  non  seulement  pour  skparer  les  dkrlvkes  en  x (direction 
prlnclpale  de  1' kcoulement,  mallle  large)  des  dkrlvkes  en  y (direction  transversals  dans  la  couche 
visqueuse,  mallle  fine),  comme  dans  la  premlkre  mkthode  , mats  aussl  pour  trailer  skparkment  dans  les 


I 
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tenses  des  ddrlv^es  en  y ceux  qui  appartiennent  aux  Equations  d'  Euler  et  ceux  qui  sont  de  nature 
dissipative  : le  premier  ^oupe  (tenses  de  fluids  parfalt)  eat  traitd  par  une  cooblnalson  d'une 
si^thode  de  caract^ristiques  et  du  schdsia  de  HacConsack,  telle  que  le  crlt^re  de  atabilltd  devlent 
de  type  puresient  convectif  i At  4 ^u/|l'|  o?i  V,  la  Vitesse  transveraale.est  trbs  petite  et  At 
est  done  ^and  ; le  deuxibsie  ^oupe  ^e  tenses  (tenses  diasipatifs)  eat  traltd  par  un  schdisa  impliolte 
qui  ne  desiande  que  des  inversions  de  siatricea  tridia^nales  slsiples.  Cette  nouvelle  sidthode  n'est 
siise  en  oeuvre  que  dans  une  zone  ^ isailla^  trbs  fin  en  y,  aitude  prbs  de  la  parol.  Le  rapport  des 
temps  de  calcul  entre  I'ancienne  et  la  nouvelle  mdthode  est  de  I'ordre  de  dix  ii  plusieura  dizaines. 

Indiquons  enfln,  pour  mdmolre,  les  autres  mdthodes  miaes  en  oeuvre  dans  les  applications  passdes  en 
revue  au  paragraphe  3.  II  s'aglt  d'une  part  de  deux  mdthodes  instationnairea  expllcites,  I'une  basde 
sur  le  schdma  ^ deux  pas  en  temps  de  Brailovskaya  (rdfdrences  [l5],  [3?].  [34]).  I'autre  basde  aur 
une  formulation  intdprale  des  dquations  (mdthode  AFTON,  rdfdrences  [13],  [m],  [Sd]),  et  d'autre 
part  d'une  mdthode  stationnaire,  [27],  oil  lea  dquations  diserdtisdes,  obtenues  h partir  d'une  formu- 
lation intdgrale  des  dquations  stationnalres,  sont  rdsolues  par  une  technique  itdrative  ne  comportant 
que  des  rdsolutions  de  systdmes  tridia^naux. 

5.2  - Probldmes  de  grdcision  et  de  convergence  - 

II  est  indispensable,  pour  des  raisons  de  temps  de  calcul,  d'adapter  au  mleux  la  taille  des  maillea 
aux  ^adients  locaux  de  1 ' dcoulement,  et  pour  cela  on  utilise  toujours  un  mallla^  tel  que  la  couche 
visqueuse  suive  I'une  des  lignes  du  maillage,  qui  coincide  alora  soit  avec  la  paroi  solt  avec  une 
llgne  moyenne  d'un  sillage.  Les  techniques  de  rafflnement  de  maillage  sont  un  aspect  Important  des 
mdthodes  de  rdsolution  des  dquations  de  N.S.  A grand  nombre  de  Reynolds,  car  il  faut  assurer  une 
variation  de  la  taille  de  la  maille,  dans  la  direction  transversals  de  la  couche  visqueuse,  par  un 
facteur  de  I'ordre  de  plusieura  centaines.  D'autre  part,  la  condition  de  stabilitd,  avec  des  mdthodes 
expllcites,  conduit  h une  valeur  du  pas  de  temps  beaucoup  plus  petite  pour  la  couche  visqueuse  que 
pour  la  rdgion  extdrieure  h maillage  moina  fin.  On  a done  intdri*.  k ddcomposer  le  domaine  de  calcul 
en  au  moina  deux  rdglons  dans  chacune  desquelles  on  utilisera  le  pas  de  temps  optimum  pour  cette 
rdgion,  ou  voisin  de  I'optlmum  si  I'on  veut  conserver  la  consistance  dans  le  temps  sinon  la 
prdcision.  car  il  faut  alors  assurer  le  raccord  dans  le  temps  des  solutions  aux  frontidres  de  ces 
rdgions  ([l2]).  One  loi  exponentlelle  eat  souvent  utilisde  pour  oontracter  le  maillage  transveraale- 
ment  prds  de  la  parol,  ou  pour  le  dilater  d grande  distance  dans  lea  deux  directions  du  maillage  dans 
le  cas  du  profil  en  atmosphdre  infinle.  Dans  [56],  une  proeddure  gdndrale  de  rafflnement  du  maillage 
est  obtenue  en  ddcomposant  transversalement  le  domaine  de  calcul  en  un  nombre  de  zones  qui  peut  8tre 
aussl  dlevd  que  I'on  veut,  chaque  zone  dtant  d maillage  constant  (dans  le  plan  physique  ou  dans  un 
plan  transformd)  et  d'dtendue  transversale  rdglable  ; la  taille  transversale  de  la  maille  varie  d'un 
facteur  2 d'une  zone  d la  suivante,  et  une  technique  de  raccord  entre  zones  adjacentes  permet 
d' assurer  une  prdcision  du  second  ordre  dans  I'espace. 

Le  probldme  de  la  convergence,  vers  une  solution  unique,  des  rdsultats  de  calculs  effectuda  dans 
des  malllages  de  plus  en  plus  fins  est  dlscutd  dans  [20],  od  un  probldme  d'lnteraction  choc-couche 
limlte  lamlnaire  est  traitd  par  deux  mdthodes,  celle  de  MacCormack  [l2],  et  cells  de  Carter  [33]. 

Ces  calculs  montrent  que  chaque  mdthode  conduit  d une  solution  convergde  lorsque  le  maillage  est 
assez  fin,  et  que  les  deux  solutions  convergdes  foumles  par  les  deux  mdthodes  sont  en  bon  accord. 

Il  faut  aussl  retenir  de  ce  travail  qu'il  est  trds  difficile  d'apprdcier  la  prdcision  d'un  calcul 
unique,  e'est-d-dire  effectud  avec  un  seul  maillage  ; ainsi,  pour  le  probldme  traitd  dans  [bo], 
le  passage  d'un  maillage  (64  x 33)  qui  pourralt  8tre  oonslddrd  comma  sufflsant,  d un  maillage 
(64  X 42)  conduit  d un  ddplacement  sensible  du  point  de  recollement. 

Un  autre  probldme  relatlf  d la  prdcision  des  rdsultats  numdriques  est  celul  de  1' Influence  de  la  ' 

Tlscositd  artlficlelle.  En  effet  des  Instabllltds  non  lindalres  apparalssent  dsns  certaines  zones  ^ 

sous  forme  d'oscillatlons  crolssantes,  lors  du  calcul  d'un  dcoulement  d grand  nombre  de  Reynolds 

soumis  d un  gradient  de  pression  adverse  assez  fort,  et  pour  dviter  que  ces  oscillations  ne  condul- 

aent  finalement  d une  divergence  du  calcul,  11  est  ndcessalre  d'ajouter  aux  dquations  des  termes 

d'amortlssement  dlts  termes  de  vlscoaitd  artlficlelle  (voir  example  dans  [l2]).  L'lnfluence  de  ces 

termes  sur  la  prdcision  est  toujours  ddclarde  comme  ndgllgeable,  mais  on  ne  trouve  pas  dans  la  llttd- 

rature,  d notre  connaissance,  d'dtude  numdrlque  ddtalllde  permettant  d'apprdcier  cette  influence.  Ure 

vdrification  directs  peut  cependant  8tre  alsdment  rdalisde,  pour  un  dcoulement  stationnaire,  en 

effectuant,  d partir  de  la  solution  numdrlque  considdrde  comme  stationnaire,  une  seule  itdration  en 

temps  sans  les  termes  de  vlscositd  artlficlelle  et  en  comparant  les  rdsldus  correspondents  (e'est- 

d-dire  lea  ddrlvdea  en  temps  des  Inconnuea  de  base)  d ceux  obtenus  d la  fin  du  calcul  avec  vlscositd 

artlficlelle. 


AJoutons  que  des  modifications  locales  du  schdma  numdrlque  sont  aussl  utlllsdes  dans  la  mdthode  de 
HacCormack,  [3],  [11],  [l2],  pour  combattre  des  Instabilitds  non  lindalres  se  ddveloppant  dans  les 
zones  ddcolldes. 

La  principals  cause  d'erreur  dans  les  mdthodes  numdriques  actuelles  est  sans  doute  celle  qui 
rdsulte  de  I'dtalement  des  ondes  de  choc.  C'est  la  vlscositd  numdrlque,  qu'elle  solt  impllclte  dans 
le  schdma  ou  explicits  dans  lea  termes  de  vlscositd  artlficlelle,  qui  pemet  aux  ondes  de  choc  de  se 
former  d'elles-mSmes  dans  la  solution  numdrlque  et  qui  en  m6me  temps  leur  donne  une  dpaisseur  artlfi- 
clelle de  I'ordre  de  quelquea  maillea.  Cet  dtalement  numdrlque  des  chocs  modifle  le  phdnombne  d'inter- 
actlon  choc-couche  llpilte  d'une  faqon  difficile  & apprdcler,  et  pour  le  molns  entrains  une  inddter- 
mlnatlon  aur  la  position  exacts  du  choc  par  rapport  & la  couche  visqueuse.  On  peut  sans  doute  dlmlnuer 
fortement  I'dtalement  du  choc  en  utlllsant  un  maillage  tr8s  fin  au  voisinage  du  choc,  mais  celh 
oblige  R adapter  le  maillage  au  choc  pour  que  celul-cl  rests  parallRle  R I'une  des  lignes  du  maillage, 
et  les  complications  sont  tellea  que  cette  technique  n'a  pas  encore  dtd  mlse  en  oeuvre,  R notre 
connaissance,  dans  I'approche  globale  pour  des  problRmes  d'lnteraction  R grand  nombre  de  Reynolds. 
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l*a  solution  complete,  encore  plus  difficile  k mettre  en  oeuvre,  consiste  k trailer  le  choc  cooune  une 
discontinuity  oobile,  vdrifiant  les  relations  de  Rankine^Hu^oniot  ; deux  techniques  peuvent  6tre 
envisag^es  : adaptation  du  naillage  au  choc,  ou  choc  flottant  dans  un  maillage  fixe,  mais  elles 
^ n*ont  ytd  utilisyes  jusqu'ici  que  dans  des  problbmes  relativement  simples.  Ce  problbme  du  traitement 

numdrique  des  chocs  n*eet  yvidemment  pas  particulier  k I'approche  globale,  et  il  se  pose  aussi  dans 
les  mythodes  de  couplage. 

Le  passage  du  cas  laminaire  au  cas  tuzhulent,  avec  les  modules  de  viscosity  tourbillonnaire  utilisya 
jusqu*k  prysent,  ne  pose  pas  de  difficulty  de  principe  en  ce  qui  conceme  les  mythodes  numyriques. 
Nyanmoins,  le  traitement  d' ycoulements  turbulents  s'avbre  nettement  plus  ddlicat  en  pratique,  compte 
tenu  des  trbs  fortes  variations  des  quantitys  caractyrisant  la  turbulence  (la  viscosity  tourbillon*- 
naire  et,  yventuellement,  les  quantitys  dycrltes  par  des  yquations  de  transport  compiymentaires)  dans 
la  sous-couche  visqueuse.  Une  technique  spydale  de  discrytisation,  baaye  sur  une  interpolation  de 
type  eiponentiel,  a yty  utilisye,  [5]*  [10],  [ll]»  pour  obtenir  une  bonne  reprysentation  de  la  sous- 
couche  visqueuse  avec  un  nombre  ryduit  de  points.  Dans  [13],  [h],  le  problbme  de  la  rysolution  de  la 
sous-couche  visqueuse  est  yvity  en  raccordant  la  solution  des  yquations  de  N.S.  prbs  de  la  parol  avec  une 
loi  de  la  paroi  valable  en  fluide  compressible  et  dydulte  du  modble  & deux  yquations  de  transport  uti- 
lisy  avec  les  yquations  de  N.S.,  [66]. 


5*3  - Extensions  de  la  mythode  de  NacCormack  en  mailla^  ^^elcon^ue  - 
5.3.1  - oynyralitys  - 

Pour  ne  pas  alourdlr  la  prysentation,  nous  nous  limiterons  au  cas  d'ycoulements  plana.  Un  systyme 
de  coordonnyes  cartysiennes  notyes  indiffyremment  (x,  y)  ou  (xi , 12)  sert  k projeter  la  vitesse  7 
de  compoaantes  (u,  v)  ou  (ui , U2),  ainsi  que  l*yqu*tion  de  quantity  de  mouvement.  La  diacrytisation 
des  yquations  est  effectuye  dans  un  maillage  curviligne  quelconque  dont  les  noeuds  sont  repyrys  par 
leurs  coordonnyes  cartysiennes. 


Nous  considyrons  lea  yquations  de  N.S.  moyennes  (9),  (21 ) et  (24),  sans  yquation  compiymentaire  de 
transport,  et  dans  tout  ce  qui  suit  lea  valeurs  moyennes  seront  ycrites  sans  barre  ni  tilde.  Aprbs 
projection  de  1' yquation  de  qxiantity  de  mouvement  sur  les  axes  , aXj  on  obtient  un  systfeme  de 
quatre  yquations  scalaires  qu'on  peut  ycrire  sous  forme  condensye  k I'aide  de  matrices  colonnes 
U et  F 

t 


(35) 


(36) 


— £— 

9t  ?X: 


= 0 


(i  = 1.Z) 


'P 


\ 

-)J 


\ 


F.  = 

t 


V 
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est  le  symbols  de  Kronecker,  et 

0 

r, 

\f/.. 


P^,-  * 1^  hi  , 

represent,  les  temes  dissipatifs 


- L s-.l 

3 ?x,  V J 


Ce  syat^ne  peut  s'dcrire  sous  une  forae  Integral,  traduisant  dlrectenent  lea  lols  de  conservation  pour 
un  aysttee  llnitd  par  une  sxirface  de  contrSle  fiie  S,  de  frontiers  SS  , soit  ! 


5 fS 


o5>,  pour  chacune  dea  dquatlona  scalatrea  correspoudant  auz  compoaantes  it  1/  , M est  un  vecteur  de 
compoaantes  F^  tt  K , aolt  tt  dtant  les  composantea  de  la  normale  uni- 
taire  Tt  aur  ^3  orlantde  vers  I'eztdrieur  da  3. 
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5.3.2  - Kathodes  de  volumea  finis  - 

Le  oalllsge  ddcoupe  le  dooslne  de  calcul  en  dldments  de  surface  quadran^lalres , appelds  aussi 
cellules,  chacun  d'eux  dtant  conplkteDent  ddfinl  par  lea  coordonndes  de  ses  quatre  soomets.  Une 
cellule  > ou  , est  repdrde  par  un  couple  d'lndlces  (f  , / )•  ou  par  le  point  M centre  de  la 

cellule.  On'nuadrote  de  (t)  k (4)  lea  cStda  de  la  cellule  , et  on  note  0,  E,  S et  N lea  centres 
dea  cellules  ayant  un  c8t4  conmun  avec  S (voir  figure  2). 


Fig.  2 — Maillage  dans  la  mdthode  de  volumes  finis. 


Lea  Inconnues  du  problime  dlacrdtlsd  aont  lea  valeurs  moyennea  de  U dans  chacune  dea  cellulea,  valeurs 
que  I'on  conaldire  coime  dgalea  auz  valeurs  de  U auz  centres  dea  cellules.  Soit  la  valeur 

■oyenne  de  H sur  le  c8t4  de  la  cellule  5^  . L'dquatlon  (3e)  appllqude  k cette  cellule  donne  : 


(39) 

iOp, 

4 

7"'  .« 

it 

Km  1 

oh 

L, 

est  calculd  une  fois  pour  toutes.  Oroupons  dans  (39)  lea  contributions  dea  faces  oppnsdea  (l)  et 
(3)  d'une  part,  et  (2)  et  (4)  d’ autre  part,  en  posant  : 

) ^a.)  m y 4.  H . y*  ^ flux  ntl  d tro¥*rt  Ut  cofit  (Z)  tl  (U) 


(1)  €l  (3) 


Bn  integrant  (39)  par  rapport  aukupa,  de  / K t ^ /it  , vlent  : 


Le  calcul  ndcessite  de  ddfinir  dea  expressions  approchdes  de  Ap,  (u)  et  ^ partlr 

du  chaap  dea  valeurs  dlscrktea  de  U au  voiainage  de  H,  alnai  qu'une  technique  d' integration  nuadrl- 
que  en  teups.  Pulsque  U n'est  pas  ddfini  sur  lea  c8tds  (k)  ok  l'on_jlolt  calculer  H , on  constrult 
dea  approziaatlona  de  A et  B en  reaplaqant  >7^^'  par  la  valeur  de  fT  en  I’un  dea  deux  points  lea 
plus  volsins  du  c6td  (k)  ; on  a ainsi  deux  approxlaatlona  possibles,  prdcises  au  premier  ordre  : 


approximation  "k  gauche" 


A*pp{U}  = H^‘\  y‘^ 4.  , approximation  "k 


droite" 


approximation  "an  baa" 


ok 


B*  ( 0 ) X g , approximation  "on  haut" 

ddslgne  une  approximation  da  17  calculde  au  point  P at  qu'il  reste  k ddflnlr. 


Sdparona  dans  aL  lea  termea  de  fluids  parfalt,  qul  ne  ddpandent  que  de  U et  aont  done  calculda  k 
partlr  da  la  valour  da  U an  P,  at  lea  termea  disslpatlfs  iT  , de  compoaantes  Df  et  ddfiniea  par 
iM  relations  (37).  o dtant  fonotlon  llndalre  dea  ddrlvdes  premlkrea  de  u^ , u,  et  B,  pour  calculer 
.Zy*’  il  faut  dvaluer  dea  quantitds  de  la  forma  j if  en  P,  ce  que  I'on  fait  k partlr 

dea  valeurs  de  ^ an  P et  aux  points  volalns  de  P,  mala  aelon  une  approximation  qul  ddpend  de  la 
position  respective  da  P par  rapport  au  otttd  (A)  , de  fagon  k companaar  en  partle  I'erreur  du  ler 
ordre  Introduite  dans  las  approximations  (42)  et  (43). 

31  I'on  admet  qua  las  cantraa  dee  oallulaa  aont  rdpartls  aur  deux  families  de  courbea,  «'  a cte  at 
y wm  et*  , d'dquations  raapactlvaa  y (x,  y)  m cAt  et  (x,y)  m cAt  , on  peut  exprimar  et 
an  fonction  de  at  ^ k I'aida  das  relatione  1 ' 

(44)  9x  g,  if 


1 


r 


i 
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qui  permottent  de  ne  pas  avoir  k expliciter  lea  fonctlons  5 (»>y)  ? (xtx)  el  lea  dkrivkes  de  ^ , 

X et  y par  rapport  k jr  ot  j aont  reprkaentdes  par  dee  differences  finies. 


En  P pasaent  deux  lignes  f = et  ^sijr^l'une  dtant  parallkle  k la  face  (k)  considerde,  aoit  par 
example  f , I'autre,  ^ mt  , coupant  la  face  (A)  (voir  figure  3). 


Fig.  3 — Notations  pour  le  calcul  det  termes  visqueux. 


On  ddfinit  lea  points  Q,  T et  R,  centres  de  cellules  adjacentea  k la  cellule  de  centre  P,  diapoaes 
selon  la  figure  3 (noter  que  le  point  M eat  confondu  aoit  avec  P,  aoit  aveo  Q,  mala  il  n'eat  paa 
necesaaire  ici  de  le  predser).  On  utilise  alors  lea  expreaalona  aux  differences  aulvantea  : 


(P^)p  l (^T-ne) 


et  ce  aussl  bien  pour  lea  derlvees  de  0 que  pour  celles  de  x et  y dana  (44), 
valeura  de  et  ^ en  4,  P,  T et  R disparalaaent  dea  expreaalona  flnalea  de 


de  telle  sorte  que  lea 
X et  : 


(46) 


(^]  - -!f^)  -(^r-  -y^) 

\ PxJp  - Xp)  ) 

(It)  = 

' V fy, - ^p)(^r  - 


Cea  foimules  servent  done  k _calculer  lea  derlvdea  de  U) , Uo  et  B Intervenant  dans  lea  termes  dlsalpa- 
4.4 n Indus  dans  lea  dea  expreaslona  (42)  et  (43)4 


approxlmationa  A',  A*  de  A,  et  B",  BT*'  de  B. 
dependence  numkrlque  de  Aj]|  et  de  AjJ 


Cecl  complkte  la  definition  dea 
La  figure  4 montre,  k tltre  d' example,  lea  domainea  de 

NE 


Fig.  4 - Domainw  de  dApendanoa  numAriqua  da  A'  et  da  A* 

Chacune  dea  approximations  A~,  A'*',  et  B~,  B*  ainsl  dAfinles  eat  prAdae  au  lar  ordre  aeulement.  Hais 
on  peut,  en  lea  utlllsant  dans  (4I ) salon  la  methods  predlcteur-correcteur  de  HacCormack,  aboutlr  k 
une  approximation  de  Uk  ( / ^ J/  ) precise  au  second  ordre  dans  I'espace  et  dans  le  temps.  Ainsl, 
I'una  das  quatra  varlantas  possibles  du  schAma  s'Acrira  1 


t 
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(47) 


U*  = U„  U)  _ M [^”  {UH))  4.  B~  {U(l))^ 

les  autrea  variantes  s'obtenant  en  interchan^ant  solt  A~  et  A'*',  aott  B~  et  B'*’,  aolt  A la  fola  A~ 
et  A'*',  et  B~  et  B'^.  Cette  o^thode  de  voluoea  finis  constltue  I'extenslon  de  la  premlAre  Qdthode  de 
differences  flnles  de  NacComack,  [69]t  A laquelle  elle  se  raoAne  dans  le  cas  partlculler  d'un  mall- 
lage  cartdsien  uniforme. 

La  methods  de  volumes  finis  utilises  dans  les  applications  (voir  en  partlculler  [41  It 

[42I)  met  en  oeuvre  la  technique  de  decomposition,  comme  en  [9]  pour  la  methods  de  differences  flnles. 
Pour  en  donner  le  prlncipe,  deflnlssons  les  operateurs  L;^  {At)  et  Lg  (^^),  fonctlons  du  pas  de 
temps  At  , par  lea  relations  sulvantes  oU  0 est  une  fonction  quelconque  deflnle  auz  centres  des 
cellules  : 


(48) 


(Ai)  0]^  = ^ - At  A* 


4>*  ^ 4>p-  At  >«;  (0) 


= At  b;(^) 

ou  P et  H representent  des  centres  de  cellules  quelconques.  (On  peut  ddflnir  une  autre  variants  de 
chacun  de  cea  operateurs  en  interchangeant  A"  et  A"*",  et  B"  et  B*";. 

On  obtlent  alors  une  approximation  de  (41)  en  appllquant  succeasivement  L^  et  Lg,  par  example  : 

(50)  (t  ^ At)  = j (At)  [ig  (Ai)  0 f^;]  j 

mals  cette  approximation  est  seulenent  precise  au  premier  ordroe  Pour  obtenir  une  precision  du  second 
ordre*  il  est  n^cessaire  d'utiliser  une  suite  8yiD4trique  des  opdrateurs  et  telle  que,  par 


example  : 


(51) 


(i^  Ai)  = 


"(j 


5.3»5  - Methodes  de  differences  flnies  - 

L' adaptation  de  la  rndthode  aux  differences  flnles  de  NacCormack  a un  mallla^  curvlllgne  quelconque 
se  fait  le  plus  slmplement  en  partant  des  equations  de  H.S.  en  coordonneea  cartesiennes  (^5),  et 
en  effectuant  une  transformation  generals  de  coordonnees  qul  peut  eventuellement  dependre  du  temps, 
solt  : 


(52) 


r = t . Xj  = Xf  (JC,  ,jc,.i)  . /=  f.z 


Les  equations  transformees  peuvent  s'ecrlre  solt  sous  une  forme  strlctement  conservative,  [72], 

[4]  : 


(53) 


iU 

At  * AX. 

i 


(54) 


JL  , r = ±\u  ^ F.  flj.' 

I t A V At 


(55) 


solt  sous  une  forme  quasi-conservative  evidente  t 

AU  AX,  AU  AX,  AF, 


Ax  At  AX^  Ax.  AX. 


^ 0 


j,^A(X^^ 

H*, . *i) 


Les  derivees  de  u^ , u-  et  E dans  les  termes  dissipatlfs  Indus  dans  7^^  (equations  (36)  et  (37) 
sont  transformees  de  la  mtme  faqon  1 


(56) 


Ai  _ A^  A^ 

IT  " li) 


Le  malllage  est  forme  de  llgnee  dee  deux  famlllea  dee  courbes  coordonnees  X,  * ^ a>  Cfm  . La 

discretisation  des  equations  transformees,  sous  la  forme  (53)  ou  sous  la  forma  (55),  uns  la  plan 
de  calcul  ( X,  , X.)  ^ I'aide  du  schema  de  MaoCormack  s'affaotue  aans  dlffioulte  ooame  pour  lea 
equations  an  cooraonnees  carteaiannea.  Hotons  que  la  capture  correota  dee  ondes  de  choo  dans  une 
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r^^on  ds  fluide  parfalt  est  tout  ausal  poasibla  avec  la  forme  qiaai-conaervativa  (55)  qu'avec  la  forme 
conaerratlve  (53)(  b condition  que  lea  coefficlenta  PXy  /^x^-varlent  aaaea  lentement  pour  qu'ila 
pulaaent  ttre  conalddrda  comme  conatanta  dana  la  zone  aur  laquelle  le  choc  ae  trouve  dtald  par  I'effet 
de  la  rlacoBltd  numdrlque. 

Ija  forme  atrictement  conaerrative  (53)  a dtd  r^cemment  utiliade  avec  une  nouvelle  mdthode  Impliclte, 
[50],  pour  le  calcul  d'dcoulementa  autour  de  profile. 

La  forme  quaai-conaervatlve  (55)  a dtd  utilla^e  avec  la  mdthode  de  HacCnrmack  : 

- aana  ddcompoaltlon,  dana  [56]  pour  un  problbme  de  corpa  4mouaad  en  auperaonlque,  et  plua  rdcemment 
dana  [71 ] pour  un  problbme  d'dooulement  tridimenaionnel  dans  un  dlbdre  de  compreaaion  ; 

- avec  decomposition,  dans  [5S]  et  [59]  pour  des  problbmes  d' dcoulements  Internes. 

La  nouvelle  mdthode  Impliclte  proposee  dans  [25]  eat  ausal  formuiee  h partlr  des  equations  sous  la 
forme  (55)  etendue  au  cas  tridimenaionnel,  pour  une  transformation  de  coordonnees  Independents  du 
temps . 

Dana  ['56],  la  forme  quasl-conservatlve  (55)  est  preferde  h la  forme  (53),  h la  suite  d'easals  qui 
ont  montre  que,  lorsque  les  ddrlvdes  de  la  transformation,  , sont  calouiees  auz  noeuds  du  mall- 

lage  de  fagon  exacte,  alors  des  oscillations  peuvent  apparattre,  mime  dans  un  ecoulement  qul 
devralt  raster  uniforms,  lorsqu'on  utilise  (53)  avec  un  malllage  trba  ddforme  dans  le  plan  physique  ; 
ces  oscillations  n' apparalasent  pas  lorsqu'on  utilise  (55),  avec  le  mime  malllage  ddforme.  Ce 
phenombne  est  di  h une  erreur  de  troncature  suppld^ntalre  dans  la  discretisation  de  (53),  causde 
par  lea  variations  des  coefficients  dans  ; oette  erreur  est  Independents  des  variations 

de  1' ecoulement  et  peut  itre  Importante  mime  en  dcoulement  uniforms. 


On  peut  dcrire  (53)  et  (55)  un  peu  differemment,  en  fonction  des  derlvdes  de  la  transformation 
inverse,  ^ I'aide  dee  relations  : 


Ar 


= (-i)' 


9xi' 


oil,  en  bidlmensionnel,  les  indices  1,  1',  j et  j'  ne  prennent  que  les  valeurs  1 ou  2.  On  retrouve 
de  Cette  fagon  ezactement  les  formules  de  transformation  (44).  On  peut  alors  calculer  les  ddrivees 
de  la  transformation  numdriquement,  en  disordtisant  directement  dans  le  plan  de  calcul  : 11 

suffit  de  connattre  les  coordonndes  cartdslennes  des  noeuds'du  malllage.  Cette  mdthode  se  rapproche 
de  Celle  des  volumes  finis  et  prdsente  les  mimes  avantages.  On  peut  montrer  aussl  que  lee  difflcul- 
tds  mentlonndes  au  sujet  de  I'utilisation  de  (53)  avec  les  ddrivdes /^x,  oalculdes  ezactement 
disparalssent  dans  cette  nouvelle  formulation  si  les  ddrivdes  dxj  /3X'*  sont  reprdsentdes  par  des 
dlffdrences  ddcentrdes  comme  les 


e formulation  si  les  ddrivdes  dxj  /3X'’  sont  reprdsentdes  par 
SF /9Xy  * f 


On  pout,  h la  place  de  (53)  et  (55),  utiliser  les  dquations  de  N.S.  dcrites  directement  dana  un 
syatdme  de  coordonndes  ourvilignes,  comme  dans  [55]  oh  \in  probldme  de  corps  dmoussd  est  traitd  h 
partlr  des  dquations  de  N.S.  dcrites  dans  le  systbme  des  coordonndes  Intrlnsdques  lldes  h la  parol, 
puis  transformdes.  Les  dquations  rdsultantes  sont  assez  compliqudes,  surtout  du  fait  que  les  termes 
vlsqueuz  sont  ezprimds  en  fonction  des  composantes  de  la  vltease  sur  les  axes  locauz  (voir  par 
exeaple  [d]).  Ndanmoins,  de  ce  fait  mime,  une  telle  formulation  peut  itre  intdressante  si  I'on  veut 
utiliser  des  dquations  de  N.S.  tronqudes  oh  ne  subslstent  que  les  termes  disslpatlfs  prdponddrants 
dans  une  approximation  de  couche  mince  (et  h la  limits,  que  les  termes  disslpatlfs  des  dquations 
do  Prandtl).  L'avantage  principal  des  formulations  (53)  ou  (55)  est  surtout  d'allier  une  relative 
slmpllcltd  h une  grande  gdndralitd,  pulsque  le  programme  de  calcul  peut  itre  dcrlt  pour  une  transfor- 
mation de  coordonndes  arbltralre,  celle-cl  n'inter'/enant  lors  d'une  application  que  par  la  mise  au 
point  d'un  sous-programme  apdciflque  de  la  trant..  i-Oiutlon  utillsde  et  foumlssant  au  programme 
principal  les  valeurs  des  ddrivdes  de  cette  trans.  c -mation. 

6 - CONCLUSION  - 


Des  progrba  Importants  ont  dtd  rdalisds  ces  demlbrea  anndea  dana  le  traltement  numdrlque,  par 
I'approche  globale  baade  sur  les  dquations  de  N.S.,  des  problbmea  de  forte  Interaction  entre  fluide 
parfalt  et  fluide  vlsqueuz  en  dcoulement  bidlmensionnel  compressible  b grand  nombre  de  Reynolds.  Ces 
progrba  resaortent  partlculibrement  d'une  part  de  la  dlversltd  des  problbmes  traltds,  et  d' autre  part 
de  la  rdductlon  des  temps  de  calcul  qui  a pu  itre  obtenue  avec  de  nouvelles  mdthodes  b caractbre 
Impliclte. 

La  qualitd  des  rdsultats  obtenue  dans  le  cas  d'dcoulements  turbulents  ddcollds,  avec  interaction  choc- 
ooucho  llmlte,  est  limltde  par  I'dtat  actuel  des  connalssances  sur  la  moddlisatlon  de  la  turbulence 
pour  de  tela  dcoulementa.  L'approche  globale  constltue  Justement  un  outll  prdcieuz  pour  I'dtude  et 
I'dvaluation  de  nouveauz  modbles  de  turbulence  adaptda  b ce  type  d'dcoulements.  On  peut  penser  que, 
sulvant  la  mime  dvolution  que  pour  les  dcoulementa  incompresalbles,  les  recherches  s'orienteront 
vers  des  modbles  plus  dlabords,  b dquations  de  transport  pour  les  contraintes  de  Reynolds.  Cette 
dvolution  est  dvldemment  11 de  aux  progrbs  future  dans  lea  mdthodes  numdrlques. 

Parallblement,  11  est  ndcessalre  de  chercher  b comprendre  les  limitations  de  mdthodes  de  calcul  basdes 
aur  les  dquations  de  N.S.  moyennes,  afln  d'en  ddflnir  la  domalne  de  validitd  et  la  prdclslon.  La  modd- 
lisatlon de  la  turbulence  dans  le  cadre  de  ces  dquations  repose  sur  I'hypothbse,  ddjb  dvoqude  dans 
1' Introduction,  selon  laquelle  11  est  possible  da  sdparer  les  effete  Instationnalres  qui  constituent 
la  turbulence  proprement  dlta  de  ceuz  qul,  b das  frdquences  beaucoup  plus  basses,  sont  propres  b 
I'dcoulement  moyen.  31  des  fluctuations  Importantcs  apparalasent  b des  frdquences  Intermddialres, 
aff actant  plus  partlculibrement  les  chocs  et  les  ddoollements  comma  oartalnss  ezpdrlences  semblent 
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I'indiquer,  [29l,  [46],  [73],  alors  le  bien-fondd  d'une  description  bas^e  sur  les  dquations 
de  N.S.  Doyennes  peut  Itre  remis  en  question. 

Une  autre  faqon  de  consid6rer  le  problbme  conslste  b se  demander  jusqu'k  quel  degrS  de  complexity 
11  est  Justifiy  de  pousser  le  dyveloppement  de  Dodbles  de  turbulence  dans  lesquels  les  seules 
quantltys  caractyristiques  de  la  turbulence  qui  intervlennent  sont  des  corryiations  k un  point.  La 
simulation  numyrique  de  la  turbulence  apportera  sans  doute  les  rdponeoB  k ces  questions,  mais  dans 
un  avenir  dlfflcllement  pryvlsible. 
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resume 

Consid4rant  des  icoulements  laminaires  stationnalres,  ou  turbulents  iDoyennis,  on  passe  en  revue  les  m^hodes  de  calcul  capa- 
bles  de  dicrire  le  fluide  visqueux  lorsque  les  nombres  de  Reynolds  sont  assez  Clevis  pour  que  I'approximation  de  fluide  parfait  soil 
iustifi4e  dans  la  plus  grande  parrie  de  I'icoulement. 

On  caractirix  d'abord  bridvement  diffirentes  approches  utilisies  pour  difinir  une  approximation  des  Equations  de  Navier-Stokes  : 
mithodes  asymptotiques  rationnelles  pour  des  couches  limites  en  faible  ou  en  forte  interaction,  couplage  numirique  "Euler-Navier 
Stokes"  A grande  distance  des  regions  visqueuses,  Aquations  de  Navier-Stokes  tronquAes.  couplage  visqueux-non  visqueux  au  volsinage 
des  couches  dissipatives  selon  le  concept  de  couche  limite  en  forte  interaction,  mAthodes  simplifiAes  avec  modAles  empiriques  de 
dAcollements. 

On  met  I’accent  sur  les  progrAs  rAcents  obtenus  dans  les  mAthodes  de  couche  limite  en  forte  inteiaction.  Ils  portent  sur  leur  jus- 
tification par  les  analyses  asymptotiques,  sur  le  trailement  des  bulles  de  recirculation  et  de  I'influence  o al-amont  en  supersonique. 

D'un  point  de  vue  pratique,  ces  mAthodes  peuvent  maintenant  Atre  associAes  A diverses  techniques  de  calcul  du  fluide  parfait,  en  sub- 
sonique,  transsonique  ou  supersonique.  Elies  peuvent  traiter  des  Acoulements  non-visqueux  complexes,  de  mAme  que  des  dAcollements 
multiples,  sans  qu'aucune  connaissance  prAalable  sur  la  solution  ne  soit  nAcessaire.  Les  conditions  aux  limites  usuellement  imposAes  au 
fluide  parfait  en  prAsence  de  couches  visqueuses  sont  disculAes  sur  I'exemple  du  ptofil  transsonique,  en  considArant  les  problAmes 
d'influence  amont  en  supersonique,  de  rAsolution  directe  ou  inverse,  d'application  de  mAthodes  intAgrales  de  couche  imite,  d'inter- 
action  onde  de  choc-couche  limite,  d'Achelle  des  maillages. 

On  tente  ensuite  de  classer  les  techniques  numAriques  rAalisant  le  couplage  visqueux-non  visqueux  : mAthodes  de  conditions  ini- 
tiates en  supersonique  avec  tAtonnement  pour  respecter  les  conditions  imposAes  A I'aval,  mAthodes  stationnalres  itAratives  de  type 
direct  pour  les  Acoulements  non  dAcollAs,  itArations  de  type  mixte  direct-inverse  en  cas  de  dAcollement  (KlinebergI,  itAration  mixte 
directe  ou  semi-inverse  (ONERAI,  itAration  sur  une  rAsolution  exacte  du  problAme  couplA  linAarisA  (Brune,  Rubbert,  Nark),  mAthodes 
pseudo- instatiunnaires  (Werle,  Vatsa  - Briley,  Me  Donald). 

On  discute  enfin  des  performances  actuelles  de  ces  mAthodes.  Des  amAliorations  de  mAme  nature  que  dans  la  rAsolution  des  Aqua- 
tions de  Navier-Stokes  sont  nAcessaires.  Elies  concernent  la  turbulence  dans  les  interactions  couche  limite-onde  de  choc,  les  dAcolle- 
ments de  bord  de  fuite,  les  bulles  de  dAcollement  transitionnelles.  Des  Atudes  complAmentaires  sont  aussi  nAcessaires  pour  dAfinir  le 
degrA  de  validitA  des  mAthodes  en  cas  de  dAcollement  turbulent,  ainsi  que  pour  traiter  les  gradients  de  pression  normaux  et  les  ondes 
de  chocs  internes  aux  couches  dissipatives  turbulentes. 
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VISCID  - INVISCID  INTERACTION  METHODS 
FOR  TWO-OIMENSIONAL  FLOWS,  INCLUDING  SEPARATION  AND  SHOCK  WAVES 

SUMMARY 

Restricting  to  steady  laminar  or  turbulent  mean  flows,  review  will  be  done  of  various  methods  able  to  predict  viscous  flows 
when  the  Reynolds  number  is  large  enough  for  the  inviscid  approximation  to  be  applied  in  most  part  of  the  flow  field. 

Firstly,  the  different  approaches  used  to  approximate  the  Navier-Stokes  equations  will  be  shortly  outlined  : rational  asymptotic 
methods  both  for  weak  arxl  singular  boundary  layer  interactions,  truncated  Navier-Stokes  equations,  numerical  matching  at  large 
distance  of  boundary  layer  regions,  viscid-inviscid  patching  in  the  vicinity  of  boundary  layer  according  to  the  strong  interaction  or 
interactirtg  bouixiary  layer  concept,  simplified  methods  with  empirical  models  of  separation. 

Emphasis  will  be  put  on  progress  recently  achieved  with  the  interacting  boundary  layer  methods.  On  one  hand,  advances  deal 
with  the  degree  of  rationality,  the  inclusion  of  separated  bubbles,  the  upstream  influence  in  supersonic  flows.  On  the  other  harxl, 
progress  hat  been  achieved  in  making  this  approach  a practical  tool  for  various  inviscid  codes,  subsonic,  transonic  or  supersonic.  } 

Concerning  this  point,  we  consider  the  requirements  of  initial  guess  of  the  solution,  the  practical  possibilities  of  multiple  separations,  ' 

of  complex  flow  fields.  Usual  inviscid  boundary  conditions  used  for  matching  the  viscous  layers  will  be  discussed  on  a transonic  air- 
foil example,  with  attention  to  supersonic  upstream  influence,  direct-inverse  alternative,  integral  methods  for  boundary  layer,  shock 
wave-boundary  layer  interaction  and  mesh  size.  ( 


A tentative  classilication  of  numerical  techniques  for  viscid  inviscid  interaction  will  be  given  : supersonic  marching  methods  with 
shooting  on  downstream  condition  (integral  and  differences  methods),  direct  iterative  methods  for  attached  flows,  mixed  direct-inverse 
Iterations  for  separated  flows  (Klineberg),  mixed  direct-half  inverse  iteration  (ONERAI,  iteration  on  the  exact  solution  of  the  linearized 
viscid  inviscid  problem  (Brune,  Rubbert,  Nark),  pseudo-unsteady  methods  (Werle,  Vatse  - Briley,  Me  Donald). 

Present  status  of  the  results  is  finally  discussed.  Required  improvenrwnts  are  very  much  the  same  as  in  the  Navier-Stokes  approach 
and  related  to  turbulence  within  shock-wave  boundary  layer  interactions,  trailing  edge  separation,  transitional  bubbles.  Additional 
knowledge  on  the  validity  of  viscid  inviscid  methods  is  also  needed  for  turbulent  separation.  Investigations  on  normal  pressure  gradient 
or  shock  waves  inside  turbulent  layers  need  to  be  continued. 

INTRODUCTION 

Les  tooulements  i grarxfs  nombres  de  Reynolds  sont  connus  pour  valider  I'approximation  d'Euler  presque  partout,  i I'exception 
de  couches  minces  oil  le  caractire  dissipatif  redevient  important.  Cette  structure  non-uniforme  est  une  source  de  difficult^  pour  Is 
resolution  numerique  des  equations  de  Navier-Stokes.  Elle  est  aussi  i I'origine  de  nombreuses  techniques  de  resolution  approchees, 
dont  le  point  common  est  de  calculer  le  fluide  visqueux  comme  un  fluide  parfait  parturbe. 

Dans  le  cadre  des  approximations  retenues,  le  fluide  parfait  perturbe  coincide  avec  I'ecoulement  reel  a*!  loin  des  couches  dlssipa- 
tives.  Une  premiere  technique  de  perturbation  consists  e enrichir  les  equations  d'Euler  d'un  certain  nombre  de  termes  visqueux.  On 
definit  sinsi  des  equations  de  Navier-Stokes  tronquees,  permettant  de  respecter  la  condition  d'adhirence  aux  parois.  La  seconde  tech- 
nique ne  perturbe  le  fluide  parfait  que  dans  ses  conditions  aux  limites,  et  eiimine  la  condition  de  glissement  au  profit  d’une  condition 
deduite  d'un  traitement  disjoint  des  phinomines  dissipatifs.  II  peut  s'agir  d'un  simple  raccordement  visqueux-non  visqueux  sur  une 
interface  placte  hors  des  couches  dissipatives,  ou  encore  d'un  prolongement  fictif  du  fluide  parfait  e I'i.  terieur  de  celles-ci.  Une  telle 
approche  permet,  si  necessaire,  d'appliquer  aux  regions  visqueuses  des  equatnns  de  Navier-Stokes  asset  incompietes,  et  I'inter- 
action  entre  les  regions  visqueuses  et  non  visqueuses  reste  souvent  suffisamment  faible  pour  qu'un  couplage  simplifie  inspire  des  me- 
thodp'  asymptotiques  puisse  suffire.  En  revanche,  la  presence  de  decollements  ou  d'ondes  de  choc  ramene  au  probieme  le  plus  general, 
dit  de  forte  interaction,  pour  lequel  I'analyse  des  singularites  ou  des  domaines  d'influence  mathematiques  associes  aux  equations  ne 
peut  etre  effectuee  sans  inclure  I'effet  de  couplage. 

Nous  limitam  aux  ecoulements  bidimensionnels  stationnaires,  nous  passerons  brievement  en  revue  les  princ^rales  methodes  utili- 
sees.  On  examirtera  plus  en  detail  les  possibilites  offertes  par  I'application  des  equations  de  Prandtl,  ainsi  que  les  methodes  numeriques 
permettant  leur  couplage  fort  aux  equations  d'Euler. 


1.  Principals  techniques  d' approximation  utiliseas 

1. 1.  Diveloppements  aaymptotiques  raccordis 

Ces  methodes  remarquent  que  I'inverse  du  nombre  de  Reynolds  CkR*'  est  un  petit  parametre,  et  tirent  avantage  du  passage 
e la  limite  a -v  o . On  construit  pour  a petit  un  developpement  formel,  dont  la  convergence  et  I'importanoe  relative  des  divers 
termes  sont  seulement  assurees  e la  limite  a -»e . Renvoyant  e Van  Dyke  ( 1 j pour  une  introduction  detainee,  on  obtient  dans  le 
cas  laminaire  un  probMme  de  perturbation  singuliere  avec  une  couche  limite  simple.  En  incompressible,  affectant  une  barre  aux 
variables  de  couche  limite,  on  obtient  dans  un  repere  x0<(  tangent  A la  paroi  : 

ac  m S. 

a *£*a 

- “•Cae-.g)  + ft.  u,  Ox., a)  + .... 

trc»,a^  - (X,a>  E-t . d-r  •♦•  • ••• 

P (*..»)  - Re  c*,a>  tt.  p,  c*tai  ■*■  ■■■ 

uC*,g)-  U,  (x,3>  -h  fit,  U,  Cac.g)  4-  .... 

e*.  iP.Cx.g)  4-.... 

Pet*.*)  ■*'  FiC*r5)+--- 

Lt  fluide  parfait  au  premier  ordre  (uc,gg,ps),  comme  aux  premier  et  second  ordres  reunis,  verifie  let  equations  d'Euler.  La 
couche  limite  pretante  un  changemant  d'echalle  pour  let  variablat  g et  ir . Sat  equations  sont  celles  de  Pra.ndtl  au  premier  ordre  des 
nouvaflet  variables  (C'e.'Sl,  gw  • p (ss>ai)  |.  Ellas  tom  encore  valablat,  second  ordre  inclut,  si  la  oourbura  da  la  parol  ou  du  sillaga 
eet  nulla  au  premier  ordre.  Un  gradiam  de  presaion  normal  existe  en  cat  da  courbura  non  nulla  K,-. 
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s:  Kq  ^ 
■^3 


CMte  Aquation  rappalla  «on  homoloqua  (fci  fluide  parfait  avec  daox  simplifications  suppMmentaires.  La  premiAra  est  mineure 
at  ramplace  3 (x.,3  ) par  u partia  principal  u«lac.,9  ).  La  laconda  remplaca  la  oourbure  locale  K(x,y  ) de  I'Acoulement 
par  una  courbura  moyanna  K,lx)  indApandante  da  y , donnAe  par  la  paroi  ou  par  le  fluide  parfait  du  premier  ordre.  Baum  et 
Deniton  |2)  ont  montrA  que  cette  approximation  est  dAtarminante  et  qu'elle  permet  au  problAme  parabolique  de  la  oouche  limite, 
parcourue  dans  le  sens  amont-aval,  da  damaurer  un  problAma  bian  poiA  dans  las  rAgions  subsoniques. 


COUCHE  LIMITE 
^da 
r ordre 


^>9-  f ~ Interaction  faible  iaminaira  : couptage  asymptotique  hiirarchisi. 


Les  relations  asymptotiques  de  couplage  s'Acrivent  : 


Cfc.o)  » o 


“o  C»|0)  » f'l;  '* 

f»o  - Po  c*.3)  = Fo  I*'®) 


Ui  I*.. 05 


vr,  (*.o) 


pi  (*i«) 


Classiquament,  les  relations  de  second  ordre,  sont  transformAes  en  introduisant  des  Apaisseurs  de  dAplaoement  S^'cx.'i  3* 

et  de  quantitA  de  mouvement  S*tx)  * 6^.  S'*  , Posons  : 

s"- (?.“.)  (x,o)  “ H-*- i 


I 

1 


4-4 

II  viant  «lor$  . 


P (*,o)  =<  p,(»,o)  + Ko[s*+^]  ff»“0(»,o) 


Cm  relations  de  couplage  ont  pott,  particularity  d'etre  hitrarchisyM  (Fig.  1).  La  fluida  parfait  da  pramiar  ordra  ast  dytarminy 
par  la  condition  de  glissamant  u^(x  ,o  )s  0 .La  ro'iche  limita  da  premier  ordra  peut  emuita  ytre  calcuiye  avec  une  prassion 
fixye  ( sc. , o |.  (Jn  second  calcul  de  fluide  parfait  corrigy  de  dyplaoement  par  la  terme  tfjl  x , o ) inclut  alors  Im  solutions 
da  premier  at  de  second  ordra  u,  p,  at  correspond  i I'astimation  dyfinitiva  de  la  prassion  darts  la 

fluide  parfait.  On  peut  alors  corriger  la  pression  y la  paroi  par  le  terme  de  second  ordra  de  la  couche  limite  ( x. , e I,  at 
facultativement  rysoudre  la  couche  limite  de  second  ordre  pour  obtenir  u, (ac.,ii  ).  Toute  ityration  sur  le  terme  de  dyplacement 
v,  ( X , o ) dans  le  but  d'affiner  la  solution  de  second  ordre  du  fluide  parfait  est  superflue.  Si  elle  ne  Test  pas  la  thyorie  n'est 
plus  valide.  Cette  hiyrarchisation  caractyristique  de  la  thyorie  du  second  ordre  ryduit  en  pratique  le  couplage  6 une  double  ryso- 
kjtion  du  fluide  parfait  et  de  la  couche  limite,  Im  deux  calculs  ytant  disjoints.  Son  domaine  de  validity  est  qualifiy  d'interaction 
faible. 


En  rygime  turbulent,  oil  Ton  renvoit  y Me/for  |3)  et  y Melnik  et  Crossmen  |4],  I'interaction  faible  Mt  encore  souvent  qua- 
lifiye  de  thyorie  du  second  ordre,  bien  que  la  perturbation  du  fluide  parfait  n'apparaisse  qu'au  troisiyme.  II  est  nycessaira  d'intro- 
duire  un  second  petit  paramytre  qui  fixe  I'ordre  de  grandeur  des  vitesses  fluctuantM  par  rapport  y la  vitesse  de  ryfyrence,  et  qui 
coirKide  avec  la  jauge  d'ypaisseur  S de  la  couche  limite.  La  structure  de  celle-ci  est  plus  complexe  et  comporte  une  sous-couche 
d'ypaisseur  S.T  oil  Im  effets  visqueux  sont  du  myme  ordre  que  tes  effets  turbulents.  Oysignant  par  Cf  le  coefficient  de  frotte- 
ment  y la  paroi,  on  a : 


Lm  dyveloppements  sont  conduits  suivant  Im  pui^nces  de  S , voir  rif.  3.  Les  dyveloppements  par  rapport  y S n'appa- 
raissent  pas,  car  S '4C  S pour  tout  n , d’aprys  Im  relations  prycydentM.  Surlignant  d'un  les  variables  de  la  sous-couche, 
nous  retiendrons  en  incompressible  sur  paroi  plane  : 

[o.  » 5c.  ^ 

y = 5.y  * S S .'3' 

[«(=«•, 5^  “ ^oCx.g)  + S,u.,(x.,g)  -(-  -t-  .... 


v;(x,o) 

V,(pc,o)  =‘vj;(x,o) 


C*/a) 


O UiC*|0)^0 


P.  (*>»)  - p.  (».o) 

Uo  (*»«>) 

C*.'5)  * ° 


«=  UJ  (x,m)  “ p.,  (3C,jj)  - o 

p,  C*->a)  * o 


Cm  relations  indiquant  qua  la  glissamant  sur  la  paroi  s'appliqua  au  fluide  parfait  aux  deux  premiers  ordies.  II  I'applique  i la 
coucha  limita  axterna  y tout  Im  ordras,  le  dyplacemant  dO  y la  sous-couche  ytant  nygligeable.  La  racoordement  da  la  vitasaa  antra 
la  coucha  limita  at  la  sous-couche  ast  logarlthmiqua.  La  sous-couche  est  esaentiellamant  une  zona  y frottamant  apparent  constant, 
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tandis  qua  la  ooucha  limita  esc  una  r«gk>n  dAficitaira  da  faibla  parturbation  da  I'tcoulamam  axterna.  Aux  daux  premiar,  ordra.,  la 
preasion  ast  partout  importa  par  la  fluida  parfait  da  premier  ordra  at  r>e  d«pend  qua  da  ac  . Contrair<ment  i I'analVK  laminaire, 

II  apparatt  au  troisiima  ordra  urre  variation  da  la  prauion  dans  Is  direction  normala,  ind«pandammant  da  la  courbure  da  la  paroi' 
Cat  effat  int«rassa  la  r*gion  d«ficitiare  mait  n'affecta  pas  la  paroi  elle-m«me,  ^ . o , oil  I'on  a simplamant  "ft  C*,o)  - fv  (x  o') 
Si  Ion  r*onit  las  deux  premiers  ordres  assujettis  au  mime  champ  da  pression,  las  Equations  da  la  couche  d*ficitaire  at  da  la  s^s 
couche  sont  incluses  dans  celles  da  PrandtI.  Sur  la  plan  pratique,  la  prbcMure  hi«rarchis«e  d«finie  an  laminaire  peut  done  «tre 
int^gralemant  maintenue  dans  la  cas  da  I'interaction  faibla  turbulente.  La  correction  da  troisiime  ordra  du  fluida  parfait  est 

calcul*e  directemant  apris  un  premier  calcul  da  couche  limita,  traitie  par  las  Equations  da  PrandtI  at  donnant  u(*.  u ) L'effat 
da  (Mplacamant  s'4crit  : > ■ H >■  >-  "rrat 

- 

s”.  [“•(«, IS)  "“lx,3)]<l3 

n ix,«  . ^ 

avec  ; 

I S5(— ') 

I \^a 

1 U ) S Uo  Ca-.a)  + S U, 


Notons  qua  u,(»,S5)  = u,  (x..o)  poor  una  paroi  plana  at  un  fluida  parfait  irrotationnel.  Notons  ancora  qua  si  I'ipais- 
seor  da  diplacemant  laminaira  ast  , alia  daviant  an  turbulent  8*A,to(s*)  puisqu'il  s'agit  du  diplacement  da 

second  ordra  da  la  couche  dificitaire.  Indiquons  enfin  qua  la  simplification  apportie  au  problime  du  couplage  par  las  ordres  da 
grandeur  da  I’interaction  faibla  cesse  giniralement  dans  la  cas  das  couches  visqueuses  libras,  comma  I'indique  Viviand  (5). 

Las  phinomines  d'imeraction  visqueuse  invalident  non  seulement  la  procidure  simplifiie  da  couplage,  mais  encore  las  divers 
ordres  da  grandeur  de  I'interaction  faible.  Ce  retour  i une  interaction  forte  coincide  avec  la  prisenca  de  singularitis  dans  les 
thiories  prieWentes.  Pour  la  fluidc  parfait,  alias  risultent  par  example  das  discontinuitis  de  paroi,  das  impacts  d'ondes  de  choc 
ou  das  bords  de  fuite.  Pour  les  couches  dissipatives,  on  note  l'effat  de  perte  d'adhirence  au  bord  de  fuite,  ainsi  qua  la  singula- 
riti  de  dicollement  de  Goldstein  |6|.  Celle-ci  est  liie  aux  iquations  de  PrandtI  lorsque,  pour  un  ordra  de  grandeur  donni,  la 
pression  se  frouve  imposie  i la  couche  limite  fcouplage  faibla).  L'investigafion  par  les  mithodes  asymptotiques  indique  alors  das 
structures  de  couche  limita  beaucoup  plus  complexes,  comportant  des  changements  d'ichelle  i la  fois  an  at  at  an  y . Ellas  ont 
fait  I'objet  de  quelques  investigations  numiriques,  voir  dans  [7,  8|.  Dans  la  cas  laminaire,  une  analyse  ditaillie  de  I'itat  de  I'art 
est  donnie  par  Stewanson  dans  |91  at  surtoutpOl;  voir  aussi  |1)  et  (12,  13,  14,  15].  Dans  la  cas  turbulent,  beaucoup  moins 
avanc4,  on  pourra  se  reporter  i Melnik  [4,  7,  13,  15J  et  » I'analyse  non-asymptotique  |16). 

La  premiere  remarque  qua  I'on  peut  faire  est  que  les  dicollements  Eventual lement  mis  an  jeu  dans  cas  analyses  sont  minces, 
en  ce  sens  que  leur  jauge  d'«paisseur  tend  vers  tiro  lorsque  R-i,®.  En  second  lieu,  parmi  les  passages  d la  limite  simultanfa, 
(tels  qua  M-v-l  ,R-»<o  , en  transsonique),  la  g4om4trie  des  obstacles  elle-mime  doit  souvent  «tra  inclose  poor  que  la  solution 
soit  coheranta.  Dans  la  cas  du  b^  de  fuite  laminaire,  on  montre  ainsi  par  example  que  la  dAcollement  sous  l'effat  d’ipaisseur 
relative  e apparaft  si  e /m  R » _ que  le  dterochage  sous  l'effat  d'incidence  ot  apparatt  si  et  ruR'^  an  subsonique,  si 
«t  «<  R en  supersonique.  Dans  le  cas  laminaire,  le  r^sultat  le  plus  remarquable,  intervenant  dans  le  traitement  du  bord  de  fuiU 
et  du  dteollement  naissant,  est  la  structure  en  triple  couche  (Fig.  2)  introduite  par  Neiland  et  Stewartson  pour  le  dicollement 


FLUIDE  PARFAIT  NON  PERTURBC 

(5(1) 


1 


4^) 


libra  suparsoniqua.  L'4tandua  longitudinala  at  normale  du  domaina  singulier  ast  parturbant  ainti  la  fluida  parfait.  La 

ooucha  timita  pfincipale  6(R'^)  comporte  una  loui-coucha  Lai  diveloppamanti  lont  comtruiti  avac  Ne  retenant 

qua  la  pramiar  terma  da  perturbation  par  rapport  h la  solution  d'intaraction  faibla  valable  an  amont  [u»(3)  , i^(5)«0  , 
^(9)  , on  obtiant  dani  la  coucha  limita  principala  ; 

u(«,a)  ■ uoCy)  + 

- R-t. 1- .... 

pc®. 3)  = R.  ■••R'^.piC®) 

p(S/5)  = f.C5)  + R'^f.ftCS.,5)  +•.... 


I u,  =A(i)..^  I 

I ^ =s-^.u.cg)  1 A(i) 

ax.  I 

Catta  coucha  ast  non-visquausa,  na  depend  qua  da  la  fonction  da  dtplacamant  A(£l  at  transporte  la  prassion  da  la  sous- 
coucha  au  fluida  parfait  axtama  oil  Ton  obtiant,  4tant  la  nombra  da  Mach  da  r4f«rance  ; 


U(5.,y)  = 

i 

+ 

ui(®,a)  + •••• 

«■(£,»)  = 

R'K 

'JiCs.a) 

PC®. a)  = 

po 

+ 

PiL(®>3)  + •••• 

p(®.«)  = 

1 

+■ 

R'i. 

P«  C®.a)  ■*■•••• 

+ 

t£i. 

Ha*- 

= o 

La  souscoMha  vArifia  das  Aquations  da  Prandtl  incomprassiblas  da  sorte  qua  la  prassion  A la  prassion  A la  paroi 
Pw  ♦ R ‘•'u'’*  intaraction  auto-induita  antra  I'Aquation  axtama  prAcAdanta  at  la  sous^oucha.  ou  : 


U tx,^)  = 
^ (»i3)  = 

P C®.,^)  = 


R*^.U,C®|5)  + .... 
R ^ (*i$ ) ■♦•  — 

+ 

Pa  •+•  R‘^.P»C«)  +...• 


Si  globalafnant  las  Aquations  da  la  coucha  limita  at  da  la  sous-coucha  lont  inclusas  dans  callas  da  Prandtl,  la  dAcollamant 
pau?  nAanmoins  Atra  franchi  sans  singularitA,  car  la  prassion  ( £ , o ) n'ast  plus  imposAa  A la  sous<»uche  at  rAiulta  d’un 
coualaga  fort  avac  I'Acou'^mant  axtama.  En  contra  partia,  on  doit  notar  qu'en  dApit  da  I’Acritura  da  dAvaloppamants  asympto 
tiquei  l»  ximplificatior,  du  oouplage  hiArarchisA  n'apparalt  plus  at  qua,  mAme  A I’ordre  la  moins  AlavA,  la  problAma  A rAsoudra 
ast  ausai  compliquA  qua  la  couplaga  fort  "Aquations  d'Eular-Aquations  da  Prandtl".  II  ast  done  lAgitima  d'un  point  da  vua  pra- 
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tique  d€  prtf#rer  cstte  rltrni^re  technique,  dont  la  portAe  est  plus  g^n^ale.  H exitte  en  effet  det  structure*  d^colltet  plus  com- 
plexes que  la  triple  couche  qui  sont  irKluses  dans  les  Equations  de  Prartdtl.  voir  (lOt. 

La  figure  3 reproduit  la  structure  donn^  par  Melnik  pour  )e  bord  de  fuite  turbulent  incompressible  non  dteoll^.  Le  domaine 
singulier  © ( S ) n'atteint  pas  le  fluide  parfait.  La  couche  de  paroi  (SIS  '?  ) s'y  prolonge,  de  mime  que  dans  le  sillage.  La 
couche  dificitaire  prend  localement  un  comportement  non  visqueux  et  une  couche  intermidiaire  O I ) est  nicessaire  pour  rac- 
corder  les  tensions  de  Reynolds.  Au  premier  ordre  de  perturbation  Cp(  S^)  I'effet  de  diplacement  des  sous-couches  est  nigli- 

geable,  de  sorte  que  le  probleme  de  confluence  ne  risulte  que  des  couches  rotationnelles  non  visqueuses  ou  existe  un  gradient  de 

pression  normal.  La  rifirence  de  vitesse  itant  prise  au  bord  de  fuite,  on  a : 

3.  = S . 3c 

3 = s 5 

ij  (z,y)  = 1 + u (5c,5)  4-  S .Uo(a)  -t- 5 u,  . 


Le  premier  terme  u(  5 , 5 ) est  le  prolongement  do  fluide  parfait  externe.  Le  second  k^(  y ) est  terme  de  couche  limite 
amont.  La  perturbation  apparait  seulement  i I'ordre  SH  . La  fonction  de  courant  correspondante  , y ) virifie  une 

Equation  de  Poisson  : 


-au*- 


T>S 


oil  ) reprisente  le  prolongement  du  fluide  irrotationnel  externe. 


f.2.  Couptage  numirigue  d'un  domaine  Navier-Stokes 

L'idie  de  base  (Fig.  4)  est  de  risoudre  les  Equations  de  Navier-Stokes  sur  un  domaine  surabondant.  incluant  largement  les 
rigions  dissipatives,  et  de  les  coupler  i une  rigion  externe  de  fluide  parfait  en  raccordant  simplement  les  valeurs  discritisies  des 
solutions  aux  noauds  de  recouvrement  des  maillages.  On  doit  remarquer  que  le  recouvrement  naturel  sur  une  maille  conduit  en  fait 
i une  condition  de  raccordement  asset  forte,  portant  sur  routes  les  grandeurs  ainsi  que  leurs  dirivies  partielles  premiires.  Elle  ne 
convient  en  toute  rigueur  que  si  les  Equations  sont  identiques  dans  les  deux  domaines.  Son  utilisation  demande  done  que  la  rigion 
de  recouvrement  soit  placie  i une  distance  des  parois  tris  supirieure  A I'ipaisseur  physique  habituelle  S des  couches  dissipatives, 
de  telle  sorte  que  I' inconsistence  soit  de  I'ordre  de  I'impricision  numirique.  La  p6naliti  de  calcul  correspondent  A cette  dilatation 
du  domaine  Navier  Stokes  doit  alors  itre  amoindrie  par  une  adaptation  des  maillages.  On  peut  ^element  lever  I'inconsistance  en 
imposant  un  raccordement  plus  faible  oil  certaines  dirivfes  partielles  ne  sont  pas  raccord^.  Le  probleme  ne  se  distingue  alors  de 
I'approche  classique  (section  1.4)  que  par  le  choix  d'une  r^ion  de  raccordement  non  voisine  dei. 


fif-  4 — Couptage  numtrigue 
''Euler-Navier  Stoket" 

(profU  tymitrique). 


Les  probMmes  soulevts  par  cette  approche  sont  Ii4s  i I'application  (ftquationt  d'ordres  difftrents  dans  las  deux  regions,  at 
aux  nombras  diffirants  de  conditions  aux  limitas  qu'il  ast  ntcassaire  de  laur  imposar.  Da  plus,  la  nombra  das  conditions  fix4, 
alias  doivant  Itra  i4lactionn4as  da  man'Are  t risoudra  ittrativamant  chaque  rigion  |18),  at  t obtanir  un  cycle  convaigant.  A titra 
tfexampla,  on  peut  imaginar  da  rtsoudre  un  problima  da  fluide  parfait  da  type  direct  an  imposant  la  vitasw  normala  sur  I'intar- 
face,  oil  saraiant  calcuMas  la  pression,  la  masse  volumiqua,  la  vitesse  tangantialla.  Prescrivant  alors  calles-ci  au  domaine  visqueux, 
at  aioutant  la  d4riv4a  normala  da  la  vitesse  tsngantialle,  on  calcularait  una  nouvalla  vitesse  normala  lur  I'intarfaca,  ate.  . . La 
probMma  soulav#  par  la  oonvarganca  d'une  talla  iteration  na  sambla  ilimint  qua  si  las  domaines  d'Euler  at  Navier-Stokes  som 


I 

I 

< 

f 
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tr«it4«  par  da*  m4thodat  initationnairat  oontiatantes,  las  daux  calculi  Atant  menAs  simultantmant.  Dans  I'approche  stationnaire 
iterative,  I'investigation  sambla  ancora  i sas  cMbuts  (18,  19,  20|,  at  I'on  nota  la  raooun  i una  surfaoa  da  diplaoamam  Aquivalame 
pour  la  calcul  non  visquaux. 


t.X  Equationt  dt  NaviarStokes  tronqu4a$ 

L'icoulatnant  da  fluida  parfalt  sous-jacant  ast  ici  parlurM  dans  sas  Aquations  aux  dArivAas  partiallas,  da  tone  qua  la  traita- 
mant  ast  applicabla  A la  fois  aux  rAgions  visqueusas  at  non-visquausas  (Fig.  S),  la  raccordamant  A una  rAgion  da  fluida  parfait 
axtarna  non  parturtiA  Atant  facultatif.  En  I'absence  d’un  tal  raccordamant  axtarna,  la  problAma  paut  samblar  da  mAma  nature  qua 
la  rAsolution  das  Aquations  da  Navier-Stolcas  oomplAtes,  at  I'on  paut  imaginar  d'appliquar  las  mAmes  mAthodas,  voir  (21.29).  L'A- 
conomia  da  calcul  ast  oapandant  relative,  at  I'intArAt  surtout  d'ordre  fondamantal.  L'objactif  pratique  recharchA  ast  una  simplifi- 
cation da  la  technique  da  rAsolution,  obtanua  en  se  ramenant  soil  A un  problAma  puremant  parabolique,soit  A un  problAma  sem- 
blabla  au  couplage  d'un  systAme  parabolique  at  das  Aquations  d'Euler.  Dans  la  premier  cas,  on  paut  rAsoudre  d'amont  en  aval  un 
simple  problAma  da  conditions  initialas,  una  itAration  sur  ca  mAma  problAma  Atant  nAcessaire  dans  la  secorxl.  On  notera  dans  cas 
formulations  qua  las  difficultAs  da  couplage,  dAlibArAment  AcartAes  par  la  choix  da  systAmes  d'Aquations  communs  aux  fluides  vis- 
queux  at  non-visquaux,  rasurgissent  nAanrrv>ins  au  niveau  da  la  sAlection  das  Aquations  approchAes  at  da  leur  rAsolution  numArique. 


Fiq.  5 — Equations  de  Naviar  Stokes  tronquies. 


La  parabolisation  tant6t  complAte  tantftt  partialle  das  Aquations  da  Navier-Stokes  prAsente  avec  la  couche  limite  I'analogie  de 
privilAgiar  una  direction  dite  longitudinale,  oil  las  effats  da  diffusion  matArialisAs  par  las  termes  de  dArivAes  secondes  sont  nAgligAs. 
Cette  direction  priviiAgiAe  (23,  24,  25]  ast  rattachAa  par  example  A una  composante  dominante  de  la  vitesse,  A la  prAsence  d'una 
paroi,  ou  ancora  au  choix  das  lignas  de  courant  pour  coordonnAes.  Si  las  Aquations  ainsi  dAfinias  sont  paraboliques,  la  problAma 
da  conditions  initialas  obtanu  n'ast  pas  toujours  bien  posA,  at  das  simplifications  supplAmantaires  doivent  Atra  adjointes.  Par  rap- 
port aux  Aquations  d'Euler,  cas  mAthodas  aioutent  au  moins  la  tarme  dissipatif  das  Aquations  da  Prarxltl.  Par  rapport  A cas  der- 
niAras,  on  tenta  dans  Is  mature  das  potsibilitAs  numAriques  da  retenir  au  moins  la  comportement  non  vitqueux  du  gradient  de  pres- 
tion  normal.  A titre  d'exampla,  notons  las  Aquations  utilisAes  par  Baum  (22)  en  supersonique,  xOjf  Atant  un  repAre  tangent  A 
una  paroi  da  oourbura  Kiss.)  : 


“-H-  ■'•%[>■  I-'* 

- K - -(>(..Wh)^ 

^ + (i+  Ka) 

Las  dHficultAt  ratwontrAat  dans  la  rAtokition  de  talt  tyslAmat  d'Aquations  par  una  intAgratkm  simple  da  I'amont  vert  I'aval 
provlant  das  rAgions  tufaaoniquas.  Dans  la  cat  d'un  Aooulamant  totalament  tubtoniqua,  Spak/ing  (28]  ramarqua  qua  I'allipticitA  du 
problAma  na  porta  eepandarrt  qua  mir  la  vsriabla  prastion  at  qua,  oaila-ci  figAa,  la  problAma  da  conditions  initialet  ast  bien  posA 
d'amont  an  aval.  II  suggAra  alors  ana  ramiM  an  cause  itArativa  da  la  prastion  au  court  da  balayagas  amont-aval,  ou  taul  la  champ 
da  prastion  ast  stockA  an  mAmoira,  at  oil  rinfluenoe  da  I'aval  sur  I'amont  ast  prist  an  compta  par  una  tachniqua  tpAciala  da  cor- 
rection da  la  prastion,  dAcamrAa  vers  I'amont.  Una  autre  technique  (TitAration  ast  Agalamant  suggArAa  par  Mahgoub  at  Bradshaw 
(30)  . Loriqua  Tinfluanoa  da  I'aval  ast  moins  sAvAre,  Spalding  propose  das  tachniquat  timpUflAas,  A la  fois  par  la  ditcrAtitation 
numAriqua  at  par  la  raoours  A das  Aquations  totalamant  parabolisAas.  Pour  das  Aooulamantt  tubtoniquas  confinAt,  I'artifioa  condui- 
tant  A oa  rAtuhat  an  fondA  sur  I'hMa  qua,  an  ta  rapprochant  au  maximum  d'un  Aooulamant  monodimantionnal,  I'allipticitA  pourra 
Atra  renrainta  au  prindpa  da  oontarvnion  du  dAbit  global,  at  pourra  dAt  lors  Atra  traMa  comma  un  problAma  da  condition  ini- 
tWa  titbt  la  dAbit  amont  fixA.  Prniquamant,  Spalding  introduit  A cat  affat  un  Mgar  dAdoublamant  da  la  variable  prtasion,  ditto- 


ciani  cell*  qui  pilote  I'iquition  de  mouvement  longitudinal  ainii  qua  la  vitasse  longitudinala,  da  la  prassion  pilotant  las  autras 
tquatKMis,  voir  rtf.  |24|. 
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Dans  la  cas  suparsoniqua,  on  doit  notar  avant  tout  qua  las  couchas  limites  introduisent  toujours  das  regions  subsoniquas.  La 
cM  das  riglas  d'influanca  parait  alors  4tra  indiqu4a  par  Baum,  Denison,  Ohrenberger  (27,  25|.  Ils  montrent  d'abord  par  passage 
aux  variables  de  von  Mis4s  qua  das  Aquations  du  type  indiquA  plus  haut  conduisent  pour  las  termes  de  plus  haut  degrA  A une  Aqua- 
tion de  la  chaleur  : 


"Sat 


= A 


^‘2 


“ M*-1 

La  problAme  parabolisA  est  de  ca  fait  mal  posA  dans  las  rAgions  subsoniquas  das  couches  limites,  (A<o),  ce  qui  indiqua  qu'une 
influence  de  I'aval  sur  I'amont  est  prAsente  dans  las  Aquations  de  Navier-Stokes,  indApendamment  das  termes  de  dArivAes  secondes 
longitudinales  Tf/Qx*'  . termes  tres  patits  at  ici  nAgligAs.  Baum  se  ramAne  A un  problAme  parabolique  bien  posA  dans  cas  rAgions 
subsoniquas  da  paroi  an  appliquant  das  approximations  samblables  A la  couche  limite  ordinaire,  soil  au  premier  ordre  ^ 

soit  au  second  . Cette  simplification,  appliquAe  aux  seules  rAgions  subsoniquas,  permet  I'intAgration  d'amont  an 

aval.  La  problAme  reste  cependant  encore  mal  posA,  au  sens  ou  das  niutions  de  branchement  divergentes  apparaissent  pour  des 
perturbations  infinitAsimales  des  corxfitions  initiates,  salon  un  processus  similaire  aux  couplages  des  Aquations  de  Prandtl  et  des 
Aquations  d'Euler  supersoniques,  (voir  section  2.3).  Dans  la  cas  prAsent,  la  phAnomAne  doit  sans  doute  rAsulter  d'un  effet  de 
couplage  antra  las  deux  problAmes  paraboliques  bien  posAs  qua  constituent  las  rAgions  subsoniquas  et  supersoniques.  Ce  phAnomena 
est  favorable  car  il  montre  qu'en  dApit  des  approximations  faites,  la  modAle  retenu  contient  non  seulement  des  solutions  d'oii 
I'influence  de  I'aval  est  exclue,  mais  aussi  des  solutions  oil  celle-ci  est  prAsente  indApendamment  de  tous  courants  de  retour. 
Lorsqu'elle  existe,  I'influence  de  I'aval  doit  Atre  pilotAe  par  une  condition  aux  limites  spAciale,  qui  peut  par  example  etre  la  pres- 
Sion  pill  dans  la  cas  de  la  plaque  plane  suparsoniqua  de  longueur  unitA  (Fig.  6).  Si  le  domaine  de  calcul  est  suffisamment  Aten 
du  vers  I'amont,  cette  condition  peut  mAme  an  pratique  etre  excAdentaira,  car  son  influence  sur  I'amont  possAde  une  dAcroissanoe 


Fig.  6 — Aspect  des  solutions  de 
branchement  en  supersonique. 


exponentielle.  La  parabolisation  des  Aquations  montre  done  qu'A  grand  Reynolds  I'influence  de  I'aval  sur  I'amont  dans  les  Aqua- 
tions de  Navier-Stokes  n'est  dominAe  ni  par  les  termes  en  'b* Z'&x*’  , ni  par  les  termes  de  gradient  de  pression  normaux  des  rA- 
gions subsoniquas.  La  solution  parabolisAe  exempte  d'influenoe  de  I'aval  est  renveloppe  des  prAcAdentes.  figurAe  en  pointillAs  sur 
la  figure  6.  Sa  dAtermination  numArique  en  tant  que  telle  demande  des  tAtonnements  laborieux.  On  a pu  montrer  |25|  qu'elle 
peut  Atre  obtenue  directement,  A la  simple  condition  de  discrAtiser  le  terme  7>p/^x  dans  les  rAgions  subsoniquas  par  des  schAmas 
ne  faisant  appel  qu'aux  points  situAs  en  amont  de  I'abscisse  de  calcul.  Indiquons  enfin  que  la  rAsolution  d'Aquations  de  Navier- 
Stokes  tronquAes  peut  Atre  recherchAe  dans  une  extension  de  la  mAthode  des  caractAristiques  ; on  se  reporters  A (28)  bien  que 
les  problAmes  de  couplage  et  de  branchement  n'y  soient  pas  encore  rAsolus. 


1.4.  Couplage  classique  .'  couche  dissipative  en  forte  interaction 

L'Acoulement  de  fluide  parfait  est  ici  perturbA  uniquement  dans  ses  conditions  aux  limites,  de  mAme  que  dans  le  couplage 
numArique  A un  domaine  Navier-Stokes.  Toutefois,  les  conditions  de  couplage  imposAes  Atant  plus  faibles,  il  est  ici  possible  de 
raccorder  en  toute  rAgion  les  Aquations  d'Euler  A d'autres  Aquations  sans  faire  apparaftre  d'inconsistance.  Cette  propriAtA  est  ex-  . 

ploitAe  pour  limiter  les  zones  dissipatives  au  strict  minimum,  en  s’appuyant  Sur  les  frontiAres  physiques  habituelles  des  'f 

couches  limites.  Le  domaine  de  fluide  parfait  peut,  ou  non,  avoir  pour  frontiAres  let  lignes  ^a^(ac.),  mais  il  doit  toujours  les  j 

inclure.  Le  couplage  est  fort  au  sent  oil  il  n'est  restraint  ni  A la  procAdura  hlArarchisAe,  ni  aux  ordres  de  grandeurs  de  ('interaction  I 

faible  (voir  section  1.1).  Les  couches  dissipatives  pauvent  inclure  des  bulles  de  dAcollament.  | 

1 


IndApendamment  da  ('approximation  d'Euler  au  delA  de  y x&|x),  toute  simplification  est  fondAe  sur  la  petitesse  de  I'Apais- 
seur  S . On  applique  aimi  aux  couches  dissipatives  tantbt  das  Aquations  de  Navier-Stokes  parabolisAes  dans  la  direction  longitu- 
dinale  fts , tam6t  let  Aquations  de  Prandtl,  tantdt  let  formas  intAgralet  de  cat  mAmes  Aquations.  La  formulation  des  conditions 
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de  couplage  la  plus  simple  est  rappelto  figure  7.  On  imagine  une  frontiire  libra  oil  sent  raooordtes  la*  variables  oom- 

munes  aux  deux  domaines,  la  transfers  de  masse  itant  possible  le  long  de  S(x)  au  profit  da  la  couch*  limit*.  II  exist*  an  8 
une  discontinuity  des  dirivyes  partielles  qui  disparaft  seulement  i la  limit*  . La  oonsittano*  avac  les  analytes  asympto- 

tiqua  dypend  des  yquations  retenuas  par  la  couche  dissipative,  et  sera  yvoquy*  plus  bat  pour  celles  d*  PrandtI.  L*  couplage  an 
Vitesse  normale  est  encore  souvent  ycrit  au  moyen  d'une  ypaisteur  d*  dyplacamam.  Let  variablat  de  couche  limite  ytant  barryat, 
on  a dans  le  repyre  de  paroi  xOy  ; la  courfaure  de  la  paroi  ytant  K(x): 


X. 


Cette  relation  est  exacte,  et  toute  approximation  provient  des  yquationt  dissipatives  servant  6 calculer  . Myme  s'il  s'agit 
des  yquations  de  PrandtI,  la  mythode  ne  se  ryduit  pas  y la  thyorie  du  secorxl  ordre  du  fait  du  couplage,  tupposy  fort  et  non  hiy- 
rarchisy.  Elle  traite  I'influence  transmise  de  I'aval  par  les  courants  de  retour  et  yiimine  les  solutions  singuliyres  au  point  de  dycol- 
lement  ( R fini).  Crocco,  Lees,  KUneberg  (31,  32,  33)  et  Weinbeum-Gannne  (34,  36]  ont  montry  qu'elle  contient  encore  une 
influence  de  I'aval  sur  I'amont  en  rygime  supersonique  non  dycoliy  par  le  biais  de  solutions  de  branchement,  pourvu  qua  la 
couche  limite  se  comports  comme  un  tube  de  courant  subsonique  ( > O , couches  subcritiques).  Dan*  le  cas  comraire 

(supercritique),  cet  effet  de  couplage  disparaft  et  seui  le  passage  A I'ytat  subcritique  par  des  sauts  de  pression  discominus  auto- 
rise I'influence  de  I'aval.  Ces  yiyments  nouveaux  par  rapport  y la  thyorie  de  second  ordre  suffisent  y traiter,  au  moms  qualitati- 
vement.  le  dycollement,  I'interaction  couche  limite-onde  de  choc,  les  proches  sillages  supersoniques,  les  bords  do  fuite,  etc.  . . 

Les  premiyres  mythodes,  cityes  plus  haut,  traitaient  la  couche  limite  laminaire  de  PrandtI  par  ses  yquatiotts  intygrales  dynamiques 
et  thermiques,  voir  |38|.  L'adjonction  d'une  yquation  intygrale  auxiliaire  (ynergie  cinytique)  permettait  d'utiliser  les  rslatiom  inty- 
grales des  solutions  de  similitude  sans  fairs  I'hypothyse  que  I'ycoulement  soft  localement  semblable.  Le  fluide  parfait  supersonique, 
enfin,  ytait  ryduit  y une  onde  simple.  Gynyralement  subcritiques  pour  une  paroi  adiabatique,  les  configurations  pouvaient  ytre 
rerKfues  supercritiques  pour  des  parols  trys  refroidies.  Ce  rysultat  semble  maintenant  inexact  y la  lumiyre  da  traitements  plus 
raffinys  das  yquations  de  PrandtI  (36),  mais  I'erreur  affecte  essentiellement  le  voisinage  immydiat  du  taut  de  pression  anormal  de 
ces  rysolutions.  Les  configurations  supercritiques  deviennent  en  revanche  plausibles  dans  le  cas  turbulent  oil  ellet  constituent  la 
situation  la  plus  fryquante,  et  il  nous  semble  |37]  que  les  sauts  de  pression  de  ces  solutiont  sont  alors  an  rapport  avec  une  pyny- 
tration  des  ondes  de  choc  dans  la  couche  limite.  Ajoutons  enfin  que  divarses  vsriantes  ont  yty  proposyes  pour  le  traitemant  inty- 
gral  des  yquationt  d*  PrandtI,  voir  par  example  [46,  47). 

Globalament.  let  rytultats  des  mythodes  intygrales  supersoniquet  Isminairet  sont  try*  favorable*  (39 , 40],  sauf  pour  la  prydic- 
tion  des  flux  d*  chalaur.  Leur  transposition  diracte  au  cat  turbulent,  dom  on  trouwara  un*  ravu*  dytailiy*  dam  (41)  ast  moint 
tatitfaitant*.  Las  mythodes  ont  yty  ytenduat  aux  probMinet  subsoniquas  at  transsoniquet  par  Klineberg  et  Steger  (42)  an  utilisam 
un*  mythod*  da  rytolution  ityrativ*  du  fluid*  parfait  et  de  la  couch*  limite.  Des  mythodes  da  mime  nature  risolvant  las  iquatiom 
da  PrandtI  par  diffirenoet  finiat  ont  autti  M ytabliss,  an  tupartoniqu*  puis  en  subsonique,  voir  par  axempi*  (43,  44,  45).  La  per- 
factionnamsnt  da  cat  mythodes  grice  y das  yquationt  plus  compiytss  qua  celles  de  PrandtI  a fait  I'objet  da  divarsas  ytudas.  Notom 
la  racharcha  d'um  mythode  intygrale  laminaire  prycis*  au  second  ordre  par  Crocco  (48),  ('introduction  d'un  gradient  de  prastion 
normal  dam  das  mythodes  aux  diffirenoet  [27,  28,  30],  la  subdivision  de  la  couch*  limite  an  urn  couch*  rotationnalle  non  vit- 
queua*  at  un*  louacoucha  de  PrandtI  (36,  48,  50).  On  doit  remarquar  qua  cett*  damiir*  solution  est  une  simplification  da  la 
pricydant*,  at  qua  ton  investigation  est  damaurye  imparfaite  dam  I*  choix  de  Is  tout-coucha.  Memionnom  enfin  qu'il  eat  poasibi* 
da  nsodyiitsr  un  gradient  de  pression  normal  dans  let  mythodes  intigralet.  On  ta  raportara  8 I'analyta  donni*  par  Holden  (38], 
voir  austi  (51,  52).  U riaultat  le  plus  intyrettant  dans  un*  tall*  approch*  aat  alors  la  diaparition  de*  comportamam*  laminaiia* 
tuparcritiquat,  aim!  qua  das  taut*  da  prataion  qui  laur  sont  ataociy*  lortqu*  • O . 


I 
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Fig.  8 - Couplage  classique  : option  du  fluide  parfait  prolong^  i la  paroi. 


L'inclusion  d'une  ^uation  de  quantity  de  mouvement  normale  dans  les  mithodes  intigrales  constitue  cependant  leur 
le  plus  arbitraire,  attach^  h un  choix  sommaire  de  protils  de  pression  statique  p(3).  Nous  pensons  qu'il  est  pour  cette  raison  plus 
satisfaisant  el  plus  simple  d'approcher  pi 3)  en  prolongeant  le  calcul  de  fluide  irrotationnel  externe  4 I'intArieur  de  la  couche 
limite  f 0<  3 < Tacitement,  ce  proc4d4  est  utilis*  de  longue  date  en  calculant  les  effets  visqueux  par  glissement  du  fluide 

parfait  sur  I'ipaisseur  de  d^placement.  II  ignore  I'influence  des  effets  rotationnels  sur  la  pression  statique  mais  fournit.  regime 
hypersonique  exclu,  une  bonne  estimation  de  celle-ci  dans  la  region  externe  de  la  couche  dissipative,  oil  le  gradient  normal  prend 
effectivement  de  I'importance.  D'un  point  de  vue  pratique,  le  formalisme  des  m4thodes  int6grales  4 o peut  alors  etre 

conservi.  On  risoud  les  4quations  de  bitans  globaux  dans  la  direction  longitudinale  sans  ajouter  de  termes  nouveaux  par  rapport 
aux  4quations  de  Prandtl,  mais,  au  lieu  de  piloter  les  4quations  par  la  pression  externe  p , le  gradient  de  pression 

iongitudinal  est  relev4  dans  le  prolongement  fictif  du  fluide  parfait,  le  long  de  sa  frontiire,  plac4e  4 la  cote  ymYt*)  de  la 
paroi.  Dans  le  cas  subsonique,  le  prolongement  du  fluide  parfait  jusqu'4  la  surface  de  d4placement  ycxO^S^cx)]  petit  suffire, 
et  une  itude  exp4rimentale  d4taill4e  [531  du  recollement  subsonique  derri4re  une  marche  nous  a montr4  que  le  champ  de  pression 
r4el  p(x  ),  r^paisseur  de  quantit4  de  mouvement  &**,  et  ce  param4tre  de  forme  H » vdrifient  indiff6remment  les  deux 
4quations  globales  : 


dx  ' ' u dx. 


2. 


f % 


dx  '•  ' U d»J(x^*) 


= -£l 

z 


la  Vitesse  de  fluide  parfait  prolong4e  ulac,  i*)  4tant  calcul4e  en  admettant  que  pix,S*}a'^Cx.,o)  . En  supersonique,  nous  avons 
montr4  |37|  que  le  prolongement  du  fluide  parfait  doit  4tre  effectu4  jusqu'4  la  paroi  ^ Vex.)  • o ^ , et  que  de  cette  manidre  on 
acquiert  la  certitude  d'tliminer  dans  tous  les  cas  les  comportements  supercritiques  qui  seraient  presents  avec  les  mimes  iquations  en 
conservant  Y •C|x).  Dans  ces  cas  difficiles  oil  des  sauts  de  pression  supercritiques-suberitiques  sont  prisents  dans  le  fluide  parfait 
en  y X S (x),  la  distribution  de  pression  continue  p(x, o ),  obtenue  dans  le  calcul  coupli  par  prolongement  du  fluide  parfait  en 
Ym  O , peut  toutefoii  s'tcarter  encore  de  la  pression  affective  4 ia  paroi  o ).  La  correction  nicessaire  ^ p(x,o)- 

peut  alors  4tre  calculie  4 posteriori  au  ntoyen  des  iquations  de  quantiti  de  mouvement  normales  visqueuses  et  non  visqueuses,  ainsi 
simplifiiet  : 


= K^u* 


K * K (X)  cs 


( pcx,0)  -p(x,0)  rx  (5*^5**). 

Nous  avons  pu  |S4|  sur  ces  bases  4 peine  plus  complexes  que  les  mithodes  classiques  de  Lees-Reeves-Klineberg,  traiter  le  problime 
du  (Mcollcment  turbulent  sur  une  rampe  supersonique  avec  un  risultat  semble  t-il  astez  compititif  par  rapport  aux  solutiont  Navier- 
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Stokes  actuelles  (Fig.  9).  L'^uation  de  I'entrainement  est  utilisie  pour  ^uation  Intigrale  auxlllaire.  L'Interaction,  partout  subcriti- 
que,  est  dlrectement  stabilise  par  la  condition  impost  d I'aval. 


0,90  0,95  1 1,05  no  1,15  1,20  S 

Fig.  9 — Interaction  choc-couche  limite  turbulente  Irampe  supersoniquel. 


Le  prolongement  du  calcul  de  fluide  parfait  d I'intirieur  de  la  couche  dissipative  demande  un  riexamen  de  la  formulation  du 
probldme  ooupli,  schimatls^  figure  8 pour  I'option  du  "couplage  i la  paroi".  Except^  en  prince  de  couches  dissipatives  libres 
(sillages),  la  giomitrie  du  domaine  de  fluide  parfait  est  connue,  et  la  difficulty  associ^e  au  positionnement  de  la  surface  libre  jeS(.x.) 
est  yiiminye.  Cette  simplification  a yti  mise  y profit  pour  les  calculs  transsoniques  de  profils  |55,  16|.  Le  prob.eme  de  fluide  par- 
fait est  inusuel  dans  la  mesure  oCi  ses  conditions  aux  limites  ne  sont  ni  de  type  direct  j^trl  x.,  o ) connu  ^ , ni  de  type  inverse 
[ u (x  ,0  ) connu  j . Les  conditions  de  couplage  sont  a priori  des  relations  complexes  Jff,,  liant  les  variables  visqueuses  et  non 
visqueuses  du  domaine  0<,y<S . iquivalentes  y leur  raccord  au  loin  de  la  paroi,  par  example  en  jt»S  . La  relation  diterminante 
pour  le  pour  le  probiyme  de  fluide  parfait  assure  le  raccord  des  vitesses  normales.  Elle  est  habituellement  condensye  en  introduisant 
une  ypaisseur  de  dyplacement.  Si  on  adopte  pour  celle-ci  une  dyfinition  conventionnelle,  la  condition  de  couplage  y la  paroi  est  dy- 
duite  du  raccordement  en  S , des  yquations  de  continuity  visqueuses  et  non-visqueuses,  et  de  dyveloppement  de  Taylor  des  gran- 
deurs non-visqueuses.  Si  o < Vtxj  < S(ac)  : 


i*-y)  "i 


Hx.  V ^ J-  fu  dac  (a,y) 


u (*.,y)  dx 


On  retrouve  dans  les  deux  premiers  termes  du  dyveloppement  les  conditions  classiques  de  glissement  sur  la  surface  de  dyplace 
ment,  ou  de  source  yquivalente  d la  paroi  : 


Le  dyveloppement  limity  est  consistant  asymptotiquement  I R-»eo)  avec  la  thyorie  du  second  ordre.  Nous  avons  montry  |37j 
qu'il  Test  aussi  avec  la  triple  couche  laminaire,  ce  qui  paraft  valider  son  emploi  pour  des  interactions  fortes.  On  doit  enfin  remarquer 
que  la  condition  de  source  y la  paroi  prycydente  n'est  approximative  qu'en  raison  de  la  dyfinition  conventionnelle  choisie  pour  5* . 


Line  dyfinition  plus  gynyrala  prend  en  compte  la  variation  suivant  Ou  de  I'ycoulement  non  visqueux  : 
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Cette  relation  est  rigoureuse,  ne  fait  appel  qu'aux  ^uations  de  continuity  visqueuses  et  non  visqueuses,  d I'adhyrence  visqueuse 
•f"  ( * , ® ) “ O . et  ao  raccordement  ; 


6im 

a- 


(»,3) 


= 9im 


Elle  est  applicable  quelles  que  soient  les  Equations  dynamiques  et  thermiques  du  domaine  visqueux,  et  myme  si  le  repere  ocO^ 
n'est  pas  tangent  h la  parol.  Globalement.  sachant  que  depend  essentiellement  de  [4^1  o)  - condition  aux  limites 

de  couplage  h la  paroi  est  du  type  . ^ ^ 


JR, 


O 


On  aurait  pu  attendre  une  relation  symytrique  en  u et  cr  , . La  relation  dissymytrique  ryelle  provient 

du  changement  d'ychelle  en  j inhyrent  au  phynomyrw  physique  de  couche  dissipative,  indyperKjamment  des  yquations  utilisyes  pour 
la  calculer. 


3.2.1. S.  Mithodas  simplifUes 

Signalons  pour  terminer  I'existence  de  mythodes  tres  simplifiyes  dans  la  prise  en  compte  des  effets  visqueux,  pour  des  ycoule- 
ments  od  les  techniques  prycydentes  sent  encore  peu  dyveloppyes,  comme  les  ycoulements  prysentant  des  dycollements  gynyralisys. 

Les  approximations  sont  gynyralements  fondyes  sur  les  yquations  de  Prandtl  pour  la  prydiction  des  points  de  syparation,  et  sur  des 
modyiisations  trys  spycifiques  des  dycollements.  On  peut  par  example  rechercher  la  frontiyre  d'une  eau  mone  isobare,  ou  encore  mody- 
liser  le  sillage  d'un  profil  dycrochy  comme  un  jet  libre  issu  d'une  rypartition  priditerminie  de  sources  iXlx.o  ),  disposies  sur  les 
rygions  dycoliyes  du  profil.  On  renvoit  dans  ce  cas  y quatre  mythodes  typiques  |56,  57,  58,  59|.  Outre  leur  manque  de  gynyrality, 
ces  mythodes  sont  surtout  insuffisantes  au  voisinage  des  points  de  syparation. 

Remarquons  enfin  que  des  approximations  de  meme  nature  sont  souvent  insyryes  dans  les  mythodes  yvoquyes  en  1 .4.  Dans  le  cas 
du  profil  transsonique  on  note  par  example  I'absence  de  calcul  du  sillage  (60,  61 1 I'ajustement  empirique  de  la  pression  au  voisinage  du 
bord  de  fuite  (60),  la  nxxiyiisation  de  pour  des  dycollements  lygers  (61),  le  traitement  sommaire  de  I'interaction  couche  limite  • 
onde  de  choc  par  ytalement  arbitraire  de  la  compression  (16,  55,  60,  61),  le  recours  y des  mythodes  numyriques  non  conservatives 
(55,  60,  61). 

2.  Progrys  dans  I'analysa  "Fhiide  Parfait  - Equations  de  Prandtl" 

2.1.  Irtclusion  des  modules  asymptotiques  ( ) 


Remarquons  tout  d'abord  que  la  consistance  des  mythodes  de  calcul  avec  ces  modyies  n'est  pas  indispensable,  puisque  dans  les 
applications  R est  toujours  fini.  Elle  foumit  nyannwins  un  guide  mathymatique  pour  I'approximation  et  I'estimation  de  I'erreur,  ainsi 
que  pour  la  hiyrarchisation  des  diverses  ychelles  de  longueur.  Notons  que  si  I'ychelle  S ne  pouvait  etre  reliye  y R'\  il  serait  alors 
nycessaire  poor  dyfinir  les  lois  de  similitudes  de  faire  appel,  comme  I'a  suggyry  Rom  (62),  y deux  nombres  de  Reynolds  distincts,  R 
et  (S  .R  ).  Les  effets  d'  un  chartgement  d'ychelle  de  la  couche  dissipative  % , et  d'un  changement  de  pression  gynyratrice  par  example, 
ne  seraient  alors  plus  semblables.  La  myrrre  question  pourrait  se  poser  y propos  des  ychelles  de  turbulence,  si  les  conditions  initiaies 
ytaient  choisies  hors  de  I'yquilibre 


Fig.  10  — Rampe  tupertattique  dicolUe  — 
Comportement  mymptotique 
(Vatsa  - Warta). 


4-14 


I 


En  laminaire,  un  progrds  longtemps  controversy  a yty  de  voir  que  I'usage  des  yquations  de  Prandtl  avec  un  couplaqe  fort  (ityra 
tion  sur  S*)  soffit  d sortir  des  limites  de  la  thtorie  do  second  ordre,  et  k inclure  des  modeles  asymptotiques  plus  complets,  voir  |9,  10|. 
Le  plus  notable  est  la  triple  couche,  dont  on  peut  vyrifier  que  sesyquations  sont  incloses  dans  celles  de  Prandtl  |63|.  et  pour  laquelle 
le  glissetnent  sur  la  surface  S*  conventionnelle  est  consistant  |37|.  Werl4,  Vatsa,  Burggraf  |63|  se  sont  de  plus  assurys  numyriquetnent 
de  la  convergence  uniforme  des  deux  approches  lorsque  R-voo  (Fig.  10).  Outre  les  problentes  de  dycollement  supersonique,  ('inclusion 
de  la  structure  en  triple  couche  est  une  garantie  pour  le  bord  de  fuite  laminaire  1 16|,  dycollement  natssant  Indus.  Pour  le  bord  de 
fuite  turbulent,  it  semble  qu'une  inconsistence  (16|  apparaisse  b I'ordre  S^dorsque  S-»o,R-»«o),  voir  section  1.1. 


2.2.  Adaptation  aux  bcoulements  complexes  — Profit  transsonique 


Initialement  ryservyes  aux  ycoulements  supersoniques  par  onde  simple  i dycollement  unique,  les  progres  des  mythrxfes  numyri 
ques  (section  31  ont  permis  ('adaptation  aux  dycollements  multiples  supersoniques  |64|  ainsi  qu'aux  ycoulements  trds  gynyraux  des 
mythodes  de  relaxation  pour  I'yquation  du  potential.  La  figure  11  rappelle  la  mythode  proposye  par  Melnik,  Chow,  Mead  |16)  pour 
I'exemple  typique  du  profil  portant  turbulent  non  dycoliy.  Elle  illustre  la  possibility  pratique  de  ryunir  sous  une  myme  modyiisation 


Fig.  11  — Conditions  de  coun'Tge  — 
Profil  portant  turbulent  not.  .^ecoUi 
I Melnik  • Chow  - Mead). 


des  phynomynes  divers  (couche  limite,  bord  de  fuite,  sillage  . . .1,  et  de  rysoudre  le  probiyme  de  fluide  parfait  ainsi  perturby  sans 
qu'une  connaissance  initiate  sur  la  solution  ne  soit  nycessaire.  Sur  le  profil,  les  effets  visqueux  sont  pris  en  compte  par  une  vitesse 
normale  non  nulle.  Le  tillage  se  manifeste  par  une  coupure  introduisant  des  sauts  de  vitesses  normales  et  tangentielles,  traduisant  res- 
pectivement  les  effets  d'ypaisseur  et  de  courbure  de  la  couche  dissipative.  On  a enfin  schymatisy  par  des  fonctions  correctrices  F,  Q , 
H,  les  modifications  apportbes  par  Atelnik  au  voisinage  du  bord  de  fuite,  modifications  rysultant  d'une  analyse  asymptotique  locale. 
Nous  avons  montry  dans  le  cas  non  portant  |54|  que  ce  type  de  mythode  peut  etre  enrichi  d'un  traitement  des  bulles  de  dycolle 
ments,  et  d'une  prise  en  compte  "objective"  de  ('interaction  couche  limite  - onde  de  choc,  moyennant  une  adaptation  locale  des 
maillages  k rtchelle  de  la  couche  limite,  et  ('usage  d'un  calcul  non  visqueux  conservatif  (Fig.  12). 


2.3.  Influence  amont  sans  dtcoHement  en  supersonique 

L'existence  de  ce  phynomyne  dymontre  rimportance  mathymatique  de  I'effet  de  couplage  dans  un  calcul  visqueux -rton  visqueux. 
Mis  k jour  par  let  ytudes  de  Crocco,  Lees,  Reeves,  Klineberg,  il  a yty  ytudiy  en  particulier  par  Neiland,  Garvine,  Weinbaum  |34,  35], 
et  corraspofxf  k l'existence  de  solutions  de  branchements  divergentes  pour  le  probiyme  de  conditions  initiales,  toutes  les  fois  que  la 
couche  dissipative  est  subcritique.  II  est  yquivalant  de  dire  que  I'on  obtient  paradoxalement  un  probiyme  de  conditions  initiales  mal 
posy  par  couplage  d'yquations  hyperboliques  et  paraboliques,  et  qu'il  doit  ytre  ramplacy  par  un  probiyme  aux  limites  comportant 
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une  condition  d I'avat  (Fig.  61.  On  pourra  se  reporter  d [37J.  Indiquons  qu'il  s'agit  d'un  ph^nom4me  contenu  dans  des  Equations 
liniaires,  qui  risulte  de  la  forme  particuliire  de  la  relation  de  cooplagejl  ivoquto  section  1.4.  Posant  0iir/u  et  notant  M le 
nombre  de  Mach  visqueux,  on  obtient  en  integrant  les  Equations  de  Prandtl  de  i ijmS  avec  6(k,o^»o 


e 


(*,5) 


L'expression  de  C correspond  au  cas  iso4nerg4tique,  et  la  singularity  associte  d IA»0  sera  ici  laisste  de  c6t4.  De  myme,  dans 
une  mythode  intygrale,  la  condition  aux  limites  imposye  au  fluide  parfait  s’ycrit  schymatiquement,  voir  (37|  ; 


dx. 


oil  .Dj  dypendent  du  nombre  de  Mach  dans  le  fluide  parfait  M (».o  | ainsi  que  de  I'ytat  local  de  la  couche  (imite.  L'annu- 

lation  de  li,  correspond  y la  singularity  de  dycollement,  celle  de  aux  points  critiques  de  Crocco,  Lees.  L'yiyment  important  est  le 
caractyre  quasi  linyaire  entre  0 et  “^P/dx  t*®  ®®s  relations.  Si  le  fluide  parfait  supersonique  est  une  onde  simple,,  il  en  rysulte  ; 


■ + Ci  C d'interacCion  ) 

VA 

La  solution  linyarisye  locale  & = C -t-W  •©  explique  les  solutions  de  branchement  divergentes  lorsque  B>0 

(ou  encore  D<.D»>o).  Dans  le  cas  d'un  sillage  supersonique  oii  M (x , ^ ) ne  s'annule  pas,  I'intygrale  B peut  servir  y carac- 
tyriser  le  comportement  subcritique  ( B>o  ) ou  supercritique  ( B<.o  ) et  remplacer  la  dyfinition  de  Crocco,  Lees.  Toutes  les 
fois  qu'une  configuration  est  subcritique,  la  solution  doit  ytre  stabilisye  par  une  condition  imposye  y I'aval,  ayant  une  influence 
d^croissante  vari  Tamont  (branchement).  Si  la  region  subcritique  se  poursuit  d I'aval  par  ur>e  r^Qion  supercritique,  la  condition  sera 
celle  de  rygularity  au  col  (point  critique)  syparant  les  deux  rygions.  II  s'agit  de  &-C  ou  dans  I'analyse  ci-dessus.  Si 

la  rygion  subcritique  se  prolonge  y I'infini  aval,  la  condition  gynyralement  choisie  sera  d'imposer  le  retour  y la  solution  asympto- 
tique  d'interaction  faible,  c'est-y-dire  ‘^P/dx'O  dans  le  cas  de  la  rampe  supersonique.  II  est  enfin  important  de  noter  que  le 
signe  de  B est  tributaire  de  I'ypaisseur  physique  S de  la  couche  dissipative.  Nous  avons  indiquy  |37|  que  I'incertitude  associye 
devait  ytre  yvitye  en  s'attachant  i la  relation  effectivement  appliquye  au  fluide  parfait  sur  sa  frontiyre.  On  redyfinit  alors  une 
nouvelle  intygrale  B qui  diffyre  selon  que  la  frontiyre  est  en  S , en  S*  , ou  y la  paroi.  Dans  ce  dernier  cas  : 

5 = P,m  / ^ 

Cette  expression  garantit  des  interactions  toujours  subcritiques  I B>0),  le  modyie  de  couplage  devenant  ainsi  toujours  ellip- 
tique,  comme  les  yquations  de  Navier  Stokes  ellevmymes. 


M (*,>43  ; non<vi3qutux  ^ 

M(*,a3=  vij<}u*ux 


2.4.  DicoHement  — Singularity  et  influence  amont 

Une  partie  des  difficultys  associyes  au  dycollement  provient  des  analyses  asymptotiques.  Pour  I'interaction  faible,  la  pression  est 
imposye  aux  yquations  de  Prandtl  qui  manifestent  alors  une  singularity  en  racine  carrye  ( 6|  au  voisinage  du  point  de  frottement  ■'ul. 


V'esE/^o  7 dx  ' ^ 


n'ytant  pas  bornys.  Dans  le  cas  laminaire  incompressible,  la  dyrivatlon  des  yquations  Iccaies 
foumit  y la  paroi  : 


5 . X 'i 

■Bx  Ba** 


La  singularity  ne  disparait  que  si  ^ »'annule  au  dycollement,  ce  qui  ne  peut  ytre  le  cas  pour  une  distribution 

amont  pM  queloonque.  Une  image  de  cette  singularity  est  aussi  prysente  dans  les  mythodes  intygrales  usuelles  (37),  la  condition 
de  rygularity  aux  points  correspondants  ytant  de  la  forme  : 


i 
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^ c»te  - -.5*. 
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La  singularity  disparait  sitdt  le  couplage  fon  das  yquations  de  Prandtl  au  fluide  parfait  rytabli,  puisque  I'histoire  amont  pM 
da  la  pression  est  influancye  par  la  rygion  dyooliye,  y compris  an  rtgime  suparsonique  (saction  2.3),  at  qua  las  conditions  de  singu- 
larity ynoncyas  ci-dassus  pauvent  ytre  satisfaites.  A la  limite  R-m,  le  modyie  en  triple  couche  foumit  da  cette  fagon  das  solu- 
tions dycoliyes,  mais  le  franchissement  du  "point  de  syparation"  n'est  pas  rygiy.  puisque  la  triple  couche  toute  entiyre  se  ryduit  d 
un  point  si  R-m  . Cene  difficulty  asymptotiqua  disparait  dans  les  calculs  pratiques  ou  R est  fini,  at  oil  das  couches  limites 
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Fig.  13  — Dicollement  incompressible  - Solution  des  Equations  de  Prandtl  /Carter). 

insyrant  des  bulles  da  dycoiiement  pauvent  ytre  rysolues.  La  comparaison  aux  solutions  Navier-Stokes  est  favorable  (Fig.  13),  et 
Ton  peut  en  outre  dymon'rar  qua  les  solutions  ryguliyres,  Navier-Stokes  ou  bien  Prandtl,  dycollent  de  la  paroi  sous  Tangle  |9  tel 
que  : 

= W >Jovi€r-Sbol<a« 


P>-o 


fVnndtl 


Le  probiyme  ooupiy  n'ytant  pas  singuliar,  les  difficultys  numyriques  associyes  aux  bulles  dycoliyes  proviennent  du  souci  de 
maintenir  dissociys  les  calculs  de  flu'da  parfait  at  de  couche  limite.  Trois  solutions  de  couche  limite  ont  yty  envisagyes.  La  premiire 
rysoud  les  yquations  de  couche  limite  instationnaires  |65|  pour  one  pression  pl»)  issue  d'un  calcul  de  fluide  parfait  stationnaire. 

En  principe,  seui  le  respect  des  conditions  de  compatibility  au  point  de  dycollement  autorise  un  ytat  stationnaire  limite  rygulier,  et 
la  pression  pisc)  doit  ytre  ajustye  4 cet  effet.  La  seconde  mythode  consists  b dyvelopper  des  calculs  classiques  de  couche  limite 
stationnaire  ou  p (x.)  est  donny  (calculs  directs).  KUneberg,  Steger  |66|  ont  montry  dans  ce  cas  que  le  passage  du  point  de  dycoT 
lement  est  numyriquement  hasardeux,  myme  si  la  loi  p(x)  imposye  est  effectivement  celle  qui,  par  une  autre  technique,  sur  le 
myme  maillage,  avec  les  mymes  yquations  discrytisyes,  conduirait  b une  solution  ryguliyre.  II  nous  semble  utile  dans  Texploitation  des 
calculs  de  couche  limite  cisssique  au  voisinage  de  Cf  • O de  noter  que  Tobtention  de  ce  point  rysulte  plus  souvent  d'une  divergence  numy- 
rique  que  du  traitement  de  la  singularity  en  racine  carrye,  et  que  de  ce  fait  le  dycollement  ne  peut  ytre  "prydit"  que  si  la  divergence 
numyrique  renforce  Is  dycroissance  de  Cf . De  plus,  dans  de  nombreuses  mythodes  intygrales,  la  singularity  et  Tannulation  de  ne 
coincident  pas  rigoureusement.  Urte  extension  de  ces  calculs  directs  aux  rygions  dycoliyes  a yty  suggyrye  par  Gay,  Assassa  et  Pletcher, 
Dancey  |67| . Au  lieu  d'imposer  p(x),  ils  imposent  la  Vitesse  longitudinale  externe  u(»|,  reliye  A pM  par  la  relation  de  Bemouilli  : 


-LiE. 

^ dx  ft 


du 

dx 


. d\r 


= o 


La  pression  p(»)  au  voisinage  du  dycollement  peut  ainsi  ttre  adaptye,  puiajue  le  terme  ■ habituellement  nygligeable,  devien- 

drait  infini  en  cat  da  singularity.  La  troisiyme  technique  da  calcul  est  dite  inverse.  La  rbgulariti  des  solutions  est  obtenue  en  fsisant  de 
p (•)  un  rtsultat  du  calcul,  moyannant  Is  donnye  de  STou  Cp  par  example  1 68, 66,  69).  Les  mythodes  prycydentas  1 67 j sa  rattachent 
done  en  fait  b cette  catygorie.  On  ranvoit  b Carter  169)  pour  une  analyte  firw  des  changementt  de  tchymss  numyriquet  dans  les  rygions  de 
retour  (influence  aval),  das  ityr ations  de  relaxation,  du  maintien  de  la  dominance  diagonale  des  matrices  dans  le  dycollement, de  la  valaur 
da  Tapproximstion  "flare".  Due  b Reyhner.  FlOggeha  1 43),  cette  dernitre  consists  b n4gliger  les  termes  convectifs  u'S.t  at 
dans  las  zones  de  retour  pour  te  ramenar  b un  pfobAms  de  conditions  initiates.  Voir  austi  Oebeci  ( 70).  La  conclusion  de  Carter  est  de 
racommander  la  mythode  b tTw  fixy,  cslle-cl  ytant  aisyment  introdulta  par  une  transformation  de  la  fonction  de  courant  t|>; 


t (*.9)  -*.%)] 
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Les  mithodes  de  couche  llmite  invenes  traitent  I’influence  de  I'aval  convectte  par  les  courants  de  ratour,  sauf  dans  I'approximation 
flare.  La  part  essentielle  de  I'influence  amont  paraft  des  tors  contenue  dans  la  corxfition  aux  limites  impos4e,  issue  du  couplage  fort 
au  flulde  parfait.  L'effet  de  couplage  semble  ici  de  nouveau  itre  determinant.  II  y a en  effet  une  forte  prisomplion  (44,  71,  70|  pour  que 
le  calcul  de  couche  llmite  direct  A p(x)  fixe  soil  mal  pose  d'amont  en  aval  dans  les  regions  decoliees,  si  I'approximation  Flare  ou  bien  si 
une  methode  integrate  sont  utilisees.  L'examen  d'une  resolution  integrate  instationnaire,  e p(x)  fixe,  nous  a montre  |37|que  Tune  des 
directions  caracteristiques  du  systeme  dans  le  plan  (x,t ) s'oriente  vers  I'amont  dans  les  regions  decoliees.  II  en  resulte  qu'une  cortdition 
aval  excedentaire  doit  etre  ajoutee  lorsque  le  calcul  n'inclut  pas  le  recollement.  S'il  I'inclut,  la  condition  est  automatiquement  remplacee 
par  la  condition  de  regularite  des  solutions  au  recollement,  dont  le  rble  maieur  est  ainsi  preserve. 


\ 

u 

I 

I 


2.5.  Interaction  couche  limite  ■ ortde  de  choc 


Les  equations  de  Prandtl  coupiees  n'eiiminant  aucune  influence  de  I'aval  sur  I'amont  (sections  2.3  et  2.4),  le  traitement  de  I'interaction 
couche  limite  onde  de  choc  est  automatique  e la  double  condition  que  la  discretisation  numerique  soit  e I'Achelle  des  phenomenes,  et 
qu'elle  preserve  I'influence  de  I'aval.  De  plus,  un  progres  important  dans  la  formulation  des  methodes  numeriques  recentes  (44,  54,  64| 
permet  de  traiter  des  probtemes  bien  poses  oil  les  interactions  peuvent  etre  multiples  et  apparaissent  d'elles  nrtemes.  Globalement,  les 
risultats  quantitatifs  paraissent  fiabtes  dans  le  cas  laminaire  (Fig.  14).  Pour  les  methodes  intAqrales  turbulentes,  I'ameiioration  de  la  for 
mulation  par  prolongement  du  fluide  parfait  A la  parol  apporte  un  progres  notable  (Fig.  9 - 12),  quantitativement  et  qualitativement 
(suppression  des  sauts  de  pression  supercritiques).  Pour  les  ntethodes  aux  differences,  outre  les  approximations  de  couplage  et  le  traitement 
des  ondes  de  choc  internes  A la  couche  limite,  les  problemes  e faire  progresser  touchent  aux  insuffisances  des  modeiisations  de  la  turbu- 
lence  et  de  la  transition,  exactement  comme  dans  le  cas  des  equations  de  Navier-Stokes. 


3.  Progres  dans  tes  methodes  numeriques  de  couplage  fort 

3. 1.  Mithodes  de  titonnement  en  supersonique  (Marching! 

Le  couplage  des  equations  de  Prandtl  et  d'Euler,  aussi  bien  que  la  parabolisation  des  equations  de  Navier-Stokes,  conduisent  le  plus 
souvent,  en  supersonique,  A des  probtemes  de  conditions  initiates  mal  poses.  Ms  sont  cependant  faiblement  mal  pose,  puisqu'une  seule 
condition  stabilisatrice  aval  est  gAntralement  suffisante.  Rappelons  ici  que  cane  propriete  a ete  largement  exploitee  dans  tes  methodes 
anciennes  pour  ignorer  le  probteme  aux  limites  et  respecter  la  condition  aval  par  titonnentents  successifs  sur  tes  conditions  initiates. 
Celles-ci  etaient  connues  A un  parametre  de  perturbation  pris,  qui  etait  traite  comme  une  valeur  propre.  Son  affinement  progressif  permet- 
tail  d'integrer  de  plus  en  plus  loin  vers  I'aval  le  probteme  mal  pose.  Voir  (27,  33,  43,  38).  La  precision  nunterique  necessaire  sur  la  valeur 
propre  devenant  souvent  prohibitive,  le  domaine  de  calcul  devait  en  pratique  se  reduire  aux  seules  regions  de  fortes  interaction  visqueuse, 
supposees  localiseas  A I’avance  et  traitees  independamment  I'une  apres  I'autre.  Dans  le  cat  des  methodes  integrales  oil  la  condition  aval 
etait  un  point  col  (pt.  critique),  un  premier  proges  applicable  pour  certains  ecoutements  simples  a ete  d'integrer  dans  le  plan  de  phase,  en 
partant  du  col  et  en  remontant  vers  I'amont  (voir  (41 1 ).  D'un  point  de  vue  pratique,  le  recours  A ces  techniques  peut  maintenant  4tre 

evite. 


32.  Mithodes  pmjdo-instationnaire$ 

Deux  methodes  recentes  de  ce  type  doivent  etre  notees.  La  premiere  est  suggerea  par  Briley,  Me  Donald  ( 6S|  pour  let  bullet  de  decol 
lemant  en  Incomprattible.  Ella  att  fondee  tor  la  resolution  des  equations  inttationnairet  veritablet  de  la  cnucha  limita.  La  methoda  att 
pteudo  instationnaire  car,  A cheque  pat  de  tempt  da  couche  limite,  le  fluide  parfait  att  reaiutte  comme  un  ecoulement  tiationriira  tubittant 
I effet  de  deplacement  la  plus  recammant  calcuie.  La  tachniqua  n'att  juttiftea  que  par  I'obtantion  de  tolutiont  stationnairet.  Let  retultatt 
obtanut  tur  det  maillaget  emez  Itches  partltnnt  ancourageantt,  et  tom  peu  altertt  ti  let  equations  de  couches  limites  sont  ramplacees  par 
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calles  d«  Navier  Stokes.  Les  solutions  de  coucha  limite  non  coupMas  ont  un  comportatnant  anormai  dans  la  region  d4coll4e  maigr4  I'appro- 
cha  instationnaira. 

La  seconda  nt4thoda  ast  cella  da  W0rle,  Vatu  (44,  63,  64  | pour  les  tcoulements  d4coll4s  suparsoniques.  La  fluide  parfait  na  peut  4tre 
qualconqua,  son  calcul  itant  rtduit  4 una  relation  pression-dAviation  du  type  onde  simple  (Praixltl-Mayer,  diMra  tangent  . . .1.  La  mithoda 
r4soud  par  difftrancas  finies  las  Aquations  de  Prandtl,  couplAes  au  fluide  parfait  prolongA  jusqu'A  la  surface  de  dAplacamant.  Par  rapport 
aux  mAthodes  suparsoniques  antArieuras,  I’apport  fondamental  de  Werle,  Vatsa  est  d'abartdonnar  las  mAthodes  de  tAtonnement.  at  de  rA- 
soudre  diractement  un  problAme  aux  limites.  Pour  la  rampe  supersoniqua,  la  condition  aux  limites  aval  peut  par  example  consister  A Agaler 
au  dernier  point  A la  pente  de  la  rampe.  SchAmatisant  largement,  le  gradient  de  pression  de  la  couche  limite  peut  s’exprimar  an 

function  de  ^*^d»*  grAce  A la  relation  de  fluide  parfait,  et  donner  : 

^ •(K  - R 

D,  (x,y) 

Cette  relation  antra  le  profil  da  vitesse  ulac.y ) et  {Test  randue  instationnaira,  puis  rAsolue  par  une  mAthode  de  direction  alternAe  . 


Le  premier  dami-pas  de  temps  correspond  A un  calcul  amont-aval  de  couche  limite  classique.  La  pression  y est  momentanAment  figAe 
A Celle  du  temps  n et  une  procAdure  spAciale  est  requise  pour  passer  les  dAcollements.  Le  second  demi-pas  de  temps  diffuse  d'amont  an 
aval  les  variations  de  S*.  done  de  pression.  La  convergence  est  asset  rapide  ( 10  A 80  itArations).  La  mAthode  est  la  premiAre  technique 
supersoniqua  opArationnelle  d'un  point  de  vue  pratique,  appliquAe  par  example  A des  dAcollements  successifs  sur  une  paroi  sinusoidale. 


3.3.  Mithodes  stationnairas  itiratiaea 

L'idAe  est  d'itArer  sur  les  calculs  stationnairas  visqueux  et  non-visqueux,  Dans  I'itAration  directe,  la  pression  p|x)  est  imposAe  A la 
couche  limite  qui  calcule  le  diplacement  iU)  . Celle-ci  appliquAe  au  fluide  parfait  (calcul  direct)  fournit  une  nouvelle  pression  p(x), 
etc  . ..  En  cas  d'usage  d'une  mAthode  de  relaxation  elle-mAme  itArative  pour  le  fluide  parfait.  Lock  |55|  a suggArA  de  mAler  les  deux  itA- 
rations, et  de  calculer  la  couche  limite,  par  example  toutes  les  10  itArations  de  relaxation.  Le  procAdA  n'est  simple  qu'en  apparence.  La 
pression  doit  Atre  dArivAe  pour  calculer  la  couche  limite.  La  convergence  n'est  ni  optimisAe,  ni  mAme  assurAe.  Les  dAcollements  ne  peuvent 
Atre  traitAs. 

Bnjna,  Rubbart,  Nark  (72)  ont  pour  cette  raison  proposA  de  linAariser  les  calculs  de  fluide  parfait  et  de  couche  limite  au  voisinage 
de  I'itAration  ti , et  d'Avaluer  les  matrices  d'influence  correspondantes  P"et  . ConsidArant  les  valeurs  discrAtisAes  S^",  p"  (fluide 
parfait)  at  (couche  limite),  on  a : 


» f • C ^ i ) Fluidt,  ParfalC 

» • C " Fi*)  Couch*  LWite 

Partant  da  valeurs  9i,  ,p'|.  qui  peuvent  Atre  distinctes  pour  le  fluide  parfait  et  la  couche  limite.  on  peut  alors 
dAtarminer  la  solution  exacte  du  problAme  couplA  linAariiA  , pi*^  • Qu*  s'axprime  matriciellement  par  : 

Deux  nouveaux  calcult  de  fluide  parfait  et  de  couche  limite  »nt  effectute  avec  pour  conditiont  retpectives  o et  p . 
Oa  noueallae  matrices  d'influanoes  at  font  rAattimAes,  etc  ...  SI  let  effats  de  oouplage  tont  falblement  non-  linAaires, 

la  oonvarganca  est  rapide.  Cheque  itAration  ast  oomplexe.Ella  damande  I'invartion  d'une  matrica  pleine  ( 1 -'PTST),  et  surtout 
I'attimation  das  mairioet  d'influanoes  P*  et  ET  . Calle-cl  raquiert  gAnAralament  la  rAsolution  par  diffArenoas  finies  d'Aquations 
linAaritAai  da  fluida  parfait  at  da  couche  limite,  an  supplAmant  das  Aquations  non-linAairas. 
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Une  mise  en  (suvre  plus  simple  est  obtenue  en  perfect ionnant  I'lt^ration  directe  4voqu4e  plus  haut.  SI  U^et  0(*)  sent  le 
module  et  la  direction  de  la  vitesse  sur  la  fronti§re  du  fluide  parfait,  le  probldme  6 r^soudre  est  une  iteration  de  point  fixe 
s'icrivant  apris  discretisation  : 

©r  = ■■■©(■■■] 

L'op^raieur  ^ correspond  d fa  succession  d'un  celcul  de  ftuide  parfait  et  de  couche  Itmtte.  La  convergence  de  I'it^ration  est 
Ii6e  aux  valeurs  propres  de  Top^rateur  lin^aris^  v^ifi6  par  les  petites  perturbations  9;: 

= Fi-i  . 

Nous  avons  montre  |54l  par  une  analyse  locale  approchee  du  fluide  parfait  et  de  la  couche  limite,  que  les  valeurs  propres 
de  s'associent  i des  distributions  9(x)  sinusoi'dales,  et  qu'elles  ont  pour  expression  : 

A ; pulsation  de.  ^(x.) 

M : notnbre  de  Mach  local 

S ••  fenction  de  la  couche  limits,  locale 

La  valeur  ^(A)  de  plus  grand  nxxfule  correspond  i la  pulsation  A maximale  que  permettent  le  maillage  en  x ainsi  que 
les  schemas  de  discretisation  utilises.  On  peut  encore  montrer  que  le  caractere  imaginaire  de  ^ , en  supersonique,  autorise  I'ite- 
ration  i propager  vers  I'anxjnt  les  informations  si  0>O  (interaction  subcritique).  II  en  resulte  que  la  resolution  directe  d'un  pro- 
bieme  bien  pose  est  possible,  voir  |54).  La  connaissance  du  maximum  de  ^(A)  permet  en  outre  de  stabiliser  le  calcul  en  eva- 
luant  en  tout  point  un  coefficient  de  sous-relaxation  w"  : 

0“'.  e"* 

On  peut  nrmntrer  que  o si  Ton  se  rapproche  du  point  de  decollement  (54|. 


En  cas  de  bulle  decoliee,  le  calcul  de  couche  limite  devient  forcement  inverse  ( @(x)  connu,  U (*•)  calcuie).  On  peut  alors 
lui  associer  un  calcul  de  fluide  parfait  du  type  inverse  ( LJ  (xl  connu,  (S)(x)  calculi)  pour  former  une  itiration  de  point  fixe  sur 
L)  (x),  stabilisable  par  sous-relaxation.  Cette  technique  a iti  utilisie  par  Carter,  Womom  |45|.  Le  calcul  inverse  est  bien  adapti 
aux  couches  limites  dicollies  car  leur  pression  varie  lentement  avec  © ( /dQ  petit).  La  situation  est  opposie  dans  les  rigions 
attachies  ( ^'-*/d®  grand),  de  sorte  que  I'itiration  inverse  y devient  mal  appropriie.  Klinebers,  Steger  |42)  ont  pour  cette 
raison  traiti  les  profils  transsoniques  par  une  itiration  mixte,  directe  dans  les  rigions  attachies,  inverse  dans  les  rigions  dicollies 
ou  proches  de  I'itre.  Cette  mithode  exige  des  calculs  de  fluide  parfait  i conditions  aux  limites  mixtes,  et  soulive  des  difficultis 
numiriques  lorsqu'elle  doit  itre  giniralisie  i des  icoulements  prisentant  des  rigions  directes  et  inverses  ripities,  voir  (54). 


Fig.  15  - Itiration  de  coupiage  "semi-inverse". 


Nous  avons  proposi  |54J  de  remplacer  I'itiration  inverse  des  rigions  dicollies  par  une  itiration  semi  inverse  (Fig.  15).  Son 
principe  est  d'associer  le  calcul  de  couche  limite  inverse  i un  calcul  de  fluide  parfait  direct,  common  aux  rigions  attachies  et 
dicollies.  Pratiquement,  le  problime  consiste  i modifier  itirativement  la  distribution  ©(x)  pour  amener  i coincidence  les  deux 
estimations  de  la  vitesse,  U (x)  et  U (x),  issues  respectivement  du  fluide  parfait  et  de  la  couche  limite.  Une  analyse  de  mime 
type  a iti  appliquie  par  Kuhn,  Nielsen  173)  au  profil  transsonique  symitrique,  mais  elle  excluait  I'interaction  couche  limite  ■ 
onde  de  choc,  et  exigeait  des  titonnements  manuels.  Nous  avons  pu  difinir  une  procidure  itirative  automatique  et  stable  pour 

corriger  ©"*)  La  correction  est  obtenue  i partir  de  I'erreur  en  simulant  localement  un  calcul  de  fluide 

parfait  liniarisi  inverse,  voir  (54),  La  mithode  a iti  appliquie  en  subsonique  comma  en  supersonique  oil  elle  risoud  un  problime 
aux  limites  bien  posi.  commutations  de  I'itiration  directe  i I'itiration  semi-inverse  sont  piloties  par  I'itat  local  da  la  couche 
limite.  de  sorte  qua  les  dicollements  peuvent  itre  multiples  et  apparaissent  d'eux-mimes.  De  telles  mithodes  apparaisaent  comma 
la  compliment  natural  das  mithodes  de  relaxation  transsoniques  non-visqueuses. 
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CONCLUSIONS 

Parallilement  aux  mithodes  de  resolution  numerique  des  equations  de  Navier-Stokes,  il  est  possible  de  calculer  les  ecoulements 
visqueux  e grands  nombres  de  Reynolds  oomme  des  probietnes  de  fluide  parfait  parturbes. 

Une  premiere  possibilite  est  de  resoudre  des  equations  de  Navier  Stokes  tronquees  oCi  les  equations  d'Euler  font  incbses.  On 

0 obtient  alors  des  systemes  paraboliques  dont  le  traitement  est  corxlitionne  par  leur  caractere  mal  pose  en  subsonique,  sitbt  qu'ils 

sont  formuies  comme  des  probiemes  de  conditions  initiates.  Cet  effet  est  d I'origine  de  I'influence  exercee  par  I'aval  sur  I'amont, 
influence  persistant  en  regime  supersonique  grice  aux  parties  subsoniques  des  couches  visqueuses.  Toutes  les  fois  que  I'influence  de 
I'aval  est  importante,  la  resolution  d'un  probieme  aux  limites  doit  dtre  envisagee.  On  peut  alors  introduire  une  iteration  analogue  aux 
methodes  de  relaxation,  operant  par  balayages  successifs  de  I'amont  vers  I'aval.  L'avantage  par  rapport  aux  techniques  totalement 
elliptiques  est  de  limiter  I'iteration  au  seui  champ  de  pression,  les  autres  variables  etant  calcuiees  comme  dans  un  probieme  de  condi- 
tions initiates.  Le  stockage  en  memoire  du  seuI  champ  de  pression  presente  un  interet  evident  pour  I'extension  aux  ecoulements  tridi- 
mensionnels.  Les  probiemes  encore  peu  explores  dans  cette  approche  sont  ceux  de  la  capture  des  orxfes  de  choc,  et  du  traitement  des 
bulles  de  recirculation. 

La  seconde  technique  consiste  i perturber  un  probieme  de  fluide  parfait  seulement  dans  ses  conditions  aux  limites  qui,  au  lieu 
d'etre  connues  e I'avance,  resultent  alors  d'un  couplage  avec  le  calcul  des  phenomenes  dissipatifs.  Une  premiere  possibilite  pour  ce 
calcul  est  de  recourir  aux  methodes  asymptotiques.  Les  analyses  disponibles  permettent  d'aborder  I'interaction  couche  limite-onde 
de  choc  ainsi  que  les  ecoulements  de  bord  de  fuite.  L'apparition  et  le  developpement  de  certains  types  de  decollements  est  possible, 
e I'exception  du  cas  turbulent,  cette  lacune  etant  certainement  la  plus  importante.  En  laminaire,  ces  analyses  valident  dans  de  nom- 
breux  cas  I'utilisation  des  equations  de  Prandtl  pour  les  nombres  de  Reynolds  eieves.  Une  seconde  possibilite  de  calcul  consiste  i 
traiter  les  regions  de  forte  interaction  visqueuse  par  une  resolution  locate  des  equations  de  Navier-Stokes,  raccordee  au  loin  e un 
ceicul  de  fluide  parfait.  Le  choix  des  conditions  de  raccordement,  ainsi  que  I'etude  des  algorithmes  permettant  de  les  realiser  dans  le 
cas  stationnaire  sont  encore  asset  peu  avances.  Les  methodes  de  couplage  les  plus  developpees  traitent  la  frontiire  du  fluide  parfait 
comme  une  surface  libre  positionnee  entre  la  paroi  et  la  fronttere  externe  physique  des  couches  visqueuses.  Le  calcul  dissipatif  est 
restraint  e ces  seules  regions  et  fait  generalement  appel  e des  equations  simpllfiees.  Un  progres  recent  de  ces  methodes  a consiste  e 
' les  rendre  operationnelles  sur  le  plan  pratique.  On  peut  maintenant  envisager  une  convergerKe  automatique  du  processus  iteratif  de 

couplage  e tous  nombres  de  Mach,  regime  transsonique  inclus,  pour  des  configurations  reunissant  des  phenomenes  divers  tels  que 
bords  de  fuite  et  interaction  couche  limite  - onde  de  choc.  La  solution  apparaft  d'elle-meme  sans  qu'un  predicteur  initial  ne  soit 
‘ requis,  meme  en  presence  de  multiples  bulles  de  decollement  dans  les  couches  dissipatives.  Ces  progres  dans  la  definition  d'algorithmes 

1 stables  evitent  les  lissages  arbitraires  et  resolvent  des  probiemes  bien  poses,  respectant  I'influence  de  I'aval  sur  I'amont  permise  par  les 

equations  simplifiees  choisies.  Un  element  important  est  qu'une  influence  totale  est  deje  permise  par  le  modeie  simple  des  equations 

I d'Euler  ooupiees  aux  equations  de  Prandtl,  meme  si  ces  dernteres  sont  resolues  par  une  methode  integrate.  Les  discontinuites  de  pres- 

I Sion  anormales  associees  aux  couches  limites  supercritiques  peuvent  maintenant  dtre  eiiminees,  et  sont  vraisemblablement  en  rapport 

avec  la  penetration  des  ondes  de  choc  i I'interieur  des  couches  turbulentes.  Les  profils  transsoniques  portants  non-decolies  sont  de 
cette  fagon  asset  bien  calcuies,  de  meme  que  le  decollement  et  I'interaction  couche  limite-onde  de  choc  en  regime  supersonique  la- 
I minaire.  En  cas  d'application  de  methodes  aux  differsnces,  le  traitement  des  ondes  de  choc  internes  e la  couche  turbulente  par 

adoption  d'equations  de  Navier-Stokes  tronquees  est  encore  i developper.  II  est  par  ailleurs  indispensable  dans  tous  les  cas  de  faire 
progresser  les  modeies  de  turbulence,  et  notamment  pour  I'interaction  couche  limite-otKJe  de  choc , le  decollement,  la  transition  dans 
les  decollements  de  bord  d'attaque.  En  revanche,  dans  le  cas  laminaire,  la  resolution  par  differences  finies  des  equations  de  Prandtl 
coupiees  au  fluide  parfait  fournit  des  solutions  fiables  pour  le  decollement  et  I'interaction  couche  limite  - onde  de  choc  en  superso- 
nique. II  en  est  de  meme  en  subsonique  pour  les  calculs  inverses  de  couche  limite  decoliee  lorsque  I'epaisseur  de  deplacement  est 
connue. 
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SUMMARY 


The  extensive  Interest  in  three-dimensional  flow  separation  Is  linked  closely  with  wings  of  high 
leading-edge  sweep  and  bodies  of  large  fineness  ratio  operating  at  large  angles  of  Incidence  or  yaw, 
that  are  typical  of  many  high-speed  aircraft  and  missile  layouts.  Characteristically,  these  boundary- 
layer  separations  can  lead  to  comparatively  steady  streamwise  vortices,  unlike  the  more  familiar  two- 
dimensional  separations  with  their  Irregular  mixing  flows  and  buffeting.  Customarily  accompanying  these 
strong  vlscous/inviscid  interactions  on  hypersonic  configurations  Is  substantial  heat  transfer  to  the 
surface  In  zones  of  flow  re-attachment. 

This  part  of  the  lecture  series  will  deal  with  quasi-steady  three-dimensional  separated  flows 
about  practical  flight  vehicles.  The  general  character  of  the  three-dimensional  attached  boundary  layer, 
the  concept  of  limiting  streamlines,  and  the  present  understanding  of  the  physics  of  three-dimensional 
separation  and  re-attachment  will  be  offered.  Specific  examples  will  than  be  treated. 

The  advantages  of  swept,  sharp  edges  that  generate  controlled  (or  fixed)  three-dimensional  flow 
separations  on  a vehicle  - because  of  the  qualitatively  unchanging  flowfleld  developed  throughout  the 
range  of  flight  conditions  - are  promoted  In  preference  to  allowing  uncontrolled  (or  unfixed)  separations. 
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1.0  INTRODUCTION 

The  earlier  studies  by  Maskell  and  KUchemann  on  flow  separation  In  three  dimensions,’ drew 
attention  to  the  constructive  role  played  by  lines  of  separation.  They  proposed  that  these  three- 
dimensional  (30)  separation  lines  could  be  regarded  as  the  skeleton  around  which  the  entire  flow  structure 
could  be  assembled. 

When  the  separation  lines  can  be  fixed  by  salient  edges  (sharply-swept  leading-edges,  for  Instance, 
Fig.  1)  we  have  an  example  of  "controlled  flow  separation,"  Figure  2.  Throughout  the  range  of  flight 
conditions,  the  flowfleld  Is  virtually  Invariant  in  form,  being  dominated  by  the  viscous  shear  layers 
leaving  the  separation  lines,  to  form  well  organized  and  comparatively  steady  vortex  motions.  These 
leading-edge  vortices  can.  In  turn,  be  controlled  by  additional  active  means,  to  induce  more  lift:  first 
of  all,  to  prevent  vortex  breakdown,  by  blowing  in  a spanwise  direction  along  the  axis  of  the  vortex,  as 
discussed  by  Cornish"  and  others*'*  (Fig.  3);  secondly,  by  blowing  normal  to  the  leading-edge,  either  to 
enhance  the  primary  vortex, '•*  or  to  control  secondary  separations.’  Clearly,  other  examples  of  swept 
edges,  such  as  strakes  (Fig.  4.1)  and  vortex  generators  (Fig.  4.2),  themselves  provide  controlled  flow 
separations,  but  the  generated  vortex  motions  are  used  to  promote  mixing  of  high-energy  air  with  recalci- 
trant viscous  flows  downstream  of  the  flow  separation  device. 

On  the  other  hand,  when  the  load-carrying,  lifting  and  propulsion  components  are  Integrated  into  an 
aircraft  or  missile  configuration,  the  resultant  Interfering  pressure  fields  produce  separations  that  are 
often  unanticipated,  are  not  fixed  In  location  on  the  surface  for  all  flight  conditions,  and  so.  In  this 
sense,  are  “uncontrolled."  Examples  of  these  separated  flows  may  be  catalogued  according  to  their  causes:” 

(a)  flows  over  smooth  walls  In  the  presence  of  slowly  varying  circumferential  and  axial  adverse 
pressure  gradients.  We  Include  here,  those  flows  about  bodies  whose  longitudinal  axis  In  part  or  In 
whole  Is  swept  with  respect  to  the  oncoming  stream,  such  as  upswept  rear  fuselages  or  pointed  and 
bluff-nosed  missiles  at  angles  of  attack;’^' ” 

(b)  flows  about  protuberances  attached  to  a wall,  where  adverse  pressure  gradients  are  Imposed  suddenly. 
Bulbous  wheel  housings,  cockpit  canopies,  pylons,  boundary- layer  diverters,  and  unfaired  junctions 
of  the  wing  and  tall  surfaces  with  the  body  are  Important  examples; ” 

(c)  flows  about  normal  or  Inclined  jets  blowing  from  a wall.  Control  jets  used  for  thrust  vector  control 
cause  substantial  three-dimensional  separation  of  the  local  viscous  flow  in  the  region  where  the  jet 
emerges  from  the  vehicle  surface.”  In  terms  of  upstream  effect,  the  "solid  blockage"  caused  by  the 
jet  Is  analogous  with  that  of  a protuberance; 

(d)  flows  with  shock  waves  present,  sometimes  associated  with  Items  (a)  to  (c).  We  shall  pay  particular 
attention  to  those  separations  produced  In  swept  shock/boundary-layer  interactions,”’’’’’'  such  as 
on  the  sidewall  of  rectangular  supersonic  Inlets  or  upon  swept-wing  surfaces. 

While  the  effect  of  these  uncontrolled  separations  on  drag  may  not  always  be  significant  or  even 
apparent,  high  local  heat  transfer  rates  In  re-attachment  zones,”  and  the  induced  Interaction  effects  of 
the  vortex  motions  upon  downstream  control  surfaces  of  a vehicle  may  be  Important.”  In  general,  the 
uncontrolled  flow  separations  have  not  been  amenable  to  prediction,  and  are  not  well  understood.  The 
syinnetry  of  the  vortices  and  the  scale  of  the  separated  flow  domain,  whether  large  such  as  In  the  case  of 
the  body  vortices,  or  Innersed  within  the  depth  of  the  oncoming  boundary  layer,  as  In  the  protuberance 
flow,  will  affect  the  magnitudes  of  locally-induced  suction  pressures,  and  hence,  the  non-linear 
Increments  In  the  body  forces. 

Compressibility  alters  the  quantitative,  but  not  the  qualitative  features  of  three-dimensional 
separated  flows.  It  has  been  found  by  experiment  that  the  effect  of  Increasing  Mach  number  Is  to  reduce 
the  scale  of  the  rolled-up  shear  layers  with  respect  to  the  oncoming  boundary-layer  thickness,”  ” and 
to  Increase  the  critical  angle  for  the  development  of  flow  asyimtetry  of  the  rolled-up  shear  layers  from 
bodies  at  high  angles  of  attack.” 

The  aerodynamic  design  of  a lifting  body,  to  be  successful  throughout  a range  of  flight  conditions, 
must  ensure  that  the  fluid  flow  Is  steady  to  minimize  buffeting;  that  It  should  be  of  the  same  type 
throughout  the  flight  envelope;  and  that  there  should  be  no  unpleasant  changes  In  force  and  moment 
characteristics.  The  goal  to  aim  for  Is  that  flows  should  be  dominated  by  free  viscous  vortices  (with  no 
large  bubbles  to  produce  unsteadiness)  and  that  the  primary  lines  of  separation  should  remain  fixed  on  the 
body  throughout  the  flight  range.  This  much  wider  than  usual  view  of  the  aerodynamic  design  problem,’ 
Incorporating  the  philosophy  of  controlled  flow  separation,  should  be  contrasted  with  the  restricted 
outlook  of  allowing  separation  only  at  a tral ling-edge. 

As  a base  of  understanding  for  these  complex  flows,  we  shall  attempt  a description  of  the  component 
flowflelds  about  simple  shapes,  whose  geometry  may  be  Integrated  into  the  design  of  an  aircraft  or  missile. 
The  slender  delta  wing,  with  subsonic  leading-edges,  a prime  case  of  controlled  or  fixed  flow  separation, 
win  be  treated  first-of-all.  Subsequently,  the  uncontrolled  or  unfixed  separations  upon  cone- cylinders, 
prolate  spheroids,  upswept  fuselages  and  ahead  of  slender  and  bluff  protuberances  will  be  mentioned. 

Finally,  the  case  of  a swept-shock/turbulent  boundary- layer  Interaction  will  be  discussed,  with  potential 
for  Its  control  (and,  perhaps,  removal)  by  tangential  air  injection.  The  combination  of  some  of  these 
constituent  flowflelds  Into  practical  aerodynamic  vehicles  will  be  reviewed  against  examples  of  current 
design  philosophy. 

2.0  ATTACHMENT,  SEPARATION  AND  RE-ATTACHMENT  IN  THREE-DIMENSIONAL  FLOUS 

2.1  Modelling 


He  generally  accept  that  the  non-linear  Navler-Stokes  equations  model  the  motion  of  a viscous, 
compressible  (laminar  or  turbulent)  heat  conducting  fluid  without  chemical  reactions,  at  points  in  space 
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and  time  away  from  discontinuities  in  the  flow  such  as  shock  waves.  Unfortunately,  full  time-dependent 
solutions  do  not  appear  attainable  in  the  near  future,  for  to  compute  the  various  three-dimensional 
turbulence  structures  possessing  a substantial  range  of  length  and  time  scales,  computational  techniques 
must  be  further  refined.  Current  finite  difference  procedures  employing  numerical  artifices  such  as 
damping  from  "artificial  viscosity"  Inputs,  for  instance,  appear  Inadequate  because  they  introduce  errors 
that  may  diverge  in  the  development  of  the  instantaneous  flowfield.  Rubesin^*  suggests  that  to  define 
the  three-dimensional  turbulent  boundary- layer  flowfield  about  an  aircraft,  the  smallest  significant  scale 
demands  mesh  spacing  10'*  of  the  boundary- layer  thickness,  to  require  the  order  of  10*’  mesh  points  overall. 
He  discusses  that  the  corresponding  allowable  time  step  in  any  given  marching  procedure  is  one  microsecond 
of  real  time.  These  requirements  demand  a computer  storage  capacity  and  speed  of  computation  that  are  in 
excess  of  present-day  or  planned  computer  facilities.  To  overcome  these  difficulties,  therefore,  we  must 
resort  to  modelling  the  turbulence  structures  in  three-dimensional  viscous  flows  with  free  shear  layers 
springing  up  from  30  separation  lines.  An  enlightened  critique  of  computer  simulation  and  accuracy 
limitations  of  numerical  methods  with  regard  to  turbulence  modelling  is  given  in  respective  comments  by 
Roache  and  Bradshaw  in  Reference  23,  in  response  to  the  essay  of  Chapman  et  al.”*  Hence,  for  most  practical 
examples  under  high  Reynolds  number  conditions,  we  still  try  to  blend  an  external  or  inviscid  flow  solution 
with  an  appropriate  boundary-layer  procedure,  rather  than  attempting  to  exploit  the  conceptual  simplicity 
of  the  more  general  Navier-Stokes  equations.  In  laminar  flow,  numerical  studies  of  the  viscous/inviscid 
interactions  about  pointed”  and  blunt  cones”  have  been  attempted  using  approximations  to  the  Navier- 
Stokes  equations,  and  good  comparison  with  experiment  has  been  obtained,  but  at  the  expense  of  relatively 
long  computation  times. 

In  the  classical  aircraft  example,  the  art  of  design  has  been  to  eliminate  separation  ahead  of  the 
trai ling-edge,  because  increases  in  drag  and  flow  unsteadiness  are  introduced  with  essentially  two- 
dimensional  (2D)  separations  on  wings  of  high  aspect  ratio.  With  increases  in  speed,  range  and  angle  of 
attack,  over  which  smaller  aspect  ratio  lifting  wings  and  bodies  are  required  to  operate,  extensive  regions 
of  three-dimensional  separated  flow  are  predominant  (Figs.  2 and  4.1)  and  we  require  new  and  suitable  flow 
models.  On  wings  or  strakes,  with  sharp,  swept  leading-edges,  3D  separation  occurs,  is  fixed  at  the  salient 
edges,  and  is  essentially  independent  of  the  oncoming  boundary-layer  properties  at  the  high  Reynolds 
numbers  of  interest  to  us.  The  boundary-layer  fluid  departs  from  the  surface  to  form  rolled-up  viscous 
shear  layers  whose  scale  is  usually  many  times  the  local  boundary-layer  thickness.  In  the  limit  of 
infinite  Reynolds  numbers,  or  for  practical  purposes,  at  high  enough  Reynolds  numbers,  the  coiled  viscous 
shear  layer  may  be  modelled  approximately  by  an  inviscid  flow  vortex  sheet.  In  other  words,  viscosity 
causes  the  separation,  the  location  is  determined  by  the  edge  geometry,  after  which  the  flow  may  be 
modelled  by  inviscid  means.  The  coiled  vortex  sheet  model  of  Mangier  and  Smith,  and  its  extensions  (see 
the  list  of  papers  in  Ref.  10)  have  provided  good  qualitative  prediction  of  pressure  distributions  on 
slender  wings  in  conical  flow  with  subsonic  leading-edges,  see  Figure  5.  A more  recent,  incompressible, 
advanced  panel-type  influence  coefficient  calculation  method  of  Weber  et  al.,^®  is  not  restricted  to  conical 
flow.  In  this  method,  the  wing,  the  rolled-up  vortex  sheets  and  the  wake  are  represented  by  "piecewise" 
continuous  quadratic  doublet  distributions,  and  the  Kutta  condition  is  imposed  along  both  the  leading  and 
trail ing-edges.  Some  results  of  these  calculations’®  compare  well  with  the  low-speed  delta-wing  experi- 
ments of  Marsden  et  al.,’®  and  are  displayed  on  Figure  6.^ 

On  bodies,  unfortunately,  the  separation  location  is  not  known  a priori,  and  we  must  attempt  to 
calculate  its  position  via  three-dimensional  boundary-layer  theory,  using  an  initial  attached  inviscid  flow 
pressure  distribution.  The  inviscid  rolled-up  vortex  sheet  model  may  then  be  used  on  simple  bodies  such  as 
pointed  right-circular  and  elliptic  cones,  where  the  separation  lines  are  along  generators,  and  the  co- 
ordinate geometry  presents  few  difficulties.*’  More  recently,  McRae”  has  attempted  to  solve  the  laminar 
viscous  flowfield  about  a pointed,  right-circular  cone  at  high  angle  of  attack,  utilizing  a simplified  set 
of  the  Navier-Stokes  equations  (incorporating  the  conically  synmetrlc  flow  approximation)  along  with 
MacCormack's  finite  difference  time-dependent  scheme.’®  Using  a body  co-ordinate  system,  (R,  0,  41),  a 
finite  difference  mesh  was  set  up  on  the  (0,  41)  spherical  surface  at  a distance  R from  the  cone  apex. 

The  calculation  took  place  on  this  surface  with  viscous  effects  scaled  by  the  Reynolds  number  based  on  the 
radius,  R.  The  finite  difference  mesh  was  initialized  with  freestream  values  of  the  flow  everywhere, 
except  at  the  surface,  where  zero  velocities  were  input.  The  numerical  integration  then  proceeded  in  time, 
to  the  limit  that  produced  a steady  state  solution.  The  outer  boundary  condition  for  the  integration  was 
the  freestream,  so  that  the  bow  shock  wave  was  captured  and  allowed  for  in  the  use  of  the  conservation 
form  of  the  governing  equations.  Figure  7 illustrates  the  surface  pressures  and  a crossflow  velocity  vector 
plot  of  a computed  flowfield  about  a 10°  half-angle  cone  in  a nominally  Mach  8 freestream  at  a/0c  = 2.4, 
compared  with  the  experimental  data  of  Tracy  with  entirely  laminar  boundary- layer  conditions,  where  a 3D 
separation  was  measured  using  surface  flow  visualization  at  41  • 150*.  The  presence  of  a three-dimensional 
separation  and  rolled-up  viscous  shear  layer  is  seen  in  McRae's  calculated  flowfield. 
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A new  technique  for  calculating  the  entire  flowfield  about  a spherically  blunted  circular  cone  at 
high  angle  of  attack  with  30  laminar  separation  has  been  reported  by  Lubard  and  Rakich.’®  The  calculations 
are  based  on  a single  layer  system  of  three-dimensional  parabolic  equations,  that  are  approximations  to  the 
full  steady  Navier-Stokes  equations,  valid  from  the  body  surface  to  the  bow  shock  wave.  This  system 
includes  the  circumferential  shear  stress  terms  and  is  capable  of  predicting  the  flow  within  the  separation 
zone  on  the  leeward  side.  The  effects  of  vlscous-inviscid  interaction  and  entropy  gradients  due  to  both 
the  curved  bow  shock  and  angle  of  attack  effects  are  automatically  included.  Unseparated  Initial  conditions 
are  assumed  at  the  sphere  cone  tangency  plane  and  are  provided  by  using  an  inviscid  time  dependent  solution 
added  to  a viscous  non-similar  boundary-layer  solution.  The  calculated  results  were  compared  with  the 
experimental  separated  flow  data  of  Cleary®*  for  a 15*  angle  of  attack  at  Mach  10.6  and  at  a Reynolds 
number  based  on  the  23-inch  slant  length  of  the  cone  of  about  2.3  million.  Figure  8 shows  the  calculated 
crossflow  plane  vector  velocity  distribution  in  the  region  close  to  the  leeward  generator  at  14.8  nose  4 

radii  downstream  from  the  nose.  The  three-dimensional  separation  occurs  at  155*— 160“  in  the  cross-flow  4 

plane  at  this  axial  station.  The  remaining  graphs  on  Figure  8 show  the  calculated  surface  pressure  and 
heating  distributions  on  the  leeward  surface  that  provide  good  agreement  with  experiment.  Using  the  same 
approximate  parabolic  system  of  equations,  Lubard  and  Rakich  are  now  working  to  solve  the  flowfields  about 
bodies  other  than  bodies  of  revolution  at  angle  of  attack,  to  provide  design  information  on  vehicles  such 
as  the  Space  Shuttle. 

■'’Compressibility  corrections’®  extend  the  range  of  applicability  of  the  method  of  Weber  et  al.’®  to  high 
subsonic  Mach  numbers. 
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Notwithstanding  the  potential  extensions  of  these  useful  laminar  cone  flow  predictions,* our 
ability  to  assess  the  consequences  In  regions  of  high  heat  transfer  at  three-dimensional  attachment  points 
and  along  re-attachment  lines  Is  still  unsatisfactory  for  a general  configuration  In  turbulent  flow.  ’ 

For  example,  on  Figure  9,  we  show  the  Importance  of  contouring  the  apex  of  a 70”  swept  delta.  In  a Mach  6 
flow,  to  reduce  the  leeward  centre-line  heating  in  the  presence  of  laminar,  transitional  and  turbulent 
boundary  layers  (freestream  Stanton  number,  St»).  On  the  sharp  apex  wing,  the  heating  Is  some  five  times 
the  value  predicted  on  the  lee-side  meridian  by  laminar  theory,’*-”  and  that  on  the  hyperbolic  planform 
wing. 

In  general,  then,  we  are  unable  yet  to  mode!  the  viscous  flow  encountered  In  30  re-attachment  and 
separation  regions  that  will  yield  rational  design  procedures,  although  some  promising  avenues  are  opening 
in  laminar  flow.  Fortunately,  from  the  pioneering  work  of  Sears,’*  Haskell,’’”  Legendre,’*’”  Lighthlll’’ 
and  others,  we  do  possess  some  understanding  of  the  physical  (mean  flow)  conditions  close  to  attachment, 
separation  and  re-attachment.  In  three-dimensional  flowflelds. 

2.2  Limiting  Streamlines 

If  we  consider  the  subject  of  three-dimensional  viscous  flows  in  Its  historical  context.  Sears  In 
1948,  utilized  the  very  Important  concept  of  "limiting  streamlines"  In  a paper  discussing  the  laminar 
boundary  layer  on  a yawed  cylinder.’*  Each  streamline  near  the  surface,  in  the  inner  collinear  part  of 
the  boundary  layer,  is  one  of  a continuous  pattern,  that  originally  approached  the  surface  In  the  attach- 
ment region,  and  which  subsequently  departs  from  the  surface  at  separation.  No  matter  how  small  Is  the 
height  of  the  streamline  above  the  surface,  the  streamline  will  exist.  If  this  height  is  allowed  to 
approach  a zero  value,  the  streamline  will  be  everywhere  tangential  to  the  vanishing  fluid  velocity  as  the 
surface  Is  approached.  (In  the  strictest  sense,  no  streamlines  can  be  drawn  on  the  solid  surface  of  a 
body,  of  course,  for  the  no-slip  condition  at  the  surface  would  be  violated.)  The  streamline  is  then 
identifiable  as  a limiting  streamline,  or,  In  other  words,  it  possesses  the  same  direction  as  a skin  fric- 
tion line  or  surface  shear  stress  trajectory.  The  pattern  of  limiting  streamlines  may  be  alternatively 
viewed  as  a "sheath"  surrounding  the  body,  whose  projections  on  to  the  surface  are  the  skin  friction  lines. 
These  limiting  streamlines  at  the  base  of  the  boundary  layer  must  not  be  confused  with  the  streamlines  of 
the  external  Inviscid  flow  over  the  surface,  and  they  will  in  general  follow  paths  tnat  are  different  in 
direction  to  the  external  streamlines.  From  continuity  considerations,  and  provided  the  limiting  streamline 
does  not  form  a closed  curve  on  the  aforementioned  sheath,  it  must  join  the  sheath  at  some  point  of  attach- 
ment, A,  and  depart  from  the  sheath  again  at  a subsequent  separation  point,  S.  The  locus  of  such  points, 

S,  is  called  a three-dimensional  separation  line,  on  either  side  of  which  is  a distinct  set  of  limiting 
streamlines. 

Sears,  moreover,  in  his  early  paper.  Included  a sketch’*  that  showed  apparent  convergence  of  the 
two  sets  of  limiting  streamlines  towards  the  separation  line,  although  he  did  not  call  It  by  name;  and 
later.  Wild*’  substantiated  Sears'  physical  Interpretation  of  separation.  In  his  Investigation  of  the 
laminar  boundary  layer  on  yawed  "Infinite"  wings.  In  subscribing  to  the  Cornell  University  work, 
Eichelbrenner  and  Oudart**’**  proposed  that  a three-dimensional  separation  line  was  the  envelope  of  the 
limiting  streamlines  (conversely,  from  an  attachment  line,  the  limiting  streamlines  diverge)  and  this  was 
also  supported  by  Susan  Brown*’  in  a mathematical  treatise.  Lighthlll,”  on  the  other  hand,  disputed  the 
term  "envelope,"  in  spite  of  flow  visualization  experiments  seeming  to  support  the  previous  authors. 
Coalescence  of  the  limiting  streamlines  Is  an  acceptable  description,  perhaps,  to  avoid  argument. 

It  remained  for  Maskell,'  however,  to  lay  the  ground  rules  for  interpreting  the  physical  composition 
of  three-dimensional  viscous  flows  - by  demonstrating  that  the  limiting  streamlines  provide  a "three- 
dimensional  skeleton  structure  of  the  viscous  flow."  If  a flow  visualization  indicator  Is  very  thin  on  a 
wind-tunnel  model,  it  has  been  shown**  that  the  direction  indicated  by  the  streaks  on  the  surface  Is  very 
close  to  the  direction  of  surface  shear  stress  and  the  limiting  direction  of  the  velocity  when  the  Indica- 
tor Is  absent.  Thus  the  type  of  oil-streak  flow  visualization  techniques  yield  a powerful  means  of 
diagnosing  and  synthesizing  the  qualitative  features  of  three-dimensional  viscous  flows. 

Two  types  of  separation  were  conceived  by  Maskell:’  a bubble  type  (Fig.  10(a))  and  a free  shear 
layer  type  (Fig.  10(b)),  but  the  latter  appears  to  be  the  most  cooinon.*  In  fact,  at  all  but  (perhaps) 
very  low  Reynolds  numbers,  the  shear  layer  displayed  In  Figure  10(a)  Is  of  the  free  shear-layer  type 
rather  than  the  bubble  Indicated.  Fluid  accumulating  at  a three-dimensional  separation  line,  which  In 
general  Is  set  obliquely  to  the  direction  of  the  external  and  essentially  Inviscid  flowfleld,  leaves  the 
separation  line  usually  as  a free  shear  layer  (Fig.  10(b))  and  rolls-up  In  the  process  of  passing  down- 
stream. It  Is  thought  that  the  fluid  departs  from  the  region  of  the  separation  line.  In  a direction 
tangential  to  the  surface.”  The  shear  stress  1$  finite  alonff  such  a three-dimensional  separation  line  on 
the  surface,  being  locally  zero  only  at  a singular  point,  such  as  S on  Figure  10(a).  High  local  suction 
pressures  are  Induced  on  the  surface  beneath  the  resulting  vortices.  Figure  5,  close  to  which  are  noted 
Inflexion  points  in  the  limiting  streamline  patterns.  Examples  here  are  the  slender  wing  flow  (the  ONERA 
and  RAE  work  being  the  most  extensive  - see  the  subject  list  In  Ref.  12)  and  cones,  the  flows  on  long 
pointed  and  bluff-nosed  slender  and  not-so  slender  bodies  at  Incidence,  those  about  upswept  fuselages,  and 
those  about  bluff  protuberances.’* 

2.3  Attachment  and  Re-attachment 

Flow  attachment  occurs  at  an  upstream  stagnation  point  that  Is  situated  upon  a forward-facing  surface 
of  the  vehicle,  such  as  the  nose.  On  a two-dimensional  wing,  the  (singular)  stagnation  points  along  the 


* Me  should  note  that  Eichelbrenner,**  in  an  article  somewhat  at  variance  with  his  previous  publica- 
tions,*’’** considered  only  the  three-dimensional  bubble  type  of  flow  to  be  separated,  because  of  Its 

analogy  with  the  corresponding  two-dimensional  flow  case;  that  Is,  one  that  Is  Inaccessible  to  the 
viscous  flow  coning  from  infinity  upstream.  Eichelbrenner*’  referred  to  Maskell 's  free  shear-layer 
type  as  a "clash"  situation  and  not  a three-dimensional  separation. 


5-5 


nose  of  the  aerofoil  section  will  also  constitute  the  attachment  line.  In  three-dimensional  flows,  on  the 
other  hand,  when  a flowfleld  has  an  Inherent  plane  of  synmetry  as  along  the  windward  generator  of  a cone 
at  Incidence,  there  will  be  an  "attachment  line"  In  that  plane,  emanating  from  the  attachment  point  at  the 
nose.  Along  this  latter  attachment  line,  the  pressures  will  not  be  equal  to  the  stagnation  pressure  of 
the  external  stream.  The  mechanism  of  flow  attachment  at  one  point  or  at  many  points  along  an  attachment 
line  Is  still  debated. 

Flow  re-attachment  occurs  on  the  vehicle  surface  subsequent  to  a three-dimensional  separation,  where 
the  attaching  streamline  may  be  one  from  the  external  flowfleld,  or  one  from  the  outer  region  of  the 
upstream  boundary  layer.  In  the  latter  possibility,  the  stagnation  pressure  of  the  external  flow  will 
clearly  not  be  recovered  at  the  attachment  point.  Lighthlll  calls  the  point  of  attachment  a nodal  point,” 
and  sketches  a number  of  possible  limiting  streamline  patterns  adjacent  to  nodal  points  of  attachment,  as 
we  see  on  Figure  11.  From  each  kind  of  nodal  point,  an  infinite  number  of  limiting  streamlines  emerge, 
all  having  (except  one)  the  same  tangent,  or  otherwise,  spirally.  Spiral  attachment  would  occur  princi- 
pally when  either  the  surface  or  the  external  flow  is  rotating.  However,  the  most  frequent  form  Is  the 
"source  flow"  shown  on  the  second  of  the  sketches  on  Figure  11.  This  would  be  seen  on  the  nose  of  an 
aircraft,  for  Instance. 

In  Reference  10,  Smith  cites  a potential  list  of  Interdependent  properties  for  an  attachment  line  to 
exist,  two  of  which  that  are  always  found  being: 

1)  that  the  attachment  line  Is  a limiting  rtreamline,  and 

2)  that  two  sets  of  limiting  streamlines  (whose  origin  in  Lighthill's  picture  is  the  nodal  point  of 

attachment)  run  tangential  to  the  attachment  line  Initially,  to  eventually  diverge  from  it. 

Hence,  two  "Independent"  boundary  layers  develop  on  either  side  of  the  attachment  line. 

For  convenience,  we  may  regard  the  flow  at  the  leading-edge  of  a swept  wing,  to  attempt  a description 
of  the  physics  of  the  flow  along  an  attachment  line.  There,  a limiting  streamline  more-or-less  parallel  to 
the  leading-edge  divides  the  limiting  streamline  flow  that  passes  above  the  wing  from  that  which  passes 
below  the  wing.  Figure  12.  Smith  conjectures”  that  somewhere  further  away  in  the  external  flowfleld  at 
the  edge  of  the  attachment-line  boundary- layer  flow,  there  will  be  another  streamline  that  also  runs 
roughly  parallel  with  the  leading-edge,  that  divides  the  external  flowfleld  Into  that  which  proceeds  above 
the  wing  and  that  which  passes  below. 

If  we  accept  Lighthill's  interpretation,”  where  Is  the  nodal  point  of  attachment  situated  that  Is 
the  startli.g  point  for  the  attachment  line?  For  an  isolated  swept  wing,  the  apex  at  the  intersection  of 
the  two  swept  halves  is  a stagnation  point  of  the  flow  and  the  nodal  attachment  point. 

When  the  wing  is  mounted  on  a fuselage,  the  effective  protuberance  pressure  field  of  the  wing 
section  at  the  wing/fuselage  junction  can  cause  a horse-shoe  shaped  separation  about  the  wing  root,  this 
separation  being  immersed  within  the  depth  of  the  fuselage  boundary  layer”  — see  Figure  12.  We  may 
postulate  that  a streamline  in  the  outer  region  of  the  fuselage  boundary  layer  will  pass  over  the  3D 
rolled-up  shear  layer  to  form  a nodal  attachment  point  on  the  wing  nose.  Limiting  streamlines  emerging 
from  the  nodal  point  of  attachment,  one  of  which  Is  the  so-called  attachment  line,  proceed  along  the 
leading-edge  tangential  or  asymptotic  to  the  attachment  line  to  pass  in  a more  chordwise  direction  over 
or  beneath  the  wing.  Around  the  nose  and  adjacent  to  the  attachment  line,  the  distance  apart  of  these 
limiting  streamlines  Is  Infinitesimal,  such  that  they  appear  on  flow  visualization  oil  records  as  emerging 
tangentially  from  the  attachment  line.  In  other  words,  the  attachment  line  appears  to  be  the  source  or 
the  envelope  of  the  limiting  streamlines  in  close  proximity  to  it. 

We  note  that  this  view  is  somewhat  at  variance  with  Maskell's  Interpretation  of  the  conditions  along 
ar.  attachment  line.  He  considered  that  an  attachment  line  consisted  of  a number  of  attachment  points  such 
that  when  two  limiting  streamlines  diverge  from  a given  point  on  the  attachment  line,  then  that  point  Is 
one  at  which  a single  attachment  streamline  joins  the  solid  surface.  Clearly,  if  there  Is  a boundary- 
layer  development  along  an  attachment  line,  which  measurements  have  demonstrated  to  be  virtually  constant 
In  thickness  on  a swept  wing  of  large  aspect  ratio,"®  then  a large  number  of  external  streamlines  cannot 
"attach"  themselves  to  the  surface  along  the  attachment  line.  It  would  appear  that  the  fluid  within  the 
boundary  layer  diverging  or  departing  from  the  region  of  the  attachment  line  is  more-or-less  balanced  by 
the  entrainment  of  irrotational  fluid  from  outside  the  boundary  layer.  Haskell's  concept  can  only  be  true 
at  the  limit  of  infinite  Reynolds  number. 

2.4  Three-Dimensional  Separation 

Although  there  is  usually  little  difficulty  in  recognizing  so-called  lines  of  3D  separation  and 
attachment  from  the  patterns  of  surface  shear  stress  trajectories  on  a flight  vehicle,  there  Is  a continu- 
ing debate  regarding  the  fluid  mechanics  adjacent  to  them,  stemming  essentially  from  the  respective 
postulates  of  Haskell’  and  Lighthlll.”  The  discussion  centers  around  the  Identification  of  limiting 
streamline  patterns  from  surface  oil  flow  visualization. 

According  to  Haskell,'  separation  occurs  at  a point  when  two  distinct  limiting  streamlines  converge 
,-'i  woet  there  (Fig.  13.1)  after  which  they  combine  and  leave  the  surface  as  one  separation  streamline. 

a 10  separation  line  Is  then  composed  of  a large  number  of  such  "ordinary"  points,  being  an  envelope 
- ,s  of  these  points.  Horeover,  as  we  have  seen  previously,  Haskell's  view  of  the  attachment  line 
am*  picture  but  with  the  flow  directions  reversed  on  the  limiting  streamlines.  Lighthlll,  In  a 
■••••ve.'*  considered  these  statements  to  be  approximately  valid,  but  disputed  the  envelope 

«•  argued  that  In  the  topography  of  the  limiting  streamlines,  they  must  begin  and  end  at 
..  -.,4e)  point  of  attachment  and  one  nodal  point  of  separation,  When  two  nodal  points  of 
..i^  ..  • 'ghthiM  proposed  that  the  limiting  streamlines  from  each  node  must  meet  somewhere, 

» < saMIe  point."  He  sketched  these  as  we  see  on  Figure  13.2.  Lighthlll  proceeded  to 

• ne  as  one  which  Issues  from  both  sides  of  a saddle  point  of  separation,  and  having 

- I aopMrs  into  a nodal  point. 
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Let  us  look  at  these  conceptual  limiting  streamline  patterns  about  some  flow  components.  The 
slender  wing  at  Incidence,  shown  on  Figure  14,  Is  a convenient  first  example.  Llghthill  suggests  that  the 
surface  pattern  is  generated  from  two  nodal  points  of  attachment  and  a saddle  point  of  separation  which 
are  coalesced  at  a sharp  apex,  but  are  distinct  If  the  apex  is  rounded  — see  Figure  14.1.  The  limiting 
streamlines  converging  towards  the  3D  separation  line  S and  diverging  from  the  attachment  line  A are 
asymptotes  rather  than  meeting  at  S or  emanating  from  A. 

Haskell's  view,  on  the  other  hand.  Is  shown  on  Figure  14.2.  Clearly,  for  a sharp  apex,  it  will  not 
be  possible  to  distinguish  from  flow  visualization  patterns  which  Interpretation  is  philosophically  correct, 
and  for  most  practical  purposes.  It  probably  does  not  matter.  The  term  "envelope"  does  seem  to  be  a useful 
word  to  describe  the  merging  of  the  limiting  streamlines  at  the  3D  separation  line,  and  the  mathematical 
interpretation  Is  bound  up  with  whether  we  want  to  look  at  solutions  of  the  Navier-Stokes  equations  or 
boundary- layer  equations;*  and  also  whether  It  Is  possible  for  singular  behaviour  of  the  limiting  flows  to 
occur  in  practice?' “ 

Does  the  limiting  streamline  pattern  about  a blunted  slender  body  at  incidence,  where  axial  as 
well  as  transverse  pressure  gradients  exist,  provide  additional  help  in  diagnosing  the  approach  to 
separation?  An  investigation  of  the  subcritical  flow  about  a 6:1  ellipsoid  at  high  Reynolds  number  was 
reported  in  References  11  and  47,  in  which  circumferential  measurements  of  surface  static  pressure,  surface 
impact  pressure  and  oil-dot  flow  visualization  were  made,  to  identify  the  3D  viscous  flow  development.  In 
contrast  with  the  near  conic  viscous  flowfield  about  the  slender  wing,  the  more  general  body  flow  exhibits 
substantial  lengthwise  effects,  although  the  circumferential  pressure  gradients  still  dominate. 

Figure  15  presents  limiting  streamlines  on  the  ellipsoid  at  Mach  0.74,  and  at  a Reynolds  number  of 
44  million  based  on  the  54-inch  length  of  the  body.  The  boundary  layers  were  turbulent.  The  streamlines 
were  deduced  from  oil-dot  flow  visualization  records  at  angles  of  incidence  from  10°  to  25°,  with  only  a 
few  of  them  drawn  for  purposes  of  clarity.  At  the  lowest  angle  of  incidence  shown,  the  flow  is  attached 
everywhere  except  for  a bubble  over  a small  region  of  the  leeward  afterbody,  that  is  probably  due  to  the 
effects  of  truncating  the  model  for  a sting  mount  through  the  model  base.  As  we  increase  the  angle  of 
incidence,  the  circumferential  adverse  pressure  gradient  just  past  the  i{i  = 90°  position  becomes  more 
severe,  causing  a progressive  thickening  of  the  flow  on  the  leeward  side  of  the  body;  until  at  a = 25°, 
there  are  two  regions  of  coalesced  limiting  streamlines  where  we  interpret  that  30  separations  are 
present.  (This  is  not  a very  slender  ellipsoid,  but  a corresponding  situation  would  exist,  of  course,  on 
a more  slender  ellipsoid  at  a reduced  incidence.) 

Figure  16  shows  the  calculated  and  the  experimental  isobar  patterns  (as  well  as  some  circumferential 
pressure  distributions)  on  a distorted  surface  development  at  a = 25°.  A favourable  circumferential 
pressure  gradient  is  indicated  by  large  open  arrows  and  unfavourable  gradients  by  shaded  arrows.  At  this 
incidence,  the  circumferential  pressure  gradients  completely  swamp  the  axial  gradients.  From  the  calcu- 
lated inviscid  pressure  distribution,  we  expect  separation  to  occur  somewhere  on  the  lee-side  of  the 
minimum  pressure  line  and  the  experimental  pressure  distribution  reflects  this.  The  separation  lines 
taken  from  the  oil-dot  flow  visualization  records  are  shown  here  as  chain-dotted  lines.  Figure  15  displays 
that  the  turbulent  boundary  layer  separates,  along  Si,  over  about  the  rear  60  percent  of  the  body  soon 
after  it  encounters  the  circumferential  adverse  pressure  gradient.  The  flow  with  separation  is  symmetrical, 
with  an  attachment  region  along  the  leeward  meridian,  ()i  = 180°,  that  is  especially  noticeable  near  the 
rear.  We  also  see  a secondary  separation  line  Sj,  extending  well  forward,  outboard  of  this  attachment. 

The  limiting  streamlines  can  all  be  traced  back  to  emanate  from  the  attachment  region  on  the  nose 
and  we  cannot  tell  from  the  resolution  provided  by  the  oil  streaks  whether  or  not  we  have  a system  of 
nodal  attachment  and  saddle  separation  points  as  Lighthill  has  conjectured.”  The  separation,  attachment 
and  re-attachment  lines  are  fed  from  the  upstream  stagnation  attachment  region.  There  is  a progressive 
thickening  of  the  leeward  flow  with  axial  distance  from  the  nose,  with  the  limiting  streamlines  appearing 
asymptotic  to  the  3D  separation  lines  as  they  approach  the  lines  from  either  side.  Just  where  the  viscous 
vortices  start  can  only  be  determined  from  profile  measurements  through  the  boundary  layer.  There  is  no 
theory  available  to  predict  them.  At  o = 25°,  substantial  suction  peaks  In  the  circumferential  wall  static 
pressure  distributions  have  developed  along  the  body  from  x/L  ‘ 0.25,  indicating  roll-up  of  the  viscous 
vortices  from  the  primary  separation  lines.  Si.**-''’  There  Is  fluid  flow  along  the  directions  of  Si  and 
Sj  as  well  as  along  the  (secondary)  attachment  line  that  exists  between  S)  and  Sa,  so  that  the  skin  friction 
is  finite  everywhere.  It  is  noteworthy  that  a similar  ellipsoid  at  high  incidence  in  Werl6's  water 
tunnel,”  with  laminar  boundary  layers  present,  exhibits  similar  flow  features  to  those  just  discussed  in 
turbulent  flow.  Calculations  of  the  laminar  boundary  layer  (up  to  the  primary  3D  separation  line)  about  an 
ellipsoid  at  Incidence  have  recently  been  published  by  Gelssler’^  with  good  qualitative  accord  with  the 
results  already  discussed. 

In  this  discussion  on  limiting  streamlines,  let  us  now  look  at  the  case  of  a bluff  protuberance 
standing  normal  to  a wall,  where  the  streamwise  adverse  pressure  gradient  rather  than  the  transverse 
gradient  dominates  the  flow  development.  Even  though  In  supersonic  flow  we  have  a bifurcated  shock  struc- 
ture where  the  foot  of  the  detached  bow  shock  wave  contacts  the  viscous  flow  ahead  of  the  protuberance, 
the  qualitative  details  of  the  limiting  streamlines  are  virtually  Independent  of  Mach  number."  For 
example.  Figure  17  shows  the  limiting  streamlines  about  a long  circular  cylinder  standing  normal  to  a wall 
in  a Mach  2.5  stream,*'  where  the  Reynolds  number  based  on  the  undisturbed  boundary-layer  thickness, 

• 2.5  cm.  Is  R<Sq  • 4.8  x 10’.  The  flow  Is  from  left-to-right.  There  Is  a saddle-point  of  separation  S 
on  the  axis  of  synmetry  about  two  diameters  ahead  of  the  cylinder  wall,  from  which  the  3D  primary 
separation  line  emerges  to  pass  around  and  downstream  of  the  cylinder.  Upstream  and  downstream  limiting 
streamlines  converge  towards  the  3D  separation  line  to  feed  a viscous  horse-shoe  vortex  springing  from  the 
separation  within  the  depth  of  the  undisturbed  boundary  layer.  (We  note  that  even  though  the  scale  of 
the  separation  relative  to  the  undisturbed  boundary- layer  thickness  Is  many  times  less  than  for  the  slender 
wing  or  slender  body  flows,  the  consequences  are  still  severe.)  A streamline  In  the  outer  boundary  layer 
attaches  at  the  nodal  point  A In  the  plane  of  symmetry  Just  ahead  of  the  cylinder  Junction  with  the  wall. 


* The  boundary- layer  equations,  clearly,  are  not  valid  very  close  to  separation,  or  attachment. 
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from  which  an  attachment  line  emerges  along  the  leading-edge  and  divergent  limiting  streamlines  pass 
around  and  downstream  of  the  cylinder.  One  limiting  streamline  passes  from  the  attachment  node  to  the 
saddle  point  of  separation.  Others  fan  out  from  the  attachment  point  in  the  plane  of  syimnetry  to  even- 
tually proceed  towards  the  30  separation  line.  Superimposed  on  the  limiting  streamline  pattern,  we 
observe  the  bow  shock  wave  B,  and  the  rear  leg  (or  Mach  stem,  M)  of  the  bow  shock  bifurcation.  The  lower 
photo  on  Figure  17  illustrates  the  flattened  horse-shoe  vortex  made  apparent  by  means  of  the  vapour  screen 
technique. 

More  than  one  separation  line  may  be  formed  ahead  of  the  cylinder,  depending  upon  the  Reynolds 
number  of  the  oncoming  flow  and  the  scale  of  the  boundary  layer  relative  to  the  cylinder  dimensions.  The 
picture  on  Figure  18  shows  a case  with  three  such  zones,  for  example,  after  Sedney  and  Kitchens.*' 

Ue  have  seen  that  in  all  of  the  examples  discussed,  the  limiting  streamline  that  is  characteristic 
of  a 3D  separation  line,  has  one  feature  in  convnon.  It  is  a barrier  across  which  the  limiting  streamlines 
on  either  side  of  it  cannot  pass.  Whether  we  prefer  to  accept  the  subtle  details  of  either  Haskell's 
envelope  approach'  or  Lighthill's  asymptote  arguments"  on  the  flow  conditions  immediate  to  a separation 
or  an  attachment  line,  elements  of  both  treatises  would  appear  to  exist.  In  general,  flow  visualization 
records  do  not  allow  us  to  distinguish  which  interpretation  is  absolute.  More  experiments  are  clearly 
necessary  to  diagnose  the  flow  features  adjacent  to  3D  separations  and  re-attachments. 

3.0  EXAMPLES  OF  THREE-DIMENSIONAL  SEPARATIONS  ON  PRACTICAL  CONFIGURATIONS 

3.1  Upswept  Fuselages 

Let  us  conmence  our  illustrative  examples  by  looking,  first  of  all,  at  flows  about  upswept 
afterbodies.  A typical  complicated  flow  problem  of  this  kind  is  shown  on  Figure  19.1.  Here  we  can  see 
from  the  tufts  on  the  side  of  the  upswept  rear  fuselage  of  a de  Havilland  of  Canada  Caribou  aircraft  that 
very  large  cross-flow  angles  are  present,  and  separation  is  occurring  along  the  lower  rounded  flanks  of 
the  fuselage.  The  cross-flow  is  exaggerated  in  this  illustration  by  the  large  flap  angle,  but  even  under 
cruising  conditions  for  this  class  of  rear-loading  aircraft,  3D  separations  are  sometimes  present. 

In  the  context  of  this  review,  the  separations  from  the  rounded  underside  are  uncontrolled  in  that 
depending  on  the  aircraft  pitch  and  yaw  angles,  the  separation  positions  will  move  around  the  body  and 
may  cause  handling  problems.  The  flow  separations  can  be  fixed  in  location  to  alleviate  handling  defi- 
ciencies by  fitting  a strake  to  the  fuselage  side.  Figure  19.2,  or  by  using  a sharp  edge  to  the  fuselage 
underside  as  we  see  on  Figure  20,  on  the  de  Havilland  of  Canada  Buffalo  aircraft. 

The  next  illustration.  Figure  21,  shows  surface  flow  visualization  on  a research  model  tested  in  the 
MAE  5 X 5-ft.  wind  tunnel.  The  straight  "beaver  tail"  shape,  with  elliptic  cross-sections,  is  fairly 
typical  of  small  aircraft  of  the  twin-engine  STOL  type,  but  the  upsweep  angle,  which  was  adjustable  on 
this  model,  was  set  at  a large  upsweep  angle  of  20°.  We  note  that  even  though  primary  and  secondary 
separations  are  clearly  present,  the  flow  is  symmetrical  ar.d  well  organized.  Ue  know  virtually  nothing, 
unfortunately,  about  turbulence  fluctuation  levels  bordering  30  separations.  Figure  22  indicates  sub- 
stantial increases  in  the  amplitude  of  surface  pressure  fluctuations  as  the  scale  of  the  separations 
becomes  greater. 

The  turbulent  shear  layers  springing  from  the  primary  separation  lines  roll-up  to  form  vortex 
motions,  which  we  show  on  Figure  23,  by  pitot  pressure  isobars  measured  beneath  another  elliptical  section 
afterbody.  The  analysis  of  this  type  of  flow,  which  presents  many  difficulties,  is  further  complicated 
by  the  presence  of  the  wing  downwash  field  and  additional  separations  that  may  be  present  in  the  wing-root 
junction  and  from  bulbous  wheel  housings.  Figure  24.  Thus,  while  we  have  a qualitative  understanding  of 
fuselage  flows,  we  are  still  far  from  being  able  to  predict  the  viscous-inviscid  interactions  about 
upswept  bodies. 

3.2  Pointed,  Slender  Missiles 

On  very  long  pointed  slender  bodies,  we  find  that  separation  first  occurs  symnetrlcally  with  a pair 
of  vortices  trailing  back  along  the  body.  Figure  2S.1  illustrates  such  body  separations  on  a blunted 
cone-cylinder-flare  model.  The  symmetrical  body  vortices  in  low  speed  flow  have  been  well  documented  by 
Grosche,"  an  illustration  from  which  is  given  on  Figure  25.2  (top):  when  a wing  is  added  to  the  body, 
there  is  a substantial  change  in  the  position  of  the  body  vortices  in  the  flowfield  due  to  the  larger 
induced  effects  of  the  controlled  flow  separations  at  the  wing  swept  edges,  see  Figure  25.2  (bottom). 

These  separations  have  an  important  effect  on  the  static  and  dynamic  flight  stability  of  such  vehicles. 

At  small  incidences,  where  the  separation  is  steady  and  symmetrical  with  respect  to  the  incidence  plane, 
the  resulting  body  vortices  produce  a nonlinear  contribution  to  the  normal  force  and  pitching  moment.  If 
the  fin  system  is  not  symmetrically  orientated  with  respect  to  the  incidence  plane,  a cross-coupling  side 
force,  yawing  moment  and  rolling  moment  can  arise  even  at  small  incidences.  At  larger  Incidences,  the 
separations  and  body  vortices  become  asymmetric  (but  still  relatively  steady  in  space)  and  large  side 
forces,  yawing  moments  and  rolling  moments  are  developed,  especially  on  fin-stabilized  vehicles. 

Figure  26,  which  gives  the  primary  turbulent  boundary- layer  separation  positions  on  the  port  and  star- 
board side  of  a cone-cylinder  and  ogive-cylinder  respectively,  shows  that  the  nose  shape  has  an  important 
influence  on  the  initial  asynnetry  of  the  flow.  For  the  18°  incidence  case  Illustrated,  the  conical  nose 
is  at  a relative  incidence  of  about  3.1  and  has  generated  substantial  flow  asymmetry,  whereas  the  shorter 
ogival  nose  is  only  at  a relative  incidence  of  about  1.3  at  the  nose,  where  the  initial  separation  is 
symmetrical.  A ring  of  grit  or  a ring  of  vortex  generators  downstream  of  a bluff-nose  can  reduce  yawing 
moments  by  factors  of  two  or  more." 

Ue  may  judge  the  occurrence  of  the  onset  of  asymmetry  by,  say,  the  side  force  exceeding  five 
percent  of  the  normal  force.  This  is  illustrated  on  Figure  27.  At  subsonic  speeds,  where  these  asymmetric 
effects  are  most  pronounced,  we  see  that  (following  the  trend  indicated  on  Figure  26)  as  the  semi-apex 
angle  at  the  nose  is  Increased,  the  onset  of  flow  asynmetry  is  delayed.  A longer  afterbody,  as  one  would 
expect,  hastens  the  asynmetry,  by  providing  a larger  effective  normalized  incidence,  a/e^.  At  higher  Mach 
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numbers  (at  • 3.5,  for  the  tests  shown  on  Figure  27)  when  shock  waves  are  present  In  the  cross-flow, 
the  separation  positions  remain  symmetrical  and  the  side  forces  disappear. 

3.3  Slender  Wings  and  Slender  Bodies  with  Strakes 

The  most  studied  example  of  three-dimensional  separation  occurs  along  the  leading-edges  of  lifting 
slender  wings,  as  we  discussed  with  the  aid  of  Figure  5.  The  conical,  Inviscid  flow  theories,  for  example, 
that  of  Mangier  and  Smith,*"  have  accounted  for  the  vortex  sheets  springing  from  the  leading-edges 
and  coiling-up  above  the  wing,  but  cannot  Include  the  effects  of  compressibility,  nor  the  unloading  that 
occurs  at  a subsonic  trailing-edge.  Polhamus'*’ has  attempted  to  remedy  this  with  an  overall  theory, 
which  assumes  that,  due  to  separation,  the  leading-edge  suction  force  is  rotated  90°  into  a direction 
normal  to  the  wing  chord  piano  thus  given  a nonlinear  component  to  the  normal  force.  While  no  theoretical 
proof  of  this  method  has  been  established,  there  is  no  doubt  that  It  works.  (In  fact,  Lamar  has  recently 
extended  the  Polhamus  method  to  treat  the  vortex  flow  characteristics  of  wings  with  side  edges."’) 

Figure  28  shows  the  overall  normal  force  measured  on  a sharp-edged  70°  delta  wing  under  high 
Reynolds  number  conditions  at  Mach  numbers  of  0.7  and  1.6.  The  agreement  of  the  subsonic  measurements 
with  the  Polhamus  theory  is  excellent  up  to  a relative  Incidence  of  about  unity.  The  departure  from 
Smith's  conical  theory*"  Is  evident.  We  notice  that  there  Is  a marked  decrease  in  the  nonlinear  lift  at 
supersonic  speeds  even  though  at  Mach  1.6,  the  wing  is  still  slender  >^M*-1  s/L  = 0.43.  Other  experimenters 
have  noted  that  this  is  associated  with  a substantial  flattening  of  the  lee-side  vortex  structure.” 

More  complicated,  but  still  conical  cases  have  been  treated  by  Levinsky  and  Wei""  using  essentially 
the  same  formulations  as  Mangier  and  Smith,*"  but  accounting  for  a conical  body.  Some  measurements  that 
we  have  made  using  a 5°  semi-apex  angle  cone  with  75  percent  strake  wings  are  shown  on  the  next  Illustra- 
tion, Figure  29.1,  In  comparison  with  the  Levinsky  and  Wei  nonlinear  theory.  Up  to  relative  incidences  of 
about  two,  the  experimental  results  for  the  subsonic  and  supersonic  Mach  numbers  agree;  but  at  higher 
relative  Incidences  for  the  M^  = 1.8  case,  conically  mixed  flow  with  Internal  shock  waves  occurs.  The 
strakes  provide  a case  of  fixed  or  controlled  flow  separation  to  give  a substantially  different  conical 
flpwfield  to  that  on  the  5°  cone  alone."’  But,  while  the  Levinsky  and  Wei  nonlinear  theory  accounts  for 
the  leading-edge  separations,  it  cannot  cope  with  the  strong  body  separations  in  the  wing  body  junctions.** 

The  flow  about  an  ogive-cylinder  with  strakes  at  a sweepback  angle  of  78°  at  Mach  2 were  studied  by 
Fellows  and  Carter."’  If  we  extrapolate  the  trend  of  Figure  27,  the  17°  semi-apex  nose  angle  of  the  ogive 
In  Reference  63  would  have  precluded  flow  asymmetry  from  body  vortices  up  to  angles  of  attack  of  about  50°. 
Vapour  screen  photos  on  Figure  29.2  depict  a progressive  and  massive  Increase  In  scale  of  the  strake 
symmetrical  vortices  (In  relation  to  body  geometry)  above  the  lee-side  of  the  body  up  to  a/e  of  greater 
than  two. 

One  very  important  use  of  controlled  flow  separation  in  design  Is  the  low  aspect  ratio  strake""-"" 
mounted  ahead  of  a wing  of  moderate  sweep  and  aspect  ratio  such  as  the  F-16  (Fig.  4.1)  and  the  F-17 
(Fig.  30).  One  significant  advantage  offered  by  the  strakes  is  the  Induced  lift  provided  by  strake 
vortices  to  extend  the  maneuvering  capabilities  of  the  aircraft  in  transonic  flow.  With  the  aircraft  at 
incidence,  as  we  see  on  Figure  30,  the  fixed  separations  at  the  strake  leading-edges  form  vortices  that 
pass  back  over  the  main  wing  alongside  the  fuselage.  Additional  controlled  separations  are  generated  by 
the  fuselage  boundary- layer  bleed  diversion  slots  at  the  strake/fuselage  intersection,  the  vortices  from 
which  roll  up  and  also  pass  downstream  on  either  side  of  the  body.  The  flow  over  the  wing  1s  attached  - 
up  to  the  region  of  a strong  normal  shock/turbulent  boundary- layer  interaction  proceeding  to  the  tip. 
Kuchemann""  has  proposed  that  the  vortex  avoids  the  necessity  for  the  formation  of  the  usual  forward  branch 
of  the  wing  shock  pattern  by  providing  a "soft"  boundary  for  the  flow  turning  Inboard  over  the  leading- 
edge,  Instead  of  the  "stiff"  boundary  given  by  the  fuselage  side.*"  (Note  that  the  flow  is  from  left- 
to-right  and  the  nose  is  not  in  view  In  Figure  30.) 

3.4  Hypersonic  Configurations 

The  non-slender  delta  wing  at  Incidence,  with  supersonic  leading-edges,  has  received  considerable 
attention  by  Whitehead  et  al.”-”  and  by  Cross.""  The  lee-slde  flowfield  (Fig.  31.1)  is  dominated  by 
a swept-shock  boundary-layer  Interaction  that  causes  a three-dimensional  separation  of  most  of  the  top- 
wing boundary  layer.  The  swept  shock  is  inside  the  bow  shock  wave  envelope,  being  positioned  very  close 
to  a freestream  Mach  cone  from  the  wing  apex.  In  contrast  to  the  subsonic  leading-edge  delta-wing  flow 
that  Is  dominated  by  leading-edge  separation,  (Fig.  31.2),  the  supersonic  leading-edge  flow  Is  character- 
ized by  a Prandti-Meyer  expansion.  Along  the  attachment  line  of  the  lee-side  meridian.  Intense  heating 
is  measured.”  If  a body  Is  attached  beneath  the  delta  wing,  the  flowfield  becomes  complex  In  detail  on 
the  underside.  Figure  32  shows  flow  separation  and  attachment  lines  on  the  under-surface  of  a half-cone 
delta  wing  at  IS*  incidence  at  Mach  12.6.  Boundary-layer  conditions  are  laminar.  The  transmitted  shock 
from  the  cone  produces  separation  on  the  delta  wing,  and  there  Is  also  a Junction-type  separation.  The 
high  local  heat  transfers  at  the  flow  attachment  lines  on  the  same  configuration  are  shown  in  the  next 
graph.  Figure  33,  as  well  as  the  heat  transfer  minima  at  the  separation  Tines. 

As  we  saw  on  Figure  9,  the  contouring  of  the  leading-edge  of  a planar  70°  swept  delta  wing  at  Mach  6 
alleviated  the  heitlng  on  the  lee-meridian.  Can  the  philosophy  of  controlled  flow  separation  be  used  to 
reduce  the  peak  neating  on  Space  Shuttle  shapes?  Figure  34  shows  surface  oil  flow  on  an  Orbiter  vehicle” 
at  30*  incidence  at  a Mach  number  close  to  20.  The  three-dimensional  separation  from  the  wing  fillet 
passes  back  across  the  top  surface  of  the  wing  (analogous  to  the  strake  flow  discussed  with  reference  to 
Fig.  30)  although  It  Is  now  associated  with  a swept  shock  wave.  Another  30  separation,  beginning  about 
the  cockpit  housing,  and  continuing  downstream  is  also  evident,  with  an  attachment  region  existing  on  the 
fuselage  side  and  on  the  leeward  meridian.  Unfortunately,  no  circumferential  heat  transfer  measurements 
were  taken  In  Reference  58  to  Improve  the  Identification  of  the  attachment  line  regions. 

The  potential  for  altering  the  lee-surface  geometry  to  achieve  reduced  lee-slde  heating"’  Is  shown 
on  Figure  35  for  several  shuttle  configurations  at  Mach  6 and  8.  The  Idea  was  to  use  relatively  sharp 
edges  to  fix  or  control  the  3D  separations  and  encourage  the  colling-up  of  the  viscous  shear  layers  to 
leave  the  proximity  of  the  fuselage. 
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On  the  left  of  Figure  35,  the  initial  slope  of  the  side  profile  was  Increased  and  then  broken 
sharply.  Ue  see  that  the  heating  data  resulting  from  this  modification  show  a substantial  reduction 
along  50  percent  of  the  leeward  meridian.  Additional  verification  of  the  potential  for  reduced  lee-side 
heating  by  controlled  flow  separation  Is  discussed  by  Shultze  and  McGee*"  and  by  Connor. “ The  configura- 
tion of  the  former  authors  with  relatively  large  Initial  slope  angle  and  sharp  break  In  contour  generated 
significantly  lower  lee-surface  heating  than  did  the  shape  chosen  by  Connor,  who  used  less  sharp  contour 
changes. 

3.5  Swept  Interactions 

The  three-dimensional  Interaction  between  a turbulent  boundary  layer,  developing  along  a surface 
and  a perpendicular,  glancing  oblique  shock  wave  (sometimes  called  a "skewed”  shock  wave)  - see  Figure  37  - 
is  a phenomenon  of  considerable  Importance  In  the  design  of  swept  wings,  wing/body  and  tall/body  junctions, 
quas1-2D  and  half-cone  Inlets.  Figure  36,  for  example,  shows  a half-cone  Inlet  of  a typical  fighter 
aircraft  operating  near  design  at  Mach  1.6,  with  the  shock  from  the  half-cone  causing  a massive  3D 
separation  of  the  fuselage  boundary  layer. 

Despite  several  previous  investigations, Green  noted**  that  there  was  little  quantitative 
understanding  of  interactions  between  swept  shock  waves  and  turbulent  boundary  layers,  although  Stalker** 
and  Stanbrook**  Introduced  some  qualitative  features  In  their  early  work,  while  later  Investigations  by 
McCabe**  and  Lowrie*’  provided  some  Insight  into  the  crossflows  developing  In  the  Interaction.  Much  of 
the  existing  analysis  has  been  developed  for  so-called  "Infinite"  swept  flows,  and  so  Is  of  a quasi  two- 
dimensional  nature;  while  most  experiments  have  been  conducted  using  the  nozzle  boundary  layers  In 
relatively  small  supersonic  wind  tunnels.  At  a gi  '»n  mainstream  Mach  number,  the  flow  deflection  angle  for 
so-called  "Incipient  separation"  has  usually  been  determined  as  when  the  limiting  streamlines  become 
parallel  to  the  projection  of  the  shock  wave  (In  the  external  stream)  on  to  the  wall,  and  Korkegi*’  has 
made  a simple  correlation  of  Incipient  separation  data  from  References  66  and  67. 

In  some  experiments'* 1n  the  NAE  5 * 5-1nch  blowdown  (pilot)  wind  tunnel,  the  mean  flow  features 
including  wall  static  pressure,  surface  impact  pressure  and  limiting  streamline  direction,  and  pitot 
and  stagnation  temperature  profiles,  were  gathered  through  swept  Interactions  at  mainstream  Mach  numbers 
of  2 and  4,  up  to  and  beyond  flow  deflection  angles  through  the  shock  wave  that  produced  three-dimensional 
separation,  see  Figure  37.  The  Reynolds  number  based  upon  the  mainstream  conditions  and  the  undisturbed 
boundary- layer  thickness,  6o.  of  0.2-1nch,  was  2 x 10*.  The  wall  conditions  were  essentially  those  of 
zero  heat  transfer.  (Similar  boundary- layer  experiments  were  conducted  by  Oskam"  at  Princeton  University.) 

Subsequently,  for  the  Mach  2 flow,  a small  convergent/divergent  tangential  wall  jet  nozzle  was 
Installed  in  the  test  wall  (Fig.  38)  upstream  of  the  Interaction  region,  to  Investigate  whether  a strong 
three-dimensional  shock- Induced  separation  could  be  controlled  or  destroyed  by  a Mach  number  3 supersonic 
wall  jet.  (The  planning  of  the  3D  experiment  followed  the  criteria  established  by  Peake’*  for  supersonic 
blowing  boundary- layer  control  In  a two-dimensional  shock/boundary-layer  Interaction.)  The  direction  of 
the  jet  efflux  could  be  oriented  at  various  angles  with  respect  to  the  line  of  separation,  as  we  see  on 
the  diagraranatic  sketch  of  Figure  37. 

Figure  39  shows  the  effects  of  a wedge  deflection  angle  of  16°  In  a Mach  4 airstream  where  there  Is 
a substantial  3D  separation  generated  way  ahead  of  the  shock  wave  In  the  external  flow  (as  we  see  on  the 
wall  pressure  plot  and  the  Schlleren/oll  dot  flow  visualization  picture).  The  pitot  pressure  profiles 
through  the  Interaction,  measured  by  a 3-tube  yawmeter  that  nulled  Into  the  direction  of  the  local 
velocity,  are  shown  on  the  top  graph  of  Figure  4D.  The  profile  measurement  stations  situated  relative  to 
the  calculated  shock  are  shown  at  the  Intersection  of  the  pitot  profiles  with  the  abscissa.  The  profiles 
are  sufficiently  close  together  to  allow  a construction  of  the  forward  oblique  leg  of  the  shock  bifurca- 
tion at  the  foot  of  the  wedge  shock.  Downstream  of  the  3D  separation  line  position,  the  presence  of  the 
shear  layers  with  heat  transfer  Is  Indicated  by  rapid  changes  and  troughs  on  the  temperature  plots.  From 
these  distributions,  we  may  postulate  that  the  deficit  troughs  correspond  with  the  core  flow  of  a flattened 
vortex  structure  of  the  rolled-up  shear  layer  from  the  3D  separation  line,  much  like  the  corner  flow  model 
proposed  by  Cooper  and  Hankey  In  Reference  71  and  witnessed  via  electron  beam  flow  visualization  by 
Henderson  and  Bertram.”  The  axis  of  the  vortex  would  appear  to  be  just  ahead  of  the  line  of  the  calcu- 
lated shock  (the  origin  of  which  Is  the  wedge  apex)  where  the  "overshoot"  towards  0°  on  the  yaw  profile 
(that  Is,  parallel  to  the  mainstream  at  Infinity)  Is  at  Its  maximum.  The  substantial  swings  In  the  total 
temperature  distributions.  Figure  41.1,  that  are  found  In  distinct  contrast  to  the  expected  form  In 
unseparated  flow.  Figure  41.2,  would  appear  to  be  a useful  Indicator  of  a 3D  separated  flowfleld. 

Can  such  an  undesirable  3D  separation  be  diminished  or  destroyed  by  blowing  boundary-layer  control, 
for  we  know  that  on  swept  wings,  especially  In  transonic  flow,  the  viscous  vortex  from  a 3D  separation 
can  sometimes  burst  over  the  wing,  leading  to  unpleasant  difficulties  in  airplane  control,  while  In  the 
quas1-20  supersonic  Intake,  once  3D  separations  are  present  on  the  sidewalls,  they  appear  to  promote  high 
fluctuation  and  distortion  levels  at  the  compressor  face  further  downstream.  But  perhaps  the  most 
significant  aspect  of  30  separated  flows  In  the  hypersonic  rdglme.  Is  the  high  heat  transfer  to  the  surface 
In  the  region  of  flow  re-attachment,  which  poses  severe  problems  of  skin  cooling,  as  we  have  seen  already. 
The  particular  losses  caused  by  the  pitot  pressure  deficit  In  the  rolled-up  viscous  vortex,  and  the 
associated  skin  friction  Increases  In  re-attachment  zones,  have  not  been  quantified  to  the  author's 
knowledge. 

On  Figure  42,  we  demonstrate  the  Invigoratlon  of  the  30  wedge-generated  separation  by  a Mach  3 
supersonic  wall  jet.  This  Illustration  provides  a selection  of  wall  static  pressure  distributions  along 
and  just  off  the  tunnel  centre-line  for  various  angular  settings  of  the  jet  efflux  with  respect  to  the 
tunnel  centre-line.  The  positive  sign  of  ej  Indicates  a jet  direction  towards  the  wedge  surface,  and  this 
angular  setting  yields  no  control,  and  large  peaks  and  troughs  In  the  static  pressure  dlstrlbutlon(s) 
corresponding  with  free  vortical  shear  layer(s)  rolling  up  from  the  three-dimensional  separation  11ne(s). 

On  the  other  hand,  the  jet  rotation  angle  of  -25°  produces  a relatively  smooth  pressure  rise.  The  wall 
jet  has  produced  a local  expanding  flow  around  the  wedge  leading-edge  (due  to  the  25°-11.5°  expansion 
angle)  to  alleviate  the  originally  Induced  large  shock  pressure  rise.  In  the  present,  constrained 
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geometrical  conditions.  It  Is  not  clear,  unfortunately,  whether  the  advised  direction  of  blowing  would 
carry  over  to  controlling  a 3D  shock-induced  separation  on,  say,  a swept  wing  or  body  flow  with  Internal 
shock  waves. 

4.0  CONCLUDING  REMARKS 


In  this  brief  review,  we  have  Illustrated  some  of  the  diverse  kinds  of  fixed  and  unfixed  three- 
dimensional  separations  that  can,  and  do,  occur  on  aircraft  and  missiles.  It  Is  evident  that  the  concept 
of  controlled  flow  separation  In  three-dimensions  provides  the  designer  with  substantial  rewards  In  having 
a qualitatively  non-varying  flowfleld  at  his  disposal.  However,  we  must  always  be  aware  of  the  conse- 
quences on  flight  vehicle  drag,  which  are  not  readily  predictable.  At  the  outset,  we  have  no  quantitative 
yardstick  to  determine  the  scale  of  the  device  to  "fix"  separation,  and  to  say  how  "sharp"  should  a sharp 
edge  be?  Me  do  not  understand  what  determines  the  scale  of  the  resulting  vortical  flows  from  30  separa- 
tions, and  when  they  will  be  close  to  the  surface  and  when  they  will  not.  What  precise  Influence  does 
body  shape  and  vehicle  relative  Incidence  have  on  the  scale  of  separation?  Substantial  research  effort  is 
required  to  reveal  the  answers  to  these  questions,  as  all  practical  configurations  produce  three- 
dimensional  Interactions  and  vortical  flows. 

As  of  now,  we  see  that.  In  general,  even  If  the  Inviscid  Interfering  flowflelds  can  be  calculated, 
the  growth,  separation  and  roll-up  of  three-dimensional  turbulent  boundary  layers  cannot  yet  be  adequately 
predicted. 
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FIQ.7:  SIMPLIFIED  NAVIER-STOKES  POINTED  CONE  FLOW  SOLUTION 
9,  - 1(f,  M - 8,  LAMINAR 


SURFACE  FRCSSURE  COEFFrCICirr 


CroM  TUm  yew  Pietrihmtim 
n/w  • u.t 
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CIROmKIfTlM.  AMU  (OUlUS) 


lewm*r4  iMClac  DtctrlkvClM 


L««ward  Surface  Preaeurc  Oittrlbutloa 


FIG.  8:  BLUNTED  CONE  SOLUTION  USING  'TARABOLIC"  NAVIER-STOKES  EQUATIONS’": 

6;  - 15°,  M - 10.6,  LAMINAR 


FIG.  0;  LEE  SURFACE  FLOW  OVER  DELTA  AND  CONTOURED  WINGS  AT  M - 6” 


ATTACHMENT  POINT 


ATTACHMENT  STREAMLINE 


ATTACHMENT  LINE 


FIG.  12:  POSSIBLE  LIMITING  STREAMLINE  PATTERN  ABOUT  NODAL  ATTACHMENT  POINT  ON  WING  LEADING-EDGE 


APEX  ENLARGED; 
SINGULARITY 
THERE  AS  ON 
FIG.  13.2, 

lighthill” 


UNt  OF  INFLEXION 


MASKELL' 


FIG.  14:  CONCEPTUAL  LEE-SlOE  FLOW  ABOUT  SLENDER  WING  AT  INCIDENCE 


AnACHWNTLINf 


S^•4M(r«p^  for  LirfO  ProtuborAACo,  Modal  2D,  M > 2.50.  H/i  • }9.i*10*/m. 

S • PrlMry  Saparatlon.  i • Iom  Shock,  M • Mach  Stas,  A - Attachaant  Lina.  V • Vortaa 
Cora.  Attachaant  Ltna  Indicated  Orlginata*  at  Point  A. 

V OF  CYLINDRICAL  PROTUBERANCE 


BOW  SHOCK 


TRIPLE  SHOCK 

intersection 


SEPARATION  SHOCK 


BOUNDARY  LAYER 


INIERSCaiON  OF  VAPOR  SCREEN  AND  WINDOW  | 

Vapor  Scraan  Photograph  for  Largo  Protubaranca,  Modal  20,  with  Light  Shaai 

In  01  .nn  niwl  Tnan*.  ••  VI*  tA  OkMt . H ■ 2.50.  t/f  ■ O.txloA/B. 


FIG.  17:  CYLINDER  PROTUBERANCE  IN  SUPERSONIC  TURBULENT  FLOW*' 


rin-VlM  SkatchM  of  Soparotlon  ami  Attachawnt  UsatraaB  of  Cylindrical  PcMubaranca; 
(a)  Sl«  Vortlcat;  (b)  Pour  Vortlcaa;  (c)  TVo  Vortical. 


FIG.  18:  MULTI-30  TURBULENT  SEPARATIONS*'  ABOUT  CYLINDER  PROTUBERANCE 
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FLANK 


M - 0.73;  R • )0x  10*  PER  FT;  AFTERBODY  LENGTH  - 17.2  IN;  TURBULENT  BOUNDARY  LAVERS 

FIG.  21:  LIMITING  STREAMLINES  ON  NAE  "BEAVER  TAIL"  AFTERBODY  AT  20°  UPSWEEP 


PEAK-TO-PEAK  FLUCTUATING  PRESSURE  COEFFICIENT  A Pp^q 


TRANSDUCER  LOCATION  ON  AFTERBODY,  X = Vr,p  (AT ^ = 0*) 


FIG.  22:  PRESSURE  FLUCTUATIONS  ON  NAE  "BEAVER  TAIL"  AFTERBODY 


FIG.  24;  WING  ROOT/UNOERCARRIAGE  POD  INTERFERENCE: 
LAMINAR  FLOW,  L - 0.87  FOOT,  R^  - 1.7  X 10« 
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FIG.  27:  CRITICAL  ANGLE  OF  INCIDENCE  FOR  ONSET  OF  FLOW  ASYMMETRY 


FIG.  30,  LIMITING  STREAMLINES  ON  FIGHTER  AIRCRAFT  WITH  STRAKES  AT 
INCIDENCE  IN  TRANSONIC  FLOW’* 
o - 8",  M i 0.9 


INTERPRETATION  OF  FLOW  ABOUT  70-0EGREE  DELTA  WING 
AT  IS.  $ DEGREES  INCIDENCE 


FIG.  31:  LEE.SIDE  FLOWS  OVER  DELTA  WINGS  AT  INCIDENCE 


flat-topped  HALF-CONE-AND-DELTA-WING 
HYPERSONIC  LIFTING  VEHICLE 

WING  BOUNOARr 

ATTACHMENTS  ] 1 

SEPARATIONS- 


CONE  BOUNDARY 
LAYER 


VORTICAL  LAYER 


( b)  VISCOUS  FLOW 


(a)  INVISCID  FLOW 


FLOW  ABOUT  THE  HALF-CONE-AND-DELTA-WING  VEHICLE 
AT  AN  INCIDENCE  OF  15  DEGREES 


FIG.  32:  LIFTING  HYPERSONIC  HALF-CONE/OELTA  WING  AT  M • 12.6 


30 


FIG.  33;  HEAT  TRANSFER  AND  SURFACE  PRESSURES  ON  HALF-CONE/DELTA  WING. 

a - 16°,  M - 12.6 


5-47 


FIG.  36:  SWEPT-SHOCK  INDUCED  3D  SEPARATION  ABOUT  HALF-CONE  INTAKE  AT  M - 1.6^’ 


« 


FIGS  37  & 3B:  SWEPT  SHCKK/TURBULENT  BOUNDARY-LAYER  INTERACTION  WITH  AIR  INJECTION 
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PITOT,  TOTAL  TEMPCRATURE  AND  YAW  ANCLE  DISTRIBUTIONS  FOR 
STATION  41  NEAR  IN  VISCID  SHOCK  WAVE  LOCATION,  FOR  8a- 16* 

AT  MACH  4 . 


41.2 
h In. 


PITOT, TOTAL  TEMPERATURE  AND  YAW  ANGLE  DISTRIBUTIONS 
FOR  STATION  II  NEAR  INVISCIO  SHOCK  WAVE  LOCATION  ; 

FOR  8a-8*ATMACH2 


FIG.  41:  STAGNATION  TEMPERATURE  CHANGES  IN  FLOW  WITH  30  SEPARATION 
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PRESSURE  DISTRIBUTIONS 


FLOW  VISUAUZATIOW 


FIQ.  42:  EFFECT  OF  BLOWING  DIRECTION  ON  SWEPT  SHOCK/TURBULENT 
BOUNDARY-LAYER  INTERACTION  AT  MACH  2:  6,  • 11£‘.  M,  - 3 
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INTRODUCTION  TO  UNSTEADY  ASPECTS  OF  SEPARATION 
IN  SUBSONIC  AND  TRANSONIC  FLOW 


W.  J.  McCroskey 

Aeromechanics  Laboratory— U.S.  Anny  Aviation  R&O  Command 
Ames  Research  Center,  Moffett  Field,  California  94035,  U.S. A. 
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1.0  GENERAL  CONSIDERATIONS 

Unsteady  separation  occurs  In  a wide  range  of  fluid  flows  that  are  of  practical  Importance  (Ref.  1). 
In  many  apol Icatlons,  the  Ideal  flow  environment  of  a device  Is  nominally  steady,  but  the  onset  of  separa- 
tion Is  very  often  accompanied  by  some  degree  of  Irregular  unsteadiness.  Undesirable  unsteady  effects  can 
also  arise  either  due  to  self-induced  motions  of  a body  In  a moving  stream,  or  due  to  fluctuations  or  non- 
uniformities  In  the  surrounding  fluid.  On  the  other  hand,  some  devices  may  be  required  to  execute  time- 
dependent  motion  In  order  to  perform  their  basic  functions.  In  general,  the  combination  of  unsteadiness 
and  flow  separation  produces  fluctuating  forces,  vibrations,  aeroelastic  Instabilities,  or  combinations 
thereof  that  are  as  undesirable  as  they  are  difficult  to  predict. 


The  fluctuating  fluid  dynamic  forces  associated' 
with  unsteady  separation  can  be  almost  completely 
stochastic,  highly  organized,  or  a combination  of 
random  and  periodic  components.  An  example  of  the 
first  type,  buffeting  on  an  aircraft  wing.  Is  Illus- 
trated In  Fig.  1.  A highly  organized  flow  Is  the 
well-known  periodic  vortex  shedding  from  a wire  or 
cable.  Retreating  blade  stall  flutter  on  a helicop- 
ter rotor  (Fig.  2 adapted  from  Ref.  2)  exhibits 
significant  amounts  of  both  random  and  periodic 
fluctuations.  These  and  other  representative  exam- 
ples will  be  addressed  In  the  following  lectures. 

It  should  be  emphasized  that  this  entire  sub- 
ject remains  open  to  much  additional  fundamental 
research,  since  the  general  fluid  dynamic  problem  of 
unsteady  separation  at  high  Reynolds  number  remains 
unsolved.  At  present,  no  completely  reliable  predic- 
tion techniques  exist.  Instead,  the  design  engineer 
must  draw  from  a combination  of  approximate  theo- 
ries, empirical  correlations  of  data,  and  finite 
difference  programs  based  on  uncertain  physical  mod- 
eling of  turbulence. 

What  are  some  of  the  factors  that  distinguish 
quasi-steady  and  unsteady  separated  flow  behavior 
In  practical  situations?  From  dimensional  analysis, 
we  would  expect  large-scale  unsteady  effects  to  be 
Important— for  example,  with  regard  to  overall  per- 
formance—when  some  time  scale  of  the  physical 
motion  Is  comparable  to  the  basic  fluid  dynamic  time 
scale;  that  Is,  when  uL/U  or  L/Ut  are  of  the  order 
of  1 or  greater.  Here  the  quantities  u,  L,  and  U 
are  the  characteristic  frequency,  length,  and  veloc- 
ity, respectively,  of  the  motion,  and  t denotes 
time.*  Even  at  much  lower  reduced  frequencies, 
however,  fluctuating  fluid  dynamic  forces  may  devel- 
op which  are  out  of  phase  with  the  body  motion; 
these  forces  can  then  lead  to  flow-induced  Insta- 
bilities, such  as  flutter,  that  are  Important  to 
aeroelasti clans  and  structural  engineers.  Although 
this  “negative  aerodynamic  damping,"  whereby  the 
body  extracts  energy  from  the  flow,  can  also  occur 
In  purely  Inviscid  flows,  the  phenomenon  Is  often 
enhanced  considerably  by  separation.  Furthermore, 
certain  types  of  flutter  occur  only  when  separation 
Is  present. 

There  are  also  Instances  of  uniform  body  motion 
In  which  separated  viscous  shear  layers  develop 
hydrodynamic  Instabilities  with  distinct  periodicity 


*For  slender-body  oscillations,  the  quantity 
k • uL/U.  Is  called  the  reduced  frequency,  and  the 
relevant  characteristic  length  Is  normally  a stream- 
wise  dimension.  On  the  other  hand,  the  character- 
istic frequency  associated  with  vortex  shedding  from 
arbitrary  bodies  has  traditionally  been  called  the 
Strouhal  number,  S • fL/U,  where  f • u/Ex  1$  the 
cycle  frequency,  L Is  usually  a dimension  perpen- 
dicular to  the  flow,  and  generally  U ■ U.  If  there 
Is  a mean  flow. 


STATIC  PRESSURE 
DISTRIBUTION 


FLUCTUATING  PRESSURE 
DISTRIBUTION  (RMS) 


ATTACHED  fLOW 


OSCILLATING  SHOCK  WAA/E 


SEPARATED  FLOW 


TYPICAL  FLUCTUATING 
PRESSURE  TIME 
HISTORIES 


Fig.  1.  Sketch  of  transonic  buffet  on  a lifting 
airfoil . 


Fig.  2.  Blade-element  angle  of  attack  and  pitching 
moment  response  on  a model  helicopter  rotor 
(Ref.  2). 


in  the  near  wake.  These,  In  turn,  may  Induce  large-scale  unsteady  fluctuations  in  the  entire  flow  field. 
Such  self-indULOd,  nonlinear,  viscous-inviscid  Interactions  usually  produce  fluctuating  pressures  and  air- 
loads that  have  no  counterpart  in  purely  steady  flows. 

Another  distinction  is  the  rather  subtle  but  fundamental  difference  in  the  application  of  boundary 
layer  theory  to  guasi-steady  and  unsteady  flow  problems.  The  classical  steady  boundary  layer  equations 
are  incomplete  approximations  to  the  Navier-Stokes  equations,  but  at  high  Reynolds  numbers  they  provide 
considerable  Insight  and  practical  information  to  design  engineers.  In  particular,  good  estimates  of  sep- 
aration and  of  the  onset  of  stall  in  real  flows  are  often  obtained  from  boundary  layer  calculations  of  the 
point  where  the  surface  shear  stress  vanishes;  that  is,  where  tw  * u Ju/3y  » 0.  This  point  delineates 
the  onset  of  reversed  flow  near  the  wall.  It  also  happens  to  be  a singular  point  for  the  steady  two- 
dimensional  boundary  layer  equations,  although  not  for  the  Navier-Stokes  equations.  Even  though  classical 
boundary  layer  theory  breaks  down  here,  this  mathematically-singular  behavior  is  a useful  engineering  tool, 
since  it  often  correlates  well  with  the  onset  of  significant  changes  in  the  entire  flow  field. 


However,  the  flow-reversal  point,  where  » 0,  has  no  such  special  significance  in  unsteady  flow 
(Refs.  1,  3-5),  nor  is  it  a singular  point,  in  general.  Within  the  past  5 years,  a number  of  flow  fields 
have  been  analysed  and  calculated  using  boundary-layer  techniques  downstream  of  the  unsteady  flow-reversal 
point.  The  qualitative  features  of  these  results  are  indicated  schematically  in  Fig.  3 from  Ref.  5.  The 


major  questions  that  have  arisen  are  these;  (1)  doe; 
if  so,  where;  (2)  does  this  elusive  singularity  have 
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Fig.  3.  The  model  it  Sears  and  Telionis  (Ref.  5) 
for  upstream-moving  separation  of  an  unsteady 
boundary  layer. 


; a singularity  exist  somewhere  else  in  the  flow,  and 
practical  significance  analogous  to  that  of  the  well- 
known  separation  singularity  in  steady  flows;  and 
(3)  to  what  extent  can  meaningful  and  valid  estimates 
of  separation-like  behavior  of  real  flows  be  made  in 
unsteady  flows,  using  the  classical  boundary  layer 
approach?  This  whole  subject  is  one  of  active  current 
research,  with  a great  deal  remaining  to  be  learned 
about  the  physical  significance  of  unsteady  boundary 
layer  calculations. 

2.0  EXTERNAL  FLOWS  PAST  BLUFF  BODIES 

The  characteristic  unsteady  feature  of  nominally 
uniform  flow  past  a bluff  body  is  the  strong  tendency 
for  the  free  shear  layers  to  develop  into  alternate 
vortices  in  the  wake,  over  a wide  range  of  flow  con- 
ditions. The  rigid  circular  cylinder  provides  the 
most  familiar  example  of  periodic  vortex  sheddiig  and 
the  associated  fluctuating  forces  that  are  inductd  on 
the  body  by  the  vortices  in  the  wake. 

Stationary  Circular  Cylinders 

Figure  4 shows  one  ideal  and  two  real  flow  pat- 
terns for  this  case.  Although  the  geometry  is  appeal- 
ingly simple,  there  is  no  discrete  point,  such  as  a 
corner,  from  which  the  flow  naturally  tends  to  separ- 
ate. Consequently,  the  separation  phenomenon  and  free 
shear-layer  development  in  the  wake  are  sensitive  to 
Reynolds  number  and,  unlike  thin  airfoils,  there  is  no 
regime  that  can  be  described  by  potential  flow  theory. 
Only  at  Re  i 1 does  the  flow  even  approximately 
resemble  the  sketch  in  Fig.  4(a),  and  both  unsteady 
effects  and  viscous  separation  are  interactively  im- 
portant for  Re  i 50.  On  the  other  hand,  the  splitter 
plate  Illustrated  in  Fig.  4(c)  destroys  the  organized 
vortex  shedding  by  effectively  uncoupling  the  periodic 
separation  from  the  two  sides  of  the  cylinder. 

figure  5 from  Ref.  1 summarizes  the  primary  flow- 
field  characteristics  on  the  basic  cylinder  without  a 
splitter  plate  for  various  flow  regimes,  at  Mach  num- 
bers below  the  onset  of  shock  waves.  Figure  6,  also 
from  Ref.  1,  indicates  the  wide  ranges  of  time- 
averaged  drag,  fluctuating  lift,  and  Strouhal  number 
that  can  occur.  Unsteady  effects  are  almost  always 
Important  for  Re  i 50,  although  the  alternate  vortex 
shedding  with  dominant  periodicity  is  most  pronounced 
for  100  S.  Re  i 200,000.  This  encompasses  the  vortex- 
street  and  subcritical  regimes,  where  the  flow  near 
the  surface  of  the  cylinder  is  laminar  up  to  and  past 
the  point  of  separation;  transition  to  turbulence  oc- 
curs in  the  wake,  if  at  all.  The  mean  drag  coeffi- 
cient and  Strouhal  number  are  well  defined,  although 
considerable  scatter  occurs  in  the  fluctuating  lift 
or  side-force  data,  as  shown  in  Fig.  6.  Not  shown  is 
the  unsteady  drag,  which  fluctuates  with  an  amplitude 
of  the  order  of  0.05  to  0.10  and  a frequency  twice 
that  of  the  lift  fluctuations,  which  are  synchronized 
with  each  pair  of  shed  vortices. 


Major  changes  occur  at  a critical  Reynolds  number 

Fig.  4.  Sketches  of  flow  past  a circular  cylinder.  th»t  is  of  the  order  of  2 « 10^,  where  transition 
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occurs  so  quickly  In  the  laminar  free-shear  layer 
that  turbulent  reattachment  occurs  on  the  surface 
of  the  cylinder.  The  boundary  layer  then  resepar- 
ates as  a turbulent  free-shear  layer  a short  dis- 
tance farther  around  the  perimeter.  The  flow  on  the 
rear  half  of  the  cylinder  changes  dramatically  as  a 
result  of  this  longer  run  of  thin  boundary- layer 
flow  (cf.  Fig.  5),  and  the  redistribution  of  pres- 
sure causes  the  well-known  large  decrease  In  the 
mean  drag  coefficient  shown  In  Fig.  6.  The  dominant 
periodicity  ceases  and  the  Strouhal  number  Is  usu- 
ally 111-deflned,  although  significant  fluctuations 
continue.  These  fluctuations  are  w1 de-band,  but  not 
completely  random.  Therefore,  a wide  range  of 
Strouhal  numbers  have  been  reported  for  this  regime; 
this  Is  Indicated  by  the  cross-hatched  regions  In 
Fig.  6.  The  flow  In  this  low  supercritical  regime 
Is  highly  sensitive  to  freestream  turbulence,  sur- 
face roughness,  and  three-dimensional  disturbances. 
Both  the  mean  and  the  fluctuating  forces  diminish 
considerably,  but  the  details  of  the  flow  are  not 
well  understood  nor  adequately  documented  In  this 
regime. 

For  smooth  cylinders  and  at  Reynolds  numbers  of 
the  order  of  3x10^  and  above,  transition  to  turbu- 
lence occurs  ahead  of,  and  thereby  supersedes,  the 
laminar  separation  bubble.  When  this  occurs,  pro- 
nounced periodicity  In  the  fluctuating  lift  reap- 
pears, Implying  a return  to  some  form  of  periodic 
vortex  shedding.  This  regime  Is  usually  called 
*transcr1t1ca1 ,”  although  the  supercritical  and 
transcritical  labels  are  sometimes  Interchanged  In 
the  literature. 

Although  It  has  not  been  established  whether 
there  is  a Reynolds  number  above  which  S,  Cp,  and 
remain  constant,  a predominant  Strouhal  number 
becomes  rather  well  defined  at  S • 0.3  for  Re  t 10^ 
and  Cq  Increases  approximately  twofold  above  Its 
minimum  value  at  Re  • 6x10^.  The  fluctuating  lift 
coefficient  Is  much  lower  than  In  the  subcritical 
regime.  However,  this  hIgh-Reynolds  number  regime 
Is  only  attained  at  relatively  high  values  of  free- 
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Fig.  6.  Mean  drag,  fluctuating  lift,  and  Strouhal 
shedding  frequency  for  rigid  circular  cylin- 
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Stream  dynamic  pressure,  SpUi,  or  for  large  diameters.  Therefore,  the  actual  side  forces  are  sometimes 
large  enough  to  induce  severe  structural  vibrations. 

Vibrating  Cylinders 

The  unsteady  lift  and  drag  can  excite  an  oscillatory  motion  of  a bluff  body  when  the  structure  is  not 
perfectly  rigid.  The  simplest  case  is  the  resonant  excitation  of  some  structural  mode  of  the  body  at  the 
specific  natural  shedding  frequency  of  the  flow.  This  would  be  expected  to  occur  at  a discrete  velocity 
for  each  mode,  since  S • fd/U  > constant. 

However,  it  has  been  found  that  large-amplitude  oscillations  of  lightly  damped  structures  can  interact 
with  the  flow  enough  to  alter  the  vortex-shedding  frequency  to  that  of  the  natural ly-vibrating  frequency  of 
the  structure,  over  a range  of  values  of  S.  This  is  known  as  "lock-in,"  and  the  Strouhal-frequency  band- 
width of  the  lock-in  phenomenon  determines  the  velocity  range  over  which  such  self-induced  oscillations  can 
occur.  The  distinguishing  fluid  dynamic  phenomenon  is  that  when  the  oscillating  frequency  Is  slightly  be- 
low the  natural  vortex-shedding  frequency  for  a rigid  body,  the  phase  of  the  lift  fluctuation  generally 
leads  the  motion  and  the  oscillations  are  negatively  damped,  or  unstable.  However,  the  lock-in  forces  also 
depend  on  amplitude,  motion  direction,  and  Reynolds  number,  and  they  are  not  sufficiently  well  documented 
to  quote  general  results  over  wide  ranges  of  condition. 

Self-induced  structural  oscillations  have  been  significant  engineering  problems  for  many  years;  one 
of  the  most  famous  was  the  failure  of  the  original  Tacoma  Narrows  Bridge  in  1940  (Ref.  6).  However,  most 
of  the  quantitative  fluid-dynamic  studies  have  been  performed  in  more  recent  times,  during  which  the  gen- 
eral features  of  the  lock-in  synchronization  of  the  wake  and  body  motion  have  been  identified.  Also,  a 
number  of  experiments  have  shown  the  large  variations  in  amplitude  and  phase  of  the  fluctuating  lift  and 
drag  that  occur  at  frequencies  above  and  below  the  natural  shedding  frequency.  But  the  frequency  band- 
width of  the  lock-in  phenomenon  and  the  threshold  values  of  cylinder  oscillation  amplitude  that  are  re- 
quired for  lock-in  have  been  quantified  for  only  a limited  number  of  conditions  and  for  few  geometries 
other  than  circular  cross  sections.  Some  approximate  methods  of  analysis  for  this  problem  are  reviewed 
briefly  in  Ref.  1 . 

3 0 UNSTEADY  SEPARATION  ON  SLENDER  BODIES 


Streamlined  bodies  are  normally  designed  to  avoid  separation  at  low  angles  of  attack.  Organized  vor- 
tex shedding,  analogous  to  that  on  cylinders  with  laminar  separation,  may  occur  at  low  Reynolds  numbers. 
However,  most  streamlined  configurations  operate  at  high  Reynolds  numbers,  10^  < Re  < 10®,  so  that  turbulent 
boundary  layers  prevail.  At  high  flight  speeds,  shock  waves  are  likely  to  cause  the  turbulent  boundary 
layer  to  separate,  whereas  stall  may  occur  at  lower  speeds  and  at  high  angles  of  attack.  In  any  case,  tur- 
bulence in  free  shear  layers  and  wakes  tends  to  disorganize  the  flow,  to  produce  fluctuating  fluid  dynamic 
forces,  and  to  compound  the  analytical  difficulties. 


For  slender  bodies  at  high  Reynolds  numbers,  the  unsteady  separated  external  flow  problems  can  be 
roughly  classified  into  three  main  categories,  which  are  very  much  associated  with  the  motion  of  the  body. 
The  term  "buffeting"  is  used  to  describe  the  structural  response  of  aircraft  or  missile  components  to  the 
aerodynamic  excitation  that  is  produced  by  flow  separation.  In  this  case,  the  overall  body  motion  is 
approximately  uniform,  and  the  structure  flexes  slightly  and  irregularly  under  the  influence  of  the  separ- 
ation-induced fluctuating  airloads.  "Stall  flutter"  refers  to  oscillations  of  an  elastic  body  that  are 
caused  by  separated  flow  that  would  be  nominally  steady  in  the  absence  of  the  body,  but  which  is  made  un- 
steady by  the  flow-induced  body  motion.  Finally,  the  term  "dynamic  stall"  is  often  used  to  describe  the 
unsteady  separation  and  stall  phenomena  on  bodies  that  are  forced  to  execute  time-dependent  motion,  oscilla- 
tory or  otherwise,  or  in  cases  where  gusts  or  other  flow-field  disturbances  induce  transitory  stall.  Stall 
flutter  and  dynamic  stall  share  many  common  features;  the  primary  fluid  dynamic  difference  is  that  the 
amplitude  of  the  motion  is  normally  smaller  in  most  cases  of  stall  flutter. 


Buffeting 

The  turbulent  eddies  in  a separated  free-shear  layer  produce  velocity  and  pressure  fluctuations  that 
encompass  a wide  range  of  frequencies,  and  the  distribution  of  turbulent  energy  across  the  frequency  spec- 
trum is  normally  broadband.  While  the  amplitudes  of  these  fluctuations  are  generally  much  smaller  than 

typical  mean  values,  they  are  usually  10  to  100  times 
larger  than  those  of  attached  boundary  layers,  as  in- 
dicated in  Fig.  1.  Consequently,  the  separated  pres- 
sure fluctuations  may  become  greater  than  the  threshold 
levels  that  are  required  to  excite  normal  modes  of 
vibration  of  an  aircraft  structure.  This  resonant 
aerodynamic  excitation  of  structural  vibrations  is 
characterized  by  the  level,  scale,  and  degree  of  cor- 
relation of  the  pressure  fluctuations. 

The  earliest  investigations  of  buffeting  dealt 
with  often-catastrophic  vibrations  of  aircraft  tails 
operating  in  the  separated  wake  of  the  main  wing,  or 
of  the  wing-fuselage  junction,  as  Indicated  in  Fig.  7 
from  Ref.  7.  An  analogous  bluff-body  problem  would 
be  the  vibrations  Induced  by  the  impact  of  the  exter- 
nal wake  of  one  tube  on  another  in  a multi  pie-tube, 
cross- flow- type  heat  exchanger.  Buffeting  may  also 
occur  on  the  wing  Itself,  of  course,  and  this  is  the 
more  connwn  problem  today.  Wing  buffeting  of  modern 
aircraft  and  missiles  generally  occurs  at  the  extremes 
of  the  operational  flight  envelope,  either  near  Cl_ 

7.  Sketch  of  buffeting  on  an  airplane  during  landing  or  maneuvers,  or  near  the  onset  of 
(Ref.  7).  transonic  drag  divergence  in  cruise.  Maneuver  limita- 
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tions  and  drag  divergence  invariably  involve  separation  induced  by  shock  waves. 

Although  the  onset  of  flow  separation  and  buffeting  can  be  estimated  by  a combination  of  boundary 
layer  methods  and  potential  flow  theory,  no  reliable  theoretical  or  numerical  technique  exists  for  predict- 
ing the  fluctuating  pressures  in  turbulent  separated  shear  flows.  Consequently,  the  design  engineer  must 
rely  on  correlations  of  experimental  data  and  on  tests  of  models  in  wind  tunnels  for  estimates  of  aerody- 
namic characteristics,  structural  vibrations,  and  fatigue  loads.  The  fluid  dynamic  characteristics  are 
often  inferred  or  measured  directly  on  conventional  rigid  models  or  surfaces.  However,  it  has  not  been 
established  to  what  extent  the  statistical  characteristics  of  the  aerodynamic  exciting  forces  are  essen- 
tially independent  of  the  motion  of  the  body  surface.  These  questions  of  experimental  techniques  and  phil- 
osophy will  be  covered  in  detail  in  the  following  lecture,  as  well  as  classifications  and  detailed  discus- 
sions of  wing  flows  with  buffeting.  In  subsequent  lectures,  the  fundamental  fluid  dynamic  aspects  of 
unsteady  shock  wave-boundary  layer  interactions  will  be  addressed. 

Dynamic  Stall  and  Stall  Flutter 


A certain  degree  of  unsteadiness  always  accompanies  the  flow  over  an  airfoil  or  other  streamlined 
lifting  surface  at  high  incidence,  but  the  stall  of  a profile  undergoing  unsteady  motion  is  even  more  com- 
plex than  static  stall.  If  the  angle  of  attack  oscillates  around  the  static  stall  angle,  the  fluid  dynamic 
forces  and  moments  exhibit  large  amounts  of  hysteresis.  The  maximum  values  of  Ci_,  Cq,  and  C|i(  can  greatly 
exceed  their  static  counterparts,  and  a condition  of  negative  aerodynamic  damping  in  pitch  often  develops 
during  part  of  the  cycle.  This  is  illustrated  by  the  dotted  shading  in  Fig.  8*  from  Ref.  8.  The  aerody- 
namic pitch  damping  is  given  by  -^Cimda.  If  the  average  value  over  the  cycle  is  negative,  the  airfoil 
extracts  energy  from  the  air  stream,  and  the  pitch  oscillations  will  tend  to  increase  in  amplitude,  unless 
restrained.  This,  of  course,  is  the  condition  for  flutter,  and  unsteady  separation  hysteresis  permits  it 
to  occur  in  a single  degree  of  freedom  of  oscillatory  body  motion.  Normally  in  unseparated  flows,  flutter 
only  occurs  when  the  body  motion  includes  multiple  degrees  of  freedom;  for  example,  combined  bending  and 
torsion  of  an  aircraft  wing. 

A great  deal  has  been  learned  about  the  basic  phenomena  of  dynamic  stall  within  the  last  decade, 
esoecially  in  connection  with  the  retreating-blade  stall  problem  of  helicopter  rotors  (Refs.  1,9).  On  an 
airfoil  whose  incidence  is  increasing  rapidly,  the  onset  of  stall  can  be  delayed  to  incidences  considerably 
in  excess  of  the  static  stall  angle.  If  the  airfoil  attains  a sufficiently  high  incidence  to  penetrate 
deep  into  stall  by  virtue  of  large-amplitude  motion,  the  breakdown  of  the  flow  field  begins  with  the  forma- 
tion of  a strong  vortex-like  disturbance  that  is  shed  from  the  leaoing-edge  region.  This  vortex  moves 
downstream  over  the  upper  surface  of  the  profile,  as  shown  in  Fig.  9.  Its  passage  distorts  the  chordwise 
pressure  distribution  and  produces  transient  forces  and  moments  that  are  fundamentally  different  from  their 
static  counterparts  and  that  can  not  be  reproduced  by  neglecting  the  unsteady  motion  of  the  airfoil.  An- 
other feature  of  the  unsteady  stall  case  is  that  large  negative  values  of  pitching  moment  caused  by  the 
rearward  shift  of  the  aerodynamic  center  of  pressure,  that  is,  "moment  stall,"  occur  before  the  maximum  in 
lift  or  normal  force,  or  "lift  stall." 

The  details  of  dynamic  stall  depend  strongly  on  the  frequency  of  oscillation,  the  amplitude  and  mean 
angle  of  the  motion,  and  in  some  cases,  on  the  airfoil  geometry.  The  effect  of  Mach  number  seems  fairly 
important,  although  the  extent  to  which  the  vortex  shedding  phenomenon  is  suppressed  by  shock  wave-boundary 


M^-0.40  a * Oq  ^ 


tNCiDCNCE.O.dMl 


DYNAMIC  STALL 

a-15*  sinwt  Re-K>‘  k-Oi 


Cm* -0J4 


a -23  5* 
CM*'a29 


a •27- 

DYNAMIC 

Cm=-06 

STATIC 

Cm=-0.I5 


2 4 6 6 100  2 
m/C 


4 6 6 100  2 4 6 
»/C  x/c 


Fig.  8.  Force  and  moment  coefficients  on  an  oscil- 
lating airfoil  at  several  mean  angles  (Ref.  8) 
Pitch  axis  at  X/c  * 0.25,  Re  ■ 4.8  * 10^. 


Fig,  9.  Flow  visualization  and  pressure  measure- 
ments of  the  vortex-shedding  phase  of  dynamic 
stall  on  an  oscillating  airfoil  (Ref,  1). 
Pitch  axis  at  X/c  * 0.25. 


*In  this  and  all  subsequent  figures,  the  reduced  frequency  has  the  definition  that  has  evolved  from 
potential-flow  theory:  k ■ uic/2U„,  where  c Is  the  chord  of  the  airfoil. 


layer  interaction  has  not  been  established.  The  dependence  on  Reynolds  number  is  rather  weak.  The  role 
of  these  parameters  will  be  discussed  in  more  detail  in  a subsequent  lecture. 

The  related  phenomenon  of  stall  flutter  also  involves  oscillations  in  pitch,  but  as  mentioned  earlier, 
the  amplitude  of  the  oscillation  is  usually  smaller  than  in  the  case  of  dynamic  stall.  When  this  is  true, 
the  large-scale,  organized  vortex-shedding  phenomenon  just  described  is  absent  or  much  less  prominent. 
Nevertheless,  the  hysteresis  in  C(i|  vs.  a,  which  is  necessary  to  produce  the  negative  aerodynamic  damping 
that  initiates  stall  flutter,  still  has  its  origins  in  the  phase  of  the  nonlinear  separation  and  reattach- 
ment of  the  boundary  layer.  Consequently,  the  frequency  of  the  oscillation,  which  is  approximately  the 
torsional  natural  frequency  of  the  structure,  is  a predominant  parameter.  The  airfoil  geometry  and  the 
freestream  Mach  number  largely  determine  the  boundary  layer  separation  characteristics,  and,  therefore, 
they  are  also  important. 

Flutter  of  Control  Surfaces 

Finally,  control  surface  flutter  is  an  important  practical  problem,  especially  aileron  buzz  at  tran- 
sonic speeds.  Under  certain  combinations  of  Mach  and  Reynolds  numbers,  the  spectrum  of  the  fluctuating 
pressures  in  the  separated  zone  behind  the  shock  wave  in  Fig.  1 contain  one  or  more  predominant  frequen- 
cies. If  the  airfoil  section  includes  a hinged  flap,  the  resultant  periodic  hinge  moments  may  produce  an 
oscillatory  flap  motion,  which  in  turn  interacts  with  the  flow  field  near  and  behind  the  shock  wave  to 
sustain  a limit-cycle  flutter  motion.  As  in  the  related  problem  of  transonic  buffet,  a satisfactory  analy- 
tical or  numerical  treatment  of  this  problem  is  not  yet  available,  but  considerable  basic  research  is  in 
progress  on  the  model  problem  of  forced  small -amplitude  oscillation  of  the  flap  of  an  airfoil  in  transonic 
flow  (Refs.  1,  10).  This  problem  will  be  discussed  further  in  a subsequent  lecture. 

4.0  INTERNAL  FLOWS 

Separated  flows  in  ducts  with  variable  geometry  and  in  turbomachinery  exhibit  many  features  in  common 
with  the  external  flows  discussed  above.  However,  there  are  important  differences  which  are  described 
briefly  in  the  following  representative  examples. 

Axial-Flow  Compressors 

The  qualitative  features  of  dynamic  stall  and  stall  flutter  have  been  observed  in  compressors  and 
their  nonrotating  analogs,  cascades.  However,  the  interference  between  adjacent  blades  and  three-dimensional 
and  rotational  effects  has  a strong  influence  on  the  quantitative  details  of  the  stall  behavior  (Refs.  11, 
12).  In  particular,  the  hysteresis  loops  of  forces  and  moments  are  considerably  more  complicated  than  those 
of  isolated  airfoils,  as  indicated  in  Fig.  10  from  Ref.  13.  Furthermore,  in  this  experiment  the  maximum 
normal  force  was  observed  to  increase  approximately  linearly  with  the  nondimensional  pitch  rate,  but  the 


rate  of  increase  of 


in  this  correlation  was  much  less  than  in  the  isolated  airfoil  case.  More  detailed 


measurements  will  be  required  to  determine  to  what  extent  stall  on  rotating  components  can  be  understood  in 
terms  of  the  semi -empirical  analyses  and  concepts  of  dynamic  stall  on  airfoils  and  wings. 

Although  they  lie  outside  the  scope  of  this  lecture  series,  the  global  unsteady  stall  problems  of  surge 
and  rotating  stall  in  turbomachines  may  be  mentioned  in  passing.  As  their  names  suggest,  rotating  stall  is 

a large-scale  separation  phenomenon  that  propagates 
r circumferentially  in  a direction  opposite  to  the  rotor 

motion,  whereas  surge  induces  mass  flow  oscillations 
n in  the  axial  direction.  These  two  modes  are  indicated 

|\  schematically  in  Fig.  11  from  Ref.  14.  Because  of 

1.2  - I \ their  complexity  and  interdependence  on  the  total 

I 1 system  parameters,  few  analyses  or  experimental  inves- 

1 tigations  have  focused  on  the  detailed  fluid  dynamic 

I behavior  inside  such  machines. 


STEADY  FLOW 


One  of  the  more  promising  engineering  analyses  of 
these  problems  is  described  in  a recent  paper  by 
Greitzer  (Ref.  15).  He  extended  earlier  linearized 
analyses,  wherein  an  axial  flow  compressor  and  its 
adjacent  ducting  downstream  were  modeled  by  a Helmholtz 
resonator  by  introducing  a lag  to  account  for  the  time 
required  for  rotating  stall  to  develop  fully.  The 


Rotatinc  Stall 


UNSTEADY  FLOW 


-to  0 10  20  SO  40 

BLADE  INCIDENCE,  deg 

Fig.  10.  Normal  force  coefficient  for  dynamic  stall 
on  a compressor  rotor  blade  due  to  inlet  dis- 
tortions (Ref.  13). 


ClicwileitMItMy  NmmiIIwii  Flew 


AiltHy  OMillfllii  Flew 


Fig.  11.  Sketch  of  two  possible  modes  of  compres- 
sor instability  (Ref.  14). 
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nondlmenslonal  time  constant  of  this  lag  In  compressor  response  was  found  to  be  proportional  to  the  Helm- 
holtz resonator  frequency,  uh-  Greltzer  stressed  the  Importance  of  a parameter  B;  It  is  the  Inverse  of 
the  reduced  frequency  based  on  u>h,  the  equivalent  duct  length  encompassing  the  compressor  disc,  and  the 
mean  circumferential  velocity  of  the  rotor.  He  found  that  for  a given  compressor,  the  mode  of  the  Insta- 
bility that  would  occur  at  the  stall  line,  that  Is,  surge  or  rotating  stall,  would  depend  on  whether  B 
were  greater  or  less  than  a critical  value,  corresponding  to  the  onset  of  limit  cycle  behavior  of  pressure 
rise  versus  axial  velocity. 


Transitory  Stall  In  Diffusers 

A different  type  of  stall  occurs  In  diffusers  that  are  operating  close  to  their  maximum  pressure  re- 
covery. Basic  flow  regimes  were  Identified  some  years  ago  (Ref.  16)  for  low  speed  flows,  as  Indicated  In 
Fig.  12.  Some  of  the  transonic  modes  that  were  classifed  more  recently  In  Ref.  17  are  sketched  in  Fig.  13. 


SEPARATED  ZONE 


INTERMITTENT 
BOUNDARY  LAYER 
DETACHMENT 


INCREASING 

PRESSURE 

RATIO 


Fig.  12.  Flow  regimes  In  two-dimensional  low-speed  Fig.  13.  Typical  Instantaneous  flow  patterns  In 
diffusers  (Ref.  16).  transonic  and  supersonic  diffusers  (Ref.  17). 


In  these  transitory  stall  regimes,  large  amplitude  fluctuations  can  occur  more  or  less  periodically  as  the 
separated  fluid  washes  In  and  out  of  the  downstream  end  of  the  diffuser,  or  as  the  stalled  region  grows  and 
collapses  In  the  lateral  direction.  As  shown  in  Fig.  13,  the  unsteadiness  In  the  supercritical  modes  was 
caused  by  the  unsteady  shock  wave-boundary  layer  Interactions. 

The  frequency  of  the  transitory  stall  1n  low-speed  two-dimensional  configurations  has  been  found  to  be 
given  very  approximately  by  fL  slne/Uo  » 0.0055,  where  L Is  the  length,  Uq  Is  the  average  entrance 
velocity,  and  e Is  the  total  Included  angle  of  the  diffuser.  For  the  maximum  amplitudes  of  the  fluctua- 
tions, typical  values  of  e are  In  the  range  15° -30°,  which  would  mean  uL/Uo  =■  0.1.  It  has  not  yet  been 
established  whether  this  represents  a truly  unsteady  problem,  insofar  as  the  overall  perfonr.4nce  Is  con- 
cerned. However,  for  the  large- amplitude  oscillating  airfoils,  this  range  of  reduced  frequencies  represents 
a regime  wherein  unsteady  effects  grow  rapidly  with  Increasing  frequency. 

5.0  CONCLUDING  REMARKS 

Almost  any  flow  that  separates  will  have  some  deqree  of  unsteadiness.  In  some  cases,  the  fluctuations 
will  be  almost  complete  stochastic;  In  others  1t  will  be  highly  organized;  and  In  others.  It  will  be  a com- 
bination of  random  and  periodic  components.  In  this  Introductory  lecture,  some  of  the  peculiar  unsteady 
phenomena  have  been  reviewed  and  several  broad  classes  of  flow  problems  have  been  discussed  briefly.  It 
Thould  be  emphasized  again  that  a great  deal  remains  to  be  learned  about  unsteady  separated  flows,  especially 
at  high  Reynolds  numbers.  A considerable  amount  of  research  1s  under  way  In  an  effort  to  understand  the 
basic  fluid  dynamic  mechanisms  better  and  to  develop  new  engineering  prediction  methods. 
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PREDICTION  OF  THE  SEVERITY  OF  BUFFETING 


by 


D G HABEY 


ROYAL  AIRCRAFT  ESTABLISHMENT,  BEDFORD 

NOTATION 


c 

s - 

S'-  S" 

wing  chord  (m) 

buffeting  coefficient  - wing  root 
strain  signal/kinetic  pressure 
(arbitrary  units) 

dimensionless  buffeting  coefficients 
defined  in  Equations  (3)  and  (4) 

P 

P 

1,  2 

P /<! 

pressure  fluctuation  in  a band  Af  at 
frequency  f (N/m  ) 

2 

rms  pressure  fluctuations  (N/m  ) 

■flog  nF(n)d(log  n) 

} log  n— “ 

s 

lift  coefficient 

q 

kinetic  pressure  JpV^  (N/m^) 

f 

frequency  (hz(c/s) 

R 

Reynolds  number  - based  on  aerodynamic 
mean  chord 

F(n) 

^2  2 

contribution  to  p /q  in  frequency 
band  An 

V 

free  stream  velocity  (m/s) 

/nF(n) 

p/q(c) 

X 

distance  from  leading-edge  (m) 

K 

transformation  factor  Equation  (3) 

a 

angle  of  incidence  or  angle  of 
attack  (°) 

L 

typical  dimension 

c 

analyser  bandwidth  ratio  (Af/f) 

1 

bubble  length  (m) 

A 

sweep  angle  (°) 

n 

frequency  parameter  fL/V 

P 

free  stream  density  (kg/m^) 

1.0  INTRODUCTION 

He  must  first  establish  what  we  mean  by  buffeting.  Buffeting  is  defined  as  the  structural  response 
to  the  aerodynamic  excitation  produced  by  separated  flows.  In  the  example  sketched  in  Figure  I,  there  is 
a large  area  of  separated  flow  on  the  wing.  This  provides  the  excitation  which  at  a given  point  may  be 
characterised  by  the  rms  level,  the  frequency  spectrum  (we  shall  see  that  the  spectrum  is  often  fairly 
flat  at  low  frequencies),  the  degree  of  correlation  in  space  and  time,  and  the  length  scale.  The  pressure 
fluctuations  excite  a response  of  the  structural  modes  which  we  call  buffeting.  The  aircraft  structure 
acts  as  a selective  filter  for  the  excitation  so  that  spectra  of  buffeting  always  contain  pronounced  peaks 
at  structural  frequencies.  In  the  example  sketched  in  Figure  I both  the  wing  and  the  tailplane  are 
excited.  Rigid  body  modes  may  also  be  excited,  such  as  "wing  rocking",  "wing  dropping"  or  "nose  slicing", 
but  these  are  at  much  lower  frequencies  and  can  be  regarded  as  aircraft  handling  problems,  of  great 
importance  but  outside  the  scope  of  this  chapter.  Buffet  onset  is  often  defined  as  the  first  appearance 
of  a significant  area  of  separated  flow,  although  aerodynamicists  often  argue  about  how  large  the  area 
must  become  before  it  is  significant.  (This  is  one  of  the  uncertainties  inherent  in  the  theoretical 
methods  for  the  prediction  of  buffet  onset  now  being  developed.  These  methods  are  briefly  discussed  in 
the  Appendix).  The  onset  of  buffeting  in  flight  is  even  laore  difficult  to  specify,  for  such  of  our 
present  data  are  based  on  pilot  impressions,  which  may  be  inaccurate  if  the  pilot  sits  on  or  close  to  a 
node  of  the  predominant  modes  being  excited.  Most  pilots  expect  wing  buffeting  to  provide  a warning  of 
more  serious  phenomena  such  as  stall,  pitch  up  or  wing-drop,  and  are  unhappy  with  aircraft  which  do  not 
provide  such  a warning,  unless  an  autosutic  visual  or  audio  warning  system  is  fitted. 

The  term  buffeting  was  apparently  firat  introduced  into  aeronautical  literature  when  a structural 
failure  occurred  to  the  tail  of  a Junkers  monoplane  in  1930  (Ref  1) . This  failure  was  attributed  by  the 
British  accident  investigation  to  buffeting  of  the  tailplane  excited  by  flow  separations  on  the  wing. 

The  flow  separations  on  the  wing  were  caused  by  an  encounter  with  a severe  gust  and  the  German  investiga- 
tion attributed  the  accident  directly  to  the  structural  failure  of  the  wing  caused  by  the  gust  (Ref  2). 

This  incident  emphasises  again  that  buffeting  often  occurs  in  critical  flight  situations,  when  limit  loads 
are  being  approached  or  when  the  aircraft  is  approaching  lateral  or  longitudinal  stability  boundaries. 
(These  early  reports  even  include  some  discussion  of  the  importance  of  correctly  representing  the  aircraft 
geometry  on  the  model  and  of  the  problems  posed  by  testing  at  low  Reynolds  numbers.  These  issues  are  still 
important  today) . 

A consistent,  dimensionless  representation  of  excitation  spectra  is  required  when  comparing  measure- 
ments made  at  different  flow  densities  and  velocities.  He  shall  adopt  the  notation  suggested  by  T B Owen 
(Ref  1)  and  represented  in  Figure  2.  Here  we  have  a frequency  parameter 

n - fL/V  , 

and  an  excitation  level 

p/q^~ • /nF(n) 
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Buffeting  Criteria  for  Fighter  and  Transport  Aircraft 

Figure  3 illustrates  how  buffeting  criteria,  expressed  in  terms  of  ~ N boundaries,  can  Influence 
the  choice  of  wing  loading  for  fighter  and  transport  type  aircraft.  The  boundaries  presented  for  onset, 
light,  moderate  and  heavy  buffeting  are  based  on  some  unpublished  RAE  measurements  (Ref  4).  (These 
boundaries  are  derived  by  a method  outlined  later). 

A typical  fighter  aircraft  (with  a wing  leading-edge  of  sweep  angle  42^)  will  cruise  well  below 
the  buffet  onset  boundary,  but  will  frequently  perform  5g  manoeuvres  which  take  it  well  beyond  the  buffet 
boundary  to  the  moderate  buffeting,  or  even  to  Che  heavy  buffeting  contour.  For  a fighter  aircraft  Che 
moderate  buffeting  limit  is  sometimes  taken  as  the  highest  level  at  which  guns  or  missiles  can  be  aimed 
successfully,  whereas  Che  heavy  buffeting  limit  is  that  at  which  the  aircraft  becomes  useless  as  a weapon 
platform,  but  is  still  controllable.  For  a fighter,  frequent  buffeting  loads  can  seriously  influence  Che 
fatigue  life  of  the  structure,  for  they  are  considerably  larger  than  the  loads  caused  by  turbulence.  The 
influence  of  the  buffeting  loads  on  Che  fatigue  life  of  the  new  generation  of  advanced  combat  aircraft 
will  need  careful  consideration.  These  aircraft  can  manoeuvre  at  higher  lift  coefficients  and  kinetic 
pressures  than  previous  aircraft,  without  encountering  rigid  body  modes  such  as  wing  dropping  or  nose 
slicing,  because  Che  separations  are  well  controlled.  However  the  pilot  could  be  largely  unaware  of  high 
frequency  responses  occurring  in  structural  modes  which  could  strongly  influence  the  life  of  the  airframe. 

In  contrast  a typical  transport  aircraft  (with  the  wing  leading-edge  of  sweep  angle  27^)  may  cruise 
at  about  0.1  in  below  the  buffet  onset  boundary.  On  infrequent  occasions  the  aircraft  may  encounter 
a strong  gust  idiich  carries  the  aircraft  beyond  the  buffet  boundary,  right  up  to  the  moderate  buffeting 
level.  (The  gust  of  12.3  m/s  selected  in  this  example  would  have  a wavelength  of  about  33  m (Ref  3).  The 
steady  load  achieved  during  the  excursion  into  buffeting  is  probably  more  serious  than  the  buffeting  loads, 
which  may  be  little  larger  than  those  associated  with  the  atmospheric  turbulence  encountered  during  every 
flight. 

Buffeting  on  fighter  and  transport  aircraft  only  determines  the  extent  of  the  penetration  beyond 
the  buffet  boundary  if  there  are  no  other  handling  limitations,  such  as  wing  rocking,  wing  dropping, 
pitch-up  or  stalling.  We  will  return  to  this  point  later. 

2.0  CLASSIFICATION  OF  WING  FLOWS  AND  BUFFETING 


A broad  classification  of  wings  with  separated  flows  that  excite  buffeting  will  be  useful  as  a 
framework  for  our  discussion,  even  if  the  classification  suggested  is  incomplete  (Fig  4). 

Wings  with  low  angles  of  sweep  are  characterised  beyond  the  buffet  boundary  at  subsonic  speeds  by 
leading-edge  or  trailing-edge  separations.  These  separations  form  bubbles  on  the  wing  which  usually 
excite  heavy  buffeting.  At  transonic  speeds  the  presence  of  strong  shock  waves  nearly  parallel  with  the 
leading-edge  add  to  the  difficulties  of  predicting  the  flow,  so  that  we  give  this  flow  a prediction 
rating  of  10.  (These  prediction  ratings  are  arbitrary  and  not  used  in  any  calculations;  an  increase  in 
prediction  rating  represents  increased  difficulty  of  prediction).  Swept  wings  are  characterised  by  a 
combination  of  mixed  flows  (Ref  6)  which  are  difficult  to  predict.  The  separated  flows  on  a swept  wing 
at  transonic  speeds  may  include  shock  waves  (which  vary  in  intensity  acr'^ss  the  span),  bubbles  (from  the 
leading-edge  or  the  trailing-edge)  and  vortices.  Thus  a small  increase  in  Mach  number  may  dramatically 
alter  the  position  of  a shock  wave  or  the  reattachment  point  of  a bubble.  Similarly  an  increase  in  unit 
Reynolds  number  or  a change  of  the  roughness  band  used  to  fix  transition  on  the  model  in  wind  tunnel  tests 
may  completely  alter  the  character  of  the  shock  wave/boundary  layer  interaction  (References  7 and  8). 

These  difficulties  seem  to  justify  a prediction  rating  for  swept  wings  of  100;  an  even  higher  rating 
would  be  appropriate  for  a variable  geometry  wing. 

Slender  wings  with  sharp  leading-edges  are  characterised  by  a simple  vortex  type  of  flow,  which 
prevails  over  the  complete  speed  range  from  subsonic  to  supersonic  speeds.  This  unified  type  of  flow  is 
a powerful  argument  for  the  application  for  supersonic  aircraft  (Ref  9).  The  vortices,  which  produce 
signi  leant  non-linear  lift,  have  a well  defined,  small  scale  structure  and  we  shall  see  that  they  do  not 
produce  severe  buffeting  unless  vortex  breakdoim  occurs  at  high  angles  of  attack  outside  the  normal  flight 
envelope.  In  addition  the  vortices  on  slender  wings  with  sharp  leading-edges  are  relatively  insensitive 
to  wide  variations  in  Reynolds  number.  Hence  slender  wings  are  given  a prediction  rating  of  1. 

These  prediction  ratings  are,  of  course,  arbitrary,  but  they  reflect  real  differences  between  the 
flows,  which  are  now  considered  in  greater  detail. 

Unswept  Wings 

The  character  of  the  excitation  caused  by  leading-edge  separation  bubbles  on  unswept  wings  may  be 
inferred  (Ref  10)  from  the  simplified  isodel  for  a bubble  suggested  by  Norbury  and  Crabtree  in  Reference 
11  (Fig  3).  In  the  constant-pressure  region  of  the  bubble,  we  would  expect  the  excitationcaused  by  low 
frequency  fluctuations  in  the  separation  point  to  be  relatively  small,  whereas  in  the  reattachment  region, 
where  the  rate  of  pressure  recovery  is  high,  the  excitation  should  be  much  higher.  Thus  the  excitation 
might  be  expected  to  reach  a maximum  in  the  middle  of  the  reattachisenc  region.  These  inferences  from  the 
mean  static  pressure  distributions  are  broadly  confirmed  by  the  measurements,  although  the  excitation 
attenuates  both  upstream  and  downstream  of  the  rcattachment  region  owing  to  the  influence  of  the  shear 
layer. 

The  spectrum  of  surface  pressure  fluctuations  for  a boundary  layer  approaching  separation  in  an 
adverse  pressure  gradient  isay  be  divided  into  high-frequency  and  lo%r-frequency  components  (Ref  12).  The 
high-frequency  pressure  fluctuations  arc  similar  to  those  found  under  a boundary  layer  in  sero  pressure 
gradient  (Ref  13)  and  are  generated  in  the  small  scale  inner  region  of  the  boundary  layer  associated  with 
the  law  of  the  wall.  The  low-frequency  pressure  fluctuations  are  generated  in  the  large-scale  outer  region 
associated  with  the  law  of  the  wake,  and  increase  in  intensity  as  the  outer  region  of  the  boundary  layer 
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thickens.  Bettieen  separation  and  reattachoent , measureisents  suggest  that  the  low-frequency  pressure 
fluctuations  continue  to  increase  steadily  as  the  separated  boundary  layer  thickens,  until  a point  is 
reached  where  the  mixing  layer  turns  towards  the  surface  and  the  mean  pressure  starts  to  increase, 
(Bradshaw  has  shown  that  the  flow  in  the  reattachment  region  is  dominated  by  a rapid  reduction  in  eddy 
size  as  the  shear  layer  is  divided  into  two  halves.  The  lower  half  of  the  shear  layer  moves  upstream 
from  reattachment;  the  upper  half  moves  downstream  (Ref  14).  It  seems  reasonable  that  this  sudden 
reduction  in  eddy  size  should  be  accompanied  by  a sudden  reduction  in  excitation  at  low  frequencies). 
Somewhere  close  to  the  reattachment  point,  the  measurements  for  a wide  range  of  bubble  flows  show  a 
maximum  value  of  the  rms  pressure  fluctuation  coefficient  of 


p/q  between  0.10  and  0.04 

The  spectra  also  shows  a marked  similarity  if  the  frequent  parameter  n is  based  on  the  bubble  length  1, 
for  a peak  pressure  fluctuation  is  found  when 

n - fl/V  - 0.5  to  0.8  . (1) 

This  probably  implies  a feed-back  process  between  conditions  at  the  reattachment  and  separation  poin^s. 
Equation  (1)  will  be  inappropriate  when  there  is  a strong,  coherent  disturbance  in  the  wake  (eg  a Kirma.i 
vortex  street)  or  if  there  are  acoustic  resonances  (as  there  may  be  in  cavities).  The  measured  pressure 
fluctuations  always  cover  a broad  band  of  low  frequencies,  rather  than  a single  discrete  frequency  as 
given  by  Equation  (1),  probably  because  the  velocity  of  the  eddies  in  the  shear  layer  varies  with  the 
eddy  size. 

Leading-edge  bubbles  may  be  important  for  aircraft  with  sharp  leading-edges,  for  which  we  have 
some  good  excitation  measurements  (Fig  6).  Leading-edge  bubbles  were  formed  on  the  centre  section  of  the 
Bristol  188  aircraft  (Ref  15)  and  on  a Venom  aircraft  with  a sharp  leading-edge  (Ref  16).  Figure  6 shows 
that  the  rms  excitation  at  two  points  on  Che  Bristol  188  increases  gradually  from  separation  (x/1  - 0), 
reaches  a maximum  of 


p/q  • 0.10 

just  upstream  of  the  reattachment  point  (x/1  - 1.0),  and  Chen  decreases.  The  frequency  parameter  n based 
on  the  bubble  length  has  a maximum  at  about  n ■ 0.7  and  correlates  the  spectra  quite  well  at  x/c  ■ 0,85, 
where  most  of  the  measurements  are  taken  in  the  region  of  rapid  pressure  recovery  (x/1  • 0.94).  The  peak 
level  is  about  i/nF(n)  ■ 0,006,  (The  parameter  n does  not  work  so  well  at  x/c  ■ 0.50,  where  some  of  Che 
measurements  are  taken  in  Che  constant  steady  pressure  region  (x/1  ■ 0.56).  Measurements  of  pressure 
fluctuations  on  a Venom  aircraft  also  conform  to  the  general  pattern  shown  in  Figure  6(a)  and  show  no 
significant  variation  in  the  rms  pressure  fluctuations  or  Che  spectra  over  the  Mach  number  range  from 
H ~ 0.3  to  0.6,  Only  a small  Reynolds  number  effect  on  the  low-speed  pressure  fluctuations  was  measured 
between  the  aircraft  and  a model  (Ref  16).  Some  pressure  fluctuation  measurements  on  aerofoils  with  round 
leading  edges  (Ref  17)  suggest  similar  rms  levels  and  a peak  frequency  parameter  of  about  0.8  to  1.0. 

Equation  (1)  helps  us  to  discriminate  between  the  excitation  frequencies  associated  with  long  and 
short  bubbles  because  of  the  large  change  in  the  bubble  length  between  the  two  flows,  A long  bubble  covers 
a significant  area  of  the  aerofoil  chord  and,  from  Reference  18,  because 

1/c  - 0(1) 

the  pressure  fluctuations  will  be  at  comparatively  low  frequencies  which  can  excite  the  structural  modes; 
eg  for  a long  bubble  on  a wing  with  a chord  of  3 m moving  at  70  m/s,  the  excitation  frequency  would  be 

0 (12  Hz)  . 

(Typical  wing  fundamental  bending  frequencies  are  10  Hz  for  a small  aeroplane  and  2 Hz  for  a large  aero- 
plane). A short  bubble  only  influences  a small  area  of  Che  wing,  but,  in  addition,  because 

1/c  - 0(0.01) 

these  pressure  fluctuations  will  be  at  such  high  frequencies  that  they  are  unlikely  to  excite  structural 
modes;  eg  for  a short  bubble  on  a wing  with  3 m chord  moving  at  70  m/s,  the  excitation  frequency  would  be 

0 (1200  Hz)  . 

Flight  teats  on  Che  Venom  «rich  a sharp  leading-edge  (Ref  16),  and  the  canard  control  of  the  XB-70 
(Ref  19),  showed  that  buffet  onset  corresponded  with  the  formation  of  a long  bubble.  The  buffeting  Chen 
increased  steadily  as  the  bubble  extended  downstream,  until  the  reattachment  point  approached  Che  Crailing- 
edge  and  Che  trailing-edge  pressure  diverged.  This  point  corresponded  with  heavy  buffeting.  Hence  the 
local  pressure  fluctuations  within  a long  bubble  must  be  quite  strongly  correlated. 

The  character  of  the  excitation  caused  by  a spoiler  of  height  h (Fig  6(b))  closely  resembles  that 
caused  by  a leading-edge  bubble.  The  excitation  increases  steadily  from  separation  and  reaches  a maximum 
of 


p/q  - 0.05 

just  upstream  of  reatcachawnt.  The  peak  frequency  parameter  n for  the  spoiler  is  about  0.9  in  the  experi- 
ments of  Fricke,  rather  than  0.7  for  the  leading-edge  bubble.  The  experiawnts  of  Fricke  (Ref  20),  in  air, 
and  of  Craahilov  (Ref  21),  in  water,  give  peak  frequency  paremetera  of  about  0.9  and  0.8  although  the 
bubble  lengtha  are  respectively  16  h and  5.5  h.  The  coincidence  of  the  frequency  parameters  based  on 


! 
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bubble  length  confirms  that  this  is  a useful  paraiacter  for  casq>aring  the  spectra  of  the  pressure  fluctua- 
tions generated  by  bubble  flows. 

The  character  of  the  cms  pressure  t jctuations  and  apectra  caused  by  bubbles  is  largely  indepen- 
dent of  the  origin  of  the  bubble  (Ref  10).  Thus,  in  particular,  the  maximua  pressure  fluctuations  occur 
just  upstream  of  reattachment  for: 

leading-edge  bubbles, 

01  - bubbles  downstream  of  spoilers, 

- bubbles  downstream  of  steps, 
bubbles  upstream  of  steps, 

bubbles  downstream  of  sudden  expansion  in  pipes, 
bubbles  within  shallow  cavities  (Fig  7), 

Thus  the  data  correlations  presented  in  Reference  10  have  application  to  a wide  class  of  flows. 

The  prediction  of  the  onset  and  severity  of  buffeting  is  of  crucial  importance  at  transonic  speeds. 

In  this  speed  range,  the  mixed  subsonic/supersonic  flows  and  the  different  regimes  of  shock/boundary  layer 
interaction  can  modify  the  model  for  bubble  flows  described  here,  at  least  near  the  shock.  However,  down- 
stream of  the  shock,  an  approximately  constant  average  pressure  is  often  observed  in  the  separated  flow 
region,  followed  by  a rapid  rise  to  reattachment.  Coe's  investigation  (Ref  22)  of  the  loads  on  launch 
vehicles  included  some  measurements  at  subsonic  and  transonic  speeds  of  the  mean  and  fluctuating  static 
pressures  caused  by  a separation  bubble  downstream  of  a step  in  a body  of  revolution  (Fig  8).  Both  the 
mean  and  fluctuating  pressure  distributions  aft  of  the  step  correspond  very  well  in  general  character  with 
the  low-speed  pressure  distributions  over  the  complete  speed  range  from  M • 0.60  to  1.19,  although  the  maxi- 
mum fluctuating  pressure  falls  steadily  from 

p/q  - 0.06  at  M - 0.80 


to 


p/q  - 0.03  at  M - 1.19  . 

This  fall  in  the  pressure  fluctuations  is  probably  due  to  the  improved  stability  of  the  mean  bubble  flow 
because  of  the  reduction  of  upstream  influence  from  the  reattachment  region  as  the  region  of  supersonic 
flow  expands.  (The  base-pressure  fluctuations  on  a body  of  revolution  also  fall  from  subsonic  to  super- 
sonic speeds  and  a similar  explanation  may  be  applicable  (Ref  23)).  The  mean  pressure  distribution 
suggests  that  the  length  of  the  bubble  does  not  change  significantly  from  M • 0.60  to  1.19  so  that,  within 
this  speed  range,  there  is  probably  no  major  change  in  the  internal  structure  of  the  bubble. 

The  apparent  universality  of  the  pressure  fluctuations  caused  by  bubble  flows  at  subsonic  speeds  is 
also  tell  illustrated  in  Figure  8 which  includes  the  pressure  fluctuations  measured  (Ref  2A)  behind  a two- 
dimensional  step  at  M - 0.33  as  well  as  those  measured  (Ref  22)  behind  a step  on  a body  of  revolution  at 
H ■ 0.80.  The  similarity  at  subsonic  speeds  between  both  the  rms  pressure  fluctuations  and  the  spectra 
for  the  two  different  experimental  configurations  and  Reynolds  numbers  is  good. 

Recently  some  interesting  measurements  of  the  excitation  on  a two-dimensional  lifting  aerofoil  at 
transonic  speeds  were  made  by  Moss  and  Mundell  and  reported  in  Reference  2S  (Fig  9).  The  condition 
selected  for  this  aerofoil  (M  • 0.82,  o • 6.7°)  is  just  beyond  buffet  onset.  Although  the  trailing-edge 
pressure  has  not  yet  diverged,  there  is  a short  separation  bubble  on  the  aerofoil  (with  a length  of  about 
I ■ 0.1  c)  ismiediately  downstream  of  the  shockwave.  The  position  of  the  bubble  was  inferred  from  Che 
shape  of  the  mean  pressure  distribution,  because  it  could  not  be  seen  in  oil  flow  tests.  (The  interpre- 
tation of  oil  flow  tests  on  two-dimensional  aerofoils  is  often  difficult  because  there  are  no  telltale 
inflexions  in  the  screak  lines  as  there  are  on  swept  wings). 

The  excitation  measurements  along  the  chord  are  presented  from  two  frequency  parameters 

n - fc/V  - 0.08  and  0.8  . 

At  a frequency  parameter  of  n ■ 0.08,  a typical  value  for  wing  structural  modes,  there  is  a large  local 
increase  in  excitation  in  the  vicinity  of  the  shock  wave.  This  local  excitation  decreases  rapidly  dotm- 
stream  of  the  shock  wave  but  then  shows  a small  local  maxiisum  in  the  vicinity  of  the  reattachment  region, 
before  decreasing  again.  This  variation  in  low-frequency  excitation  must  be  caused  by  t‘'v  coupling  of 
Che  shock  wave  motion  (at  separation)  with  the  developsient  of  the  bubble  and  with  conditiu..s  at  reattach- 
ment. In  contrast,  at  a frequency  parameter  of  n ■ 0.8,  a typical  value  for  wing  panel  modes,  the  excita- 
tion increases  progressively  downstream  from  the  shock  position,  reaches  a maximum  close  to  the  reattach- 
ment line  and  then  falls  rapidly  as  in  the  other  bubble  flows  discussed  in  this  section. 

To  find  how  the  excitation  develops,  the  angle  of  attack  may  be  increased  at  constant  Mach  number. 
The  separation  bubble  then  extends  rapidly  towards  the  Cr«iling-edge  and  the  trailing-edge  pressure 
diverges,  while  Che  shock  wave  starts  to  move  upstream  slo'fly.  Thus  the  area  of  Che  aerofoil  influenced 
by  both  Che  low  frequency  and  high  frequency  excitation  increaaes,  and  a progressive  increase  in  buffeting 
would  be  expected.  It  should  be  noted  that  as  the  bubble  extends  rapidly  in  length  from  about  I > O.l  c 
to  1 • 0.5  c,  Che  predominant  bubble  frequency  parameter  will  fall  from  n - 8 to  n ■ 1.6,  so  that  there 
should  be  a large  increase  in  excitation  in  a frequency  range  centred  on  this  lower  value. 

Swept  Wings 


Figure  10  shows  the  complex  separated  flow  on  a typical  model  with  swept  wings  at  a Mach  number  of 
0.80  at  low  Raynolds  number.  These  sketches  Illustrate  sosM  of  the  features  which  make  buffet  prediction 
difficult  for  swept  wings  and  justify  the  prediction  rating  of  100  allotted  in  Figure  4.  At  buffet  onset 
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there  are  at  least  three  ahockvaves  on  the  wing  and  a aaull  ahock  induced  separation  bubble  (with  a 
length  of  perhaps  0.05  c)  iaaediately  downstream  of  the  strongest  ahock  wave,  which  runs  roughly  parallel 
with  the  leading-edge.  At  moderate  buffeting  there  are  coeiplex  shock  patterns  on  the  w(Rg,  areas  of 
separated  flow  and  areas  with  attached  flow  having  a strong  spanwise  velocity  coaq>onent.  (Great  care  is 
always  necessary  to  achieve  an  optimum  transition  fix  for  the  boundary  layer  under  high  lift  conditions 
like  this  at  transonic  speeds  if  large  scale  effects  are  to  be  avoided.  The  essential  aim  in  the  model 
test  is  to  achieve  the  full  scale  boundary  layer  shape  parameter,  H,  at  the  shock-wave/boundary-layer 
interaction.  This  aim  can  often  be  achieved  by  comparing  the  results  of  modern  boundary  layer  calcula- 
tion methods  at  model  and  full  scale  Reynolds  numbers). 

Pressure  fluctuations  are  presented  for  a single  point  P on  the  wing;  Figure  11  shows  the  variation 
of  nas  pressure  fluctuations  with  the  angle  of  attack.  An  attempt  is  made  to  explain  this  variation,  but 
it  is  speculative  because  of  the  difficulty  of  discriminating  between  local  events  at  F and  what  is 
happening  simultaneously  elsewhere  on  the  wing.  A local  Hach  number  of  1.0  is  reached  at  a small  angle 
of  attack  at  a point  on  the  wing  near  the  leading-edge  and  close  to  the  tip.  A local  region  of  supersonic 
flow  then  develops  as  the  angle  of  attack  increases.  This  supersonic  region  is  terminated  by  a shock 
wave,  which  oscillates  upstream  and  dotmstream.  The  pressure  fluctuations  at  P first  increase  slowly  with 
the  angle  of  attack  (point  A,  a ■ 1.8°)  because  of  the  combined  effect  of  Che  shock  oscillation  and  the 
pressure  fluctuations  caused  by  an  attached  boundary  layer  growing  under  an  increasingly  adverse  pressure 
gradient  (Ref  12).  As  the  terminal  shock  wave  approaches  and  passes  Che  transducer  position  (point  B, 
a • 5.0°)  the  pressure  fluctuations  increase  rapidly;  the  major  part  of  this  increase  must  come  from  the 
shock  wave  oscillation.  Shortly  after  point  B the  boundary  layer  aeparates  at  the  terminal  shock,  and 
the  terminal  shock  then  starts  to  awve  forward  and  buffeting  is  detected  by  Che  wing-root  strain  gauges. 
(Thus  the  wing-root  strain  gauges  give  a measure  of  the  integrated  excitation  on  the  wing).  When  the 
terminal  shock  moves  upstream  of  the  pressure  transducer  the  local  pressure  fluctuations  fall  rapidly  to 
a minimum  at  about  of  • 6*’  because  the  point  P is  no  longer  influenced  directly  by  Che  shock  oscillation. 

The  pressure  fluctuations  Chen  increase  to  a maximum  (point  C,  a ■ 7.2°),  when  the  reattachment  line  crosses 
Che  pressure  transducer,  just  as  on  the  aerofoil  (Fig  9).  The  local  pressure  fluctuations  then  decrease 
as  the  bubble  extends  downstream,  although  the  wing  buffeting,  trtiich  is  Che  response  to  the  total  excita- 
tion on  the  wing,  continues  to  increase  steadily  from  moderate  to  heavy. 

The  spectra  of  the  pressure  fluctuations  provide  additional  information.  Figure  12  shows  that  at 
point  A,  %iell  below  the  buffet  onset,  Che  increase  in  pressure  fluctuations  is  above  the  frequency  range 
of  wing  modes.  At  the  point  B,  with  the  terminal  shock  oscillating  across  the  transducer,  the  peak  pres- 
sure fluctuations  become  larger  and  move  to  lower  frequencies,  within  the  range  of  wing  modes.  At  the 
point  C,  this  peak  is  lower,  because  the  shock  is  upstream  of  the  transducer.  However  we  notice  at  point 
C that  there  is  an  increase  in  pressure  fluctuations  at  high  frequencies  (n  > 0.5).  This  may  be  associa- 
ted with  the  separation  bubble  downstream  of  the  shock.  By  analogy  with  Che  low-speed  results,  we  might 
expect  to  find  a second  peak  in  the  spectra  at  n ■ 5 to  10  with  this  short  length  of  bubble  (1  o o.l  c) 
but  the  present  measurements  did  not  extend  much  beyond  n • 1.0. 

This  is  obviously  only  a simplified  account  of  the  development  of  the  excitation,  using  data  from 
a single  point  on  a wing.  A coiaplete  description  of  the  excitation  all  over  a wing  (including  rms  levels, 
spectra  and  correlational  is  difficult  to  achieve.  Extensive  computing  facilities  are  also  needed  to 
utilize  this  data  to  predict  buffeting  (3.0).  Hence  few  measuresients  of  excitation  are  currently 
available  for  swept  wings  at  transonic  speeds.  However,  we  can  learn  a great  deal  about  Che  wing  behaviour 
from  buffeting  meaauremenca,  and  theae  are  diacuased  later. 

Slender  Wings 

The  fluctuating  normal  force  meaaurements  of  Earnshaw  and  Lawford  (Ref  26)  (Fig  13)  show  that 
slender  wings  with  sharp  leading-edges  can  operate  up  to  quite  high  angles  of  attack  (and  hence  achieve 
reasonably  high  lift  coefficients)  without  experiencing  strong  excitation.  Although  these  tests  were  made 
at  low  Reynolds  number  (R  • 0.2  x 10°  Co  0.4  “ 10^),  the  flow  characteristics  of  wings  with  sharp  leading- 
edges  are  insensitive  to  wide  changes  in  Reynolds  number,  priamrily  because  the  separation  lines  are  fixed. 

Recent  meaaurementa  on  the  Concorde  by  BAC /Aerospatiale  confirm  that  the  level  of  excitation  is 
light  and  almost  identical  with  that  measured  on  a 1/30  scale  model  (Ref  27)  (Fig  14) . Hence  %>e  may  be 
confident  that  Reynolds  number  effects  on  the  excitation  of  slender  wing  configurations  with  sharp 
leading-edges  are  insignificant. 

The  excitation  is  also  light  on  slender  wings  with  round  leading-edges.  However  on  slender  wings 
with  round  leading-edges,  large  scale  affects  have  been  observed,  particularly  at  subsonic  speeds.  A well 
docusMnted  example  is  the  scale  effects  on  the  devclopownt  of  the  leading-edge  separations  observed  on 
the  FD2  research  aircraft  (sec  References  28  and  29,  and  Figure  12  in  Reference  30). 

Although  the  level  of  excitation  on  slender  wings  is  small,  the  level  of  buffeting  attained  is  of 
interest  because  a slender-wing  aircraft  must  fly  above  the  buffet  boundary  on  every  take-off  and  landing, 
and  thus  acquire  a large  number  of  loading  cycles  during  its  operational  life.  The  buffeting  on  rigid 
models  of  slender  wings  can  be  detected  by  sensitive  semiconductor  strain  gauges  (Ref  31).  Measurements 
on  two  different  rigid  models  conformed  to  the  same  pattern.  Buffeting  increases  after  the  formation  of 
the  vortices  and  then  reaches  a plateau  (Fig  15).  This  plateau  is  obtained  because,  although  the  area 
influenced  by  the  vortices  is  increasing,  tha  vortices  are  moving  away  from  the  wing.  A sudden  further 
increase  in  buffeting  occurs  whan  the  vortax  breakdown  point  moves  across  the  trailing-edge,  but  it  is 
unlikely  that  a slendar  wing  aircraft  would  be  required  to  operate  in  this  region.  An  unusual  feature  of 
these  buffeting  measurements  was  that  the  third  syaMtric  mode  predominated,  rather  than  the  fundamental 
(as  discussed  later).  Thus  thasa  measurements  could  not  be  used  with  confidence  to  predict  the  level  of 
buffeting,  quite  apart  from  uncertainties  about  tha  appropriate  damping  coefficient.  The  solution  found 
to  this  problam  was  to  test  an  aero-elastic  model  for  a rather  similar  configuration. 
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The  buffeting  on  this  aeroelastic  model  was  readily  detected  by  wire  strain  gauges  (Ref  31) • even 
though  the  tests  were  restricted  to  Low  equivalent  airspeeds  because  of  the  danger  of  overloading  and 
destroying  a valuable  aeroelastic  model.  (Most  aeroelastic  models  are  designed  for  flutter  testing  under 
zero  lift  conditions).  The  buffeting  on  the  aeroelastic  model  was  also  predominantly  in  the  second  and 
third  structural  modes*  confirming  the  results  for  the  rigid  models.  This  response  is  probably  caused  by 
the  excitation  being  localized  to  a comparatively  small  area  under  the  vortices*  rather  than  being  distri- 
buted across  the  span  as  for  unswept  and  swept  wings.  The  level  of  buffeting  extrapolated  to  full  scale 
from  this  model  was  estimated  to  be  small  but  just  measurable.  This  prediction  has  recently  been  confirmed 
in  flight. 

In  flight  most  of  the  buffeting  is  in  the  second  and  third  structural  modes.  At  the  low  values  of 
EAS  at  which  the  aircraft  flies  above  the  buffet  boundary  there  is  little  aerodynamic  damping  in  these 
modes  so  that  we  may  reasonably  assume  constant  damping.  The  wing-tip  acceleration  A will  then  vary  with 
at  a constant  angle  of  attack.  Hence  the  curve  of 

2 

A/V  versus  a 

derived  from  the  flight  measurements  at  constant  weight  closely  resembles  that  measured  on  the  model 
(Fig  13)  at  constant  kinetic  pressure. 

The  level  of  buffeting  has  also  been  calculated  by  Mitchell  (Ref  32),  using  as  the  excitation  the 
pressure  fluctuations  measured  at  14  points  on  the  1/30  scale  model  (Ref  27).  Mitchell  had  to  make  rather 
sweeping  assumptions  about  the  correlations  of  the  pressure  f luctuations,  and  also  to  assume  values  of 
total  damping  appropriate  to  the  motion*  but  he  succeeded  in  predicting  alisost  exactly  the  buffeting  levels 
recently  measured  in  flight. 

Many  readers  will  be  disappointed  that  the  correlation  of  the  pressure  fluctuations  in  these  vortex 
flows  has  not  been  discussed.  This  primarily  because  there  are  so  few  correlation  measurements  available. 
The  most  complete  set  available  to  the  author  are  those  for  a model  of  the  BAG  221*  a slender  wing  research 
aircraft.  Figure  16  shows  a typical  example*  with  vortex  breakdown  about  halfway  between  the  apex  of  the 
wing  and  the  trailing-edge  (Ref  27).  The  contours  of  excitation  have  a maximum  value  underneath  the  point 
at  %ihich  the  vortex  bursts.  Using  this  point  as  reference  we  can  then  observe  the  correlation  of  the 
pressure  fluctuations  at  the  frequency  selected.  The  clear  impression  given  by  all  the  contours  of  correla- 
tion is  of  a definite  wave  pattern.  It  is  possible  to  show*  by  time  delay  techniques,  that  the  contours 
are  caused  by  the  convection  downstream  of  a fixed  wave  pattern  associated  with  the  vortex  burst. 

3.0  - EXPERIMENTAL  METHODS 

Although  the  onset  of  flow  separations  (the  buffet  boundary)  can  be  predicted  by  a combination  of 
boundary  layer  methods  and  potential  flow  theory*  adequate  theoretical  methods  are  not  yet  available  to 
predict  the  aerodynamic  excitation  after  separation.  Hence  the  prediction  of  the  severity  of  aircraft 
buffeting  will  continue  to  depend  on  model  tests  in  wind  tunnels*  and  recent  improvements  in  these  tests 
are  of  considerable  interest. 

Three  types  of  model  tests  to  predict  aircraft  buffeting  are  discussed: 

(1)  Ordinary  wind  tunnel  models  used  to  measure  the  unsteady  wing-root  strain  in  the 
first  bending  mode* 

(2)  Ordinary  wind  tunnel  models  used  to  measure  the  unst'^ady  pressure  across  the 
appropriate  surface*  and 

(3)  Aeroelastic  models  (ie  models  designed  with  representative  stiffness  and  inertia) 
used  to  measure  unsteady  responses. 

The  importance  of  using  wind  tunnels  with  low  levels  of  flow  unsteadiness  is  emphasised.  Alternative 
methods  of  determining  buffet  onset  are  discussed. 

Buffet  Onset 


In  Reference  33  Huston  et  al  suggested  a method  for  predicting  the  onset  of  buffeting  and  flight 
buffeting  loadr,  from  measures^nts  of  unsteady  wing-root  strain  made  on  ordinary  wind  tunnel  models  with 
unswcpt  and  swept  wings.  Thus  buffeting  tests  could  be  made  simultaneously  with  routine  force  measure- 
ments. The  similarity  relations  suggested  are  shown  in  Figure  17. 

The  method  assumes  that  the  reduced  frequencies  of  the  wing  fundamental  mode  are  about  the  same 
for  the  model  and  the  aircraft*  ie 


fc  /fc  ^ 1 

model'  ^aircraft 

In  practice  a variation  in  reduced  frequency  parameter  from  0.7  to  1.6  seems  to  be  acceptable,  at  least 
for  measuremeh^s  of  buffet  onset  (Ref  29),  probably  because  the  buffet  excitation  spectra  are  always 
comparatively  smooth  (eg  figure  12,  Curves  B and  C) . The  measurement  of  unsteady  wing-root  strain  is 
generally  accepted  as  the  most  consistent  and  reliable  method  of  assessing  buffet  onset  from  model  testa 
(References  29*  34  and  33)  and  many  tunnel/flight  coaiparisons  of  buffet  onset  are  available  (References 
29  and  33).  There  is  generally  a fair  correlation  between  the  tunnel  and  flight  buffet  onset  boundaries 
over  an  extreme  range  of  wing  planforma  and  thickness  distributions.  Tunnel  results  obtained  by  this 
method  are  usually  somewhat  pessimistic*  particularly  at  subsonic  speeds*  but  are  extremely  useful  for 
project  studies  and  comparative  tests.  Reference  36  includes  numerous  examples  of  such  comparisons. 

Some  recent  buffet  onset  measurements  (Ref  37)  on  a large  half  model  are  of  particular  interest, 
because  the  model  achieved  full  scale  Reynolds  numbers.  On  this  42^  s%rept  wing  scale  effects  were  small 
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and  Fig  18  ahowa  an  excellent  corapariaon  between  the  tunnel  and  flight  buffet  onaet  boundariea. 

The  improvementa  in  wing  buffeting  cauaed  by  the  poatponement  or  alleviation  of  flow  aeparationa 
can  aoewtinea  be  aaaociated  with  changea  in  the  mean  forces  and  presaurea  on  the  wing,  particularly  for 
low  anglea  of  aweepback  where  the  buffeting  is  generally  heavy.  (For  moderate  or  highly  swept  wings  this 
is  a much  more  difficult  process.  The  term  "kinkology"  has  been  applied  for  these  methods  of  determining 
improvements  in  buffet.  Reference  38  includes  some  interesting  examples).  Thus  Figure  19  shows  that  the 
slats  which  delay  heavy  buffeting  on  the  3S°swept  wing  (Ref  39)  also  improve  C from  about  1.0  to  1.3. 

‘'max 

The  slat  also  delays  the  divergence  of  the  trailing-edge  static  pressure  at  a typical  wing  station 
(2y/b  - 0.50). 

Uhen  dynamic  wing  buffeting  tests  are  made  in  wind  tunnels  with  low  levels  of  flow  unsteadiness 
the  onset  of  buffeting  is  normally  well  defined.  However  if  the  flow  unsteadiness  at  the  wing  fundamental 
frequency  exceeds  the  levels  specified  in  Reference  40,  interpretation  of  the  wing-root  strain  measure- 
ments laay  be  difficult,  and  incorrect  answers  can  be  obtained.  When  the  wing-root  strain  measurements 
are  ambiguous  a critical  assessment  of  the  overall  forces  may  identify  buffet  onset.  The  examples  which 
follow  represent  a bad  failure  of  the  dynamic  method  in  some  early  tests  in  an  unsteady  tunnel  (/nF(n)  - 

0.008),  and  are  not  typical  of  what  is  readily  achieved  in  a tunnel  with  low  unsteadiness. 

Figure  20  shows  a comparison  of  the  buffet  onset  boundary  for  a typical  wing  with  low  sweepback 
with  two  criteria  for  the  onset  of  flow  separations  (Ref  29).  The  breaks  in  the  Cp  vs  curves  corres- 
pond quite  well  with  Che  onset  of  flow  separations  derived  from  surface  flow  visualisation.  This  boundary 
also  coispares  fairly  well  with  the  buffet  boundary  at  subsonic  speeds  (H  < 0.80)  but  at  transonic  speeds 
Che  buffet  boundary  is  manifestly  Coo  high.  In  contrast  the  breaks  in  Che  vs  a curves  occur  at  such  a 
high  Cp  over  the  complete  Mach  number  range  that  they  give  too  high  a level  for  buffet  onset.  This  obser- 
vation is  in  accordance  with  the  experiments  of  Ray  and  Taylor  on  a large  number  of  wings  (Ref  34).  On  a 
three-dimensional  wing  the  initial  onset  of  separation  and  loss  of  lift  on  one  area  of  the  wing  may  be 
associated  with  a compensating  increase  in  lift  on  another  area  of  the  wing,  so  that  there  may  be  no 
breaks  in  Che  Cp  vs  a curves  at  buffet  onset.  Although  Bore  has  obtained  some  success  with  particular 

wings  in  using  breaks  in  Che  vs  a curves  to  obtain  buffet  onset  boundaries  (Ref  41),  this  method  is  not 

generally  recommended. 

Figure  21  shows  the  same  buffet  boundary  compared  with  Che  trailing-edge  pressure  divergence 
boundaries.  We  see  that  every  spanwise  position  on  the  %nng  gives  a different  divergence  boundary,  but 
Chat  the  boundary  for  2y/b  • 0.82  gives  reasonably  good  agreement  with  the  onset  of  flow  separations  at 
high  subsonic  and  transonic  speeds  ss  Fearcey  suggested  (Ref  42).  This  station  is  reconnended  because 
many  swept  wings  are  designed  so  that  Che  flow  first  separates  at  about  2y/b  - 0.80.  Indeed  at  transonic 
speeds  the  combinstion  of  wing  taper,  leading-edge  sweep  and  thickness  distribution  will  often  ensure  Che 
onset  of  flow  separations  in  this  area,  unless  flow  separations  can  be  deferred  by  modifications  to  the 
wing  planform,  the  wing  section  or  the  wing  twist  distribution.  For  this  wing  the  flow  separations  extend 
rapidly  downstream  from  the  leading-edge  (at  subsonic  speeds)  or  from  the  terminal  shock  wave  (at  transonic 
speeds)  and  hence  trailing-edge  pressure  divergence  correlates  reasonably  well  with  buffet  onset.  The 
leading-edge  separations  on  highly  swept  wings  at  transonic  speeds  generally  extend  rapidly  to  the  trailing- 
edge  so  that  trailing-edge  pressure  measurements  can  assist  the  interpretation  of  buffeting  measurements 
on  these  wings  (Ref  43).  If  Che  flow  separations  extend  slowly  domstream  from  the  leading-edge,  we  have 
seen  Chat  trailing-edge  pressure  divergence  will  occur  significantly  later  than  buffet  onset.  (References 
16  and  19). 

Observation  of  the  wing  tip  vortices  can  help  to  define  the  buffet  onset  boundary,  if  the  initial 
flow  separations  are  close  to  the  wing  tip.  This  technique  has  been  rarely  exploited,  but  during  buffet 
tests  in  the  RAE  3fc  « 3fC  tunnel  (Ref  29)  close  agreement  was  obtained  on  several  models  between  the 
angle  of  attack  at  buffet  onset  derived  from  measurements  of  unsteady  wing-root  strain  and  the  angle  of 
attack  at  which  the  cores  of  the  wing  tip  vortices  disappeared  from  the  schlieren  image.  When  the  wing 
flow  is  attached,  the  boundary  layer  near  the  wing  tip  is  concentrated  into  the  core  of  Che  wing  tip  vortex, 
and  is  clearly  visible  in  a schlieren  system  with  a horizontal  knife-edge.  However,  if  there  it  a separa- 
tion on  the  outboard  wing  section,  the  vortex  core  rapidly  diffuses  and  it  is  difficult  to  distinguish  on 
the  schlieren  system.  The  change  between  these  types  of  flow  is  well  defined  on  the  schlieren  but  not 
very  well  reproduced  on  photographs.  The  critical  angle  of  attack  is  repeatable  to  11°  and  small  asym- 
metries between  the  onset  of  separation  on  port  and  starboard  wings  can  be  Identified. 

Severity  of  Buffeting 

We  must  now  return  to  the  scaling  of  the  buffeting  loads  from  the  awdel  Co  the  aircraft,  which 
presents  serious  difficulties  (Fig  17).  Huston  sssumed  that  any  differences  between  the  mode  shapes  of 
the  rigid  model  and  Che  flexible  aircraft  would  be  insignificant  and  this  is  probably  a fair  assuiq>tion. 

He  also  assumed  that  it  would  be  fairly  easy  Co  establish  Che  total  damping  coefficient  appropriate  to 
the  sndel  and  flight  experiments  but  experience  proves  this  hope  is  not  well  founded,  Huston  showed  that 
for  a given  Mach  number  and  angle  of  attack,  if 

Wing-root  strain  a air  density 

then  the  damping  of  the  motion  was  predominantly  structural  and  constant.  Structural  damping  (generally 
denoted  by  g/2  X critical)  seems  to  predominate  on  nearly  all  steel  wind  tunnel  models  (References  44  and 
45)  and  remains  constant  from  zero  lift  to  heavy  buffeting  conditions.  In  contrast.  It 

1/2 

Wing-root  strain  a (air  density) 

Huston  showed  that  the  damping  of  the  motion  was  predominantly  aerodynamic.  Huston  suggested  that  this 
law  would  be  followed  in  flight  if  the  aerodynamic  damping  (generally  denoted  by  y X critical)  was 
unaltcrad  by  the  onset  of  flow  separations.  However  until  recently  there  were  few  reliable  flight  experl- 
Bwnts,  and  no  conclusive  tests  on  acroelastic  models  in  wind  tunnels  to  verify  this  law.  The  measurements 
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of  Jones  (Ref  46)  originally  suggested  that  in  flight  at  constant  density  and  velocity,  but  with  varying 
angle  of  attack,  the  basic  assumption  of  a constant  damping  coefficient  equal  to  the  attached  flow  value 
was  in  error.  Thus  Figure  22(a)  shows  the  variation  of  total  apparent  damping  coefficient  with  normal 
force  coefficient  for  a small  fighter  aircraft  (Ref  46).  At  buffet  onset  the  total  apparent  damping  coef' 
ficient  appeared  to  increase  rapidly  from  its  attached  flow  value,  3X  critical,  to  16Z  critical  and  then 
fall  again  to  about  4Z  of  critical  in  the  region  of  moderate  buffeting.  No  convincing  explanation  of 
this  phenomena  was  given  and  it  was  not  known  whether  this  behaviour  was  peculiar  to  this  aircraft,  or 
typical  of  most  swept  wing  aircraft.  A recent  reappraisal  of  the  estimates  by  Butler  and  Jones  (Ref  47) 
suggests  that  at  buffet  onset  the  total  apparent  damping  increases  because  of  modal  interference 
at  low  amplitudes.  In  this  situation,  the  simple  single  degree  of  freedom  analysis  is  inapprop* 

riate  and  misleading  estimates  can  be  obtained.  In  contrast,  at  moderate  buffeting  the  fundamental  bending 
mode  generally  predominates  and  realistic  values  of  total  damping  are  again  obtained.  This  hypothesis 
explains  the  surprising  variation  in  Che  previous  estimates  (Ref  46),  which  have  been  widely  quoted.  Fig 
22  includes  new  estimates  based  on  the  original  and  additional  measurements  using  refined  techniques 
(Ref  47).  The  total  damping  estimates  now  only  vary  a little  with  normal  force  coeff icients . This  hypo- 
thesis could  explain  previous  variations  in  apparent  damping  observed  in  other  flight  and  tunnel  tests, 
which  have  been  analysed  in  a similar  fashion. 

A similar  variation  of  total  damping  with  lift  coefficient  has  been  derived  at  least  once  before 

(Ref  48)  during  wind  tunnel  buffeting  tests  of  a rigid  model  over  a limited  Mach  number  range  from 

M > 0.93  to  1.00.  Figure  22(b)  shows  that  the  structural  damping  of  this  model  was  low  and  the  same  for 
all  configurations  tested  (g/2  ■ 0.4Z  of  critical  damping).  For  the  clean  wing  the  total  damping  of  the 
fundazoental  mode  remained  about  2Z  from  low  lift  until  well  beyond  buffet  onset,  then  increased  slowly  to 
about  3Z  and  then  decreased  again.  (This  variation  is  rather  larger  than  we  would  expect  for  a rigid 
model,  although  Wornom  and  Davies  observed  a variation  from  3Z  to  1.5Z  which  could  be  related  with  the 
lift  on  the  model  (Ref  44).  In  contrast,  for  the  same  wing  structure  and  frequency,  but  with  the  aero- 
dynamics altered  by  the  addition  of  bodies  and  fences,  the  damping  started  at  low  lift  coefficients  at 
the  same  level  as  the  clean  wing  (2Z)  but  then  increased  rapidly  to  6Z  at  buffet  onset  (C^  ■ 0.7).  The 

damping  reached  a maximum  of  8.5Z  at  * 0.08  and  then  fell  to  about  4Z  at  ~ 0.9  to  1.0.  The  author 

of  the  original  report  thought  that  this  change  in  damping  was  caused  by  the  change  in  the  flow  produced 
by  the  wing  modifications  and  not  by  any  peculiar  variation  of  structural  damping.  Figure  22(c)  shows  a 
similar  variation  of  total  damping  for  another  improved  configuration  of  the  same  wing  at  a Mach  number 
of  0.98.  Once  again,  a large  increase  in  the  total  damping  seems  to  occur  before  buffet  onset.  If  var- 
iations of  damping  coefficient  of  this  kind  are  going  to  occur  in  flight  or  tunnel  experiments  it  will  be 
impossible  to  utilize  the  simple  relations  for  the  severity  of  buffeting  previously  suggested  (Fig  17). 

Recently,  Jones  showed  (Ref  49)  that  the  non-dimensional  aerodynamic  excitation  parameter  approp- 
riate to  a flexible  mode  of  vibration  could  be  derived  from  measurements  of  buffeting  response  and  total 
damping  ratio.  Subsequently  this  non-dimensional  buffet  excitation  parameter  in  the  first  wing  bending 
mode  was  derived  from  measurements  made  on  wings  of  different  materials,  to  give  variations  in  response 
and  damping,  but  under  nominally  identical  free  stream  conditions  (Ref  50).  To  test  the  scaling  relation- 
ships implicit  in  the  use  of  this  non-dimensional  buffet  excitation  parameter  the  flow  required  to  excite 
the  wing  buffeting  had  to  be  relatively  unaffected  by  a wide  variation  in  Reynolds  number  and  preferably 
unaltered  in  general  character  by  a Mach  number  variation  from  subsonic  to  supersonic  speeds.  These  con- 
ditions were  satisfied  by  the  choice  of  a slender  wing  with  a well-ordered  vortex  flow  (Ref  9),  and  accor- 
dingly a half-model  of  a delta  wing,  with  a sharp  leading-edge  swept  back  65^,  was  used.  On  this  simple 
configuration  a variation  in  the  relative  proportions  of  aerodynamic  and  structural  damping  at  constant 
Reynolds  number  was  obtained  by  testing  two  nominally  identical  wings,  one  of  mild  steel,  and  the  other  of 
magnesium  alloy.  These  materials  were  selected  because  they  had  the  same  ratio  of  Young's  modulus  E,  to 
density  p^.  (Aluminium  alloy  also  has  the  same  value  of  E/p  as  steel  and  magnesium).  Hence  their  natural 
frequencies  were  virtually  Identical  and  their  mode  shapes  similar.  Both  wings  could  be  tested  over  a 
wide  range  of  free  stream  air  density,  p,  at  constant  Mach  number,  giving  the  same  values  of  the  ratio  ^ 

p/p  for  different  combinations  of  p and  p . 
m m 

The  idea  of  using  geometrically  similar  models  of  steel  and  magnesium  was  suggested  by  a previous 
buffeting  investigation  (Ref  31).  However  the  results  of  that  investigation  were  inconclusive,  possibly 
because  the  aerodynamic  characteristics  of  the  wing  planform  and  section  selected  were  sensitive  to  changes 
in  Mach  number  and  Reynolds  number.  (In  that  investigation  the  kinetic  pressure  q was  varied  by  changing 
the  Mach  number  at  constant  tunnel  total  pressure,  and  no  tests  were  included  at  constant  Mach  number  over 
a range  of  Reynolds  number). 

The  results  of  the  present  investigation  on  the  65^  delta  wing  configuration  show  that  on  the  steel 
wing  small  variations  in  total  damping  ratio  with  free  stream  density  can  be  detected.  On  the  magnesium 
wing  significantly  larger  variations  in  total  damping  ratio  with  free  stream  density  are  observed  (Fig  23). 

When  the  total  damping  ratios  are  combined  with  the  responses  (given  by  the  wing-root  strain)  a measure  of 
the  buffet  excitation  (or  forcing  function)  is  derived,  and  this  is  almost  the  same  for  both  wings  and 
independent  of  Reynolds  number  (Fig  24).  The  measurements  extend  well  into  the  vortex  breakdown  region, 
and  thus  represents  a useful  extension  of  our  knowledge  of  slender  wing  buffeting.  (Earlier  measurements 
of  slender  wing  buffeting  were  limited  by  a load  restriction  on  the  aeroelastic  model  (Ref  31).  Fig  24 
also  includes  the  buffet  excitation  parameter  measured  by  Butler  and  Spavins^^  on  a typical  fighter  aircraft. 

The  wider  implication  of  these  tests  is  that  it  should  be  possible  always  to  predict  the  buffet 
forcing  function  from  tests  of  ordinal'  wind-tunnel  models,  as  long  as  the  total  daiq>ing  ratio  is  derived 
accurately.  (Aluminium  alloy  also  has  the  same  value  of  E/p|,  as  steel  and  magnesium).  However  if  predic- 
tions for  buffeting  in  flight  are  required,  the  total  damping  ratio  measured  during  the  model  tests  must 
be  separated  into  the  aerodynamic  and  structural  components.  This  condition  is  somewhat  restrictive,  and 
implies  that  a wide  free  stream  density  variation  (say  2/1)  should  be  included  for  several  Mach  numbers  of 
the  model  test  programsie. 

Alternatively  we  may  by-pass  the  uncertainties  associated  with  the  damping  in  flight  and  use  the 
buffeting  measurements  on  rigid  wind  tunnel  models  with  constant  damping  to  derive  dimensionless  buffeting 
coefficients  which  can  then  be  compared  directly  with  the  buffet  penetration  achieved  in  flight  (Ref  30) 
on  aircraft  for  which  we  do  not  know  the  damping  coefficients.  Many  asauaq>tions  are  implicit  in  this 
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method,  but  it  works  reasonably  well.  The  basic  hypothesis  is  that  the  tunnel  unsteadiness  (which  must 
be  known)  can  be  used  as  a given  level  of  aerodynamic  excitation  to  calibrate  the  model  response  at  the 
wing  fundamental  frequency,  and  hence  to  derive  buffeting  coefficients  from  the  buffeting  measurements. 
These  buffeting  coefficients  are  a measure  of  the  generalised  force  in  the  wing  fundamental  mode  due  to 
any  distribution  of  pressure  fluctuations  on  the  wing.  Past  experience  with  nine  aircraft  models  suggests 
that  levels  of  buffeting  coefficient  obtained  in  this  way  can  be  identified  appropriate  to  the  maximum 
flight  penetration  of  buffeting  for  both  transport  and  fighter  type  aircraft.  The  method  is  illustrated 
by  a typical  example  (Ref  29),  (the  same  model  as  discussed  in  Figures  20  and  21). 

Figure  25  shows  the  curve  of  unsteady  wing-root  strain  signal  at  the  wing  fundamental  frequency, 
f^,  plotted  against  angle  of  attack.  If  these  signals  are  divided  by  the  appropriate  kinetic  pressure 
q - 1pV2,  we  have,  if  the  flow  is  insensitive  to  changes  in  Reynolds  number. 

Wing-root  strain  signal/q  » 

where  Cg(N,  a)  is  a dimensional  function  of  Mach  number  H and  is  independent  of  q at  a given  H and  angle 
of  attack,  if  the  total  damping  of  the  wing  fundamental  mode  is  constant  (Ref  A5) . Before  the  onset  of 
flow  separations  on  the  model,  most  of  the  curves  in  Reference  29  and  numerous  tests  in  other  wind  tunnels 
(Ref  3A)  show  that  Cj(M,  a)  is  constant  and  equal  to  CgfM,  a ■ 0) . This  is  the  portion  of  the  model  res- 
ponse caused  by  the  tunnel  unsteadiness  /nF(n)  at  the  appropriate  Mach  number  and  the  same  frequency  fi. 

We  now  scale  all  the  measurements  so  Chat  the  level  CgiH,  a - 0)  represents  the  tunnel  unsteadiness  and 
the  model  response  to  that  unsteadiness.  Thus 

C'(M,  a - 0)  - /nF(n)  - 1/K  • Cg(M,  o - 0)  (3) 

where  K is  a constant  scaling  factor.  The  subsequent  increase  in  C'(M,  a)  as  the  angle  of  attack  increases 
gives  a measure  of  Che  integrated  pressure  fluctuations  arising  from  the  wing  buffet  pressures  and  of  the 
model  response  to  this  excitation.  Having  used  the  tunnel  unsteadiness  /nF(n)  to  establish  a datum  buf- 
feting scale,  this  signal  must  now  be  subtracted  to  give  Che  true  buffeting  level  in  Che  absence  of  tunnel 
unsteadiness.  If  the  tunnel  unsteadiness  does  not  exceed  the  criteria  in  Reference  40  there  should  be  no 
correlation  between  the  tunnel  unsteadiness  and  the  wing  buffeting  and  so  we  can  calculate  a corrected 
buffeting  coefficient 

C''(M,  a)  - /c'(M,  a)2  - C'(M,  a - 0)^.  (4) 

The  angle  of  attack  at  which  Cg'(M,  a)  first  differs  from  zero  is  buffet  onset.  Contours  of  buffeting 
coefficients  are  then  readily  obtained  as  a function  of  Mach  number  and  angle  of  attack  or  lift  coef- 
ficient. For  the  seven  fighter  aircraft  models  heavy  buffeting  corresponds  with 

c;'  - 0.012  to  0.016 
B 

For  fighter  aircraft  there  is  considerable  scatter  from  the  flight  buffet  onset  boundary  to  the  C£'  • 0.004 
contour.  Hence  for  fighter  aircraft  the  following  buffeting  criteria  are  suggested: 


Buffet  onset 

- 0 

Light  buffeting 

<=b' 

- 0.004 

Moderate  buffeting 

- 0.008 

Heavy  buffeting 

- 0.016 

For  Che  two  transport  aircraft  modela  the  buffeting  limit  corresponds  with  C"  ■ 0.006. 

Figure  26  illustrates  a test  of  this  hypothesis  for  a fighter  aircraft.  The  model  was  similar  Co 
the  one  considered  in  Figure  25  but  the  tunnel  unsteadiness  was  much  lower  (/ nF (n)  ■ 0.002)  and  the  Reynolds 
number  siuch  higher  (R  4 x 10^).  Buffet  onset  in  the  new  flight  tests  (carefully  derived  from  wing-tip 
accelerometers)  agrees  well  with  Che  light  buffeting  contour 

C''  - 0.004 

and  the  maximum  flight  penetration  corresponds  with  the  heavy  buffeting  contour 

C''  ■ 0.016  . 

Figure  27  shows  sketches  based  on  typical  oil  flow  photographs  taken  on  this  nudel  at  Mach  numbers  of  0.70 
and  0,90  at  Che  light,  moderate  and  heavy  buffeting  levels,  and  we  note  the  progressive  developisent  of  the 
areas  of  separated  flow  as  the  buffeting  coefficient  increases. 

The  correlations  established  between  buffeting  contours  and  maximum  flight  penetration  are  some%fhat 
surprising  because  it  might  reasonably  be  expected  that  the  severity  of  buffeting  in  flight  would  be  based 
on  the  dimensional  level  of  vibration  (either  estimated  by  the  pilot  or  measured  by  an  accelerometer), 
rather  chan  a dimensionless  buffeting  coefficient.  There  are  two  alternative  explanations  for  Che  correla- 
tions established.  Either 

(1)  the  severity  of  wing  buffeting  is  not  really  the  limiting  factor  so  Chat  pilots  of  fighter 
or  strike  aircraft  tend  to  fly  right  up  to  a handling  boundary,  such  as  pitch-up,  stalling  or 
wing  dropping.  This  handling  boundary  might  coincide  with  the  heavy  buffeting  contour.  Or 


(2)  the  pilot  suiy  instinctively  include  in  his  assessment  of  buffeting  a 'q'  factor,  as  he 
tends  to  do  in  the  application  of  steady  loads  to  the  aircraf " . 
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If  he  does  introduce  a 'q*  factor,  pilot-defined  boundaries  for  light,  moderate  and  heavy  buffeting  at 
constant  altitude  would  tend  to  be  uniformly  spaced  above  the  buffet  unset  boundary  where  Mach  number 
effects  are  small,  and  would  correspond  with  constant  values  of  pressure-fluctuation  coefficients  measured 
in  the  tunnel  and  hence  of  buffeting  coefficients,  (see  Figure  14  in  Reference  16  for  the  Venom  air- 
craft with  a sharp  leading-edge). 

The  pilots  of  transport  aircraft  generally  sit  further  from  the  nodal  points  of  the  wing  fundamen- 
tal mode  than  do  pilots  of  fighter  or  strike  aircraft  and  would  not  wish  to  approach  a handling  boundary, 
even  if  sufficient  thrust  were  available.  Thus  for  transport  aircraft  the  maximum  penetration  coefficient 
Cg'  • 0.006  seems  more  reasonable  than  the  value  of  0.016  for  fighter  aircraft.  This  limit  for  maximum 
flight  buffet  penetration  for  transport  aircraft  of  Cg'  » 0.006  is  based  on  measurements  for  only  two 
models  at  low  Reynolds  numbers  and  may  need  to  be  revised  as  additional  tunnel/flight  comparisons  become 
available  for  this  class  of  aircraft. 

The  heavy  buffeting  contour  can  be  given  a general  physical  significance  because  the  buffeting 
coefficient  ought  to  be  of  the  same  magnitude  as  the  fluctuating  normal  force  coefficient  if  the  flow  over 
most  of  the  wing  is  separated  and  the  excitation  is  well  correlated  across  the  wing.  The  measurements  of 
Polentz  on  aeroioils  (Ref  32)  show  a maximum  normal  force  coefficient  at  low  frequencies  of  about  0.010  to 
0.020  which  brackets  the  heavy  buffeting  contour  of  0,016.  Similarly  Figure  13  shows  that  the  maximum 
fluctuating  normal  force  coefficient  at  a particular  low  frequency  parameter  n * O.o5  for  a family  of 
slender  wings  varies  from  about  nG (n)  - 0.008  to  0.010  for  A - 45°  to  / nG(n)  » 0.014  to  0.019  for  A “ 70°. 
These  high  values  of  normal  force  coefficient  are  obtained  when  vortex  breakdown  occurs  on  the  wings  irres- 
pective of  the  details  of  the  vortex  flow  (Ref  26), 

Aircraft  such  as  the  Harrier,  in  which  the  spanwise  development  of  flow  separations  is  carefully 
controlled,  achieve  appreciably  higher  heavy  buffeting  coefficients  than  previous  aircraft.  This  fact 
could  have  important  implications  for  the  structural  loading  of  such  aircraft  (Ref  33,  Section  3.1.3). 

One  application  of  this  method  utilized  buffeting  measurements  made  by  Hanson  on  an  aeroelastic 
model  of  a variable  geometry  fighter  aircraft;  the  original  report  repays  careful  study  (Ref  34).  The 
aeroelastic  model  was  tested  In  Freon  12  in  the  NASA  Langley  Transonic  Dynamics  Tunnel.  The  model  was 
flown  on  wires  and  achieved  an  almost  exact  duplication  of  the  aircraft  modes  and  dampings  for  the  differ- 
ent wing  sweep  angles.  As  expected,  the  response  measured  by  the  wing-root  strain  bridge  was  predomi- 
nantly in  the  wing  fundamental  mode,  at  about  16  Hz  model  scale  (Figure  8a  of  Reference  34),  and  the  damping 
was  predominantly  aerodynamic.  (The  advantage  of  using  correctly  scaled  aeroelastic  models  for  buffeting 
tests  is  that  the  response  in  modes  other  than  the  wing  fundamental  bending  can  be  measured  accurately. 

Thus  in  Hanson's  tests  the  tail  response  and  fuselage  vertical  bending  were  measured.  Hence  the  buffet 
excitation  parameter  (Refs  49  and  30)  can  also  be  derived  for  these  widely  differing  modes). 

Figure  28  shows  the  buffeting  coefficients  Cg  derived  from  these  wing-root  strain  measurements  and 
the  tunnel  flow  unsteadiness  level  (Figure  lb  of  Reference  54).  Different  transformation  factors,  K,  are 
required  for  the  port  and  starboard  wings,  and  for  every  Mach  number,  because  the  damping  of  the  funda- 
mental mode  is  predominantly  aerodynamic  and  varies  with  kinetic  pressure  q.  These  values  of  K reduce 
the  buffeting  measurements  to  single,  well  defined  curves  of  C£  vs  The  angles  of  attack  selected  for 

the  onset,  light  and  moderate  buffeting  contours  correspond  with  Cg"  - 0,  0.004  and  0.008  respectively, 
as  derived  from  tests  on  ordinary  sting-supported  wind  tunnel  models  tested  In  air. 

Figure  29  shows  a comparison  of  the  buffeting  contours  derived  from  the  model  tests  and  the  buffet 
onset  and  maximum  penetration  achieved  in  flight.  In  the  tunnel  tests  the  maximum  penetration  was  not 
limited  by  wing  buffeting,  but  instead  either  by  a limiting  tail  deflection  (the  aeroelastic  model  must 
fly  trimmed)  or  by  a roll  instability  which  the  "pilot"  could  not  control.  Similarly  in  flight  no  manoeu- 
vres were  aborted  due  to  the  severity  of  buffeting,  but  only  due  to  the  attainment  of  the  "g"  and  "a” 
limits  mentioned  in  the  report.  For  A * 26^  and  30  the  flight  buffet  onset  boundary  agrees  fairly  well 
with  the  buffet  onset  contour  Cg"  ■ 0 derived  from  the  tunnel  tests.  For  A * 70^  the  flight  buffet  onset 
boundary  is  between  the  buffet  onset  contour  C'"  ■ 0 and  the  light  buffeting  contour  Cg'  -0.004.  Above 
buffet  onset  the  flight  and  tunnel  contours  look  similar  and  support  the  broad  conclusion  that  maximum 
flight  penetration  would  have  corresponded  fairly  well  with  the  heavy  buffeting  contour  Cg"  * 0.016,  if 
this  could  have  been  achieved  on  the  aeroelastic  model.  Even  with  the  severe  restrictions  applied  to  the 
aeroelastic  model  by  the  tail  deflection  and  the  roll  instability,  maximum  levels  of  C£'  - 0.010  and  0.013 
were  achieved  for  A * 26  and  70°  respectively. 

These  results  from  an  aeroelastic  model  flown  on  wires  may  reasonably  be  viewed  as  a severe,  and 
yet  fairly  satisfactory,  test  of  the  hypothesis  originally  advanced  in  Reference  30  on  the  basis  of  tests 
on  ordinary  wind  tunnel  models  supported  by  stings.  It  should  be  noted  that  buffeting  tests  on  an 
ordinary  sting-supported  model  of  the  aircraft  would  not  have  been  limited  by  tail  loads  or  a roll  instab- 
ility, and  could  probably  have  been  made  at  higher  Reynolds  numbers.  (The  test  Reynolds  numbers  quoted  on 
page  10  of  Reference  34  are  in  fact  Reynolds  numbers/ft  so  that  the  model  Reynolds  numbers  are  compara- 
tively low,  although  this  did  not  spoil  the  buffeting  measurements). 

It  is  interesting  to  note  that  in  both  the  flight  and  tunnel  tests  reported  in  Reference  54  rapid 
increases  in  angle  of  attack  excited  less  severe  buffeting  than  slow  increases  in  angle  of  attack.  Thia 
effect  has  been  noticed  prevloualy  in  flight  testa  of  other  combat  aircraft.  Although  part  of  the  delay 
can  be  attributed  to  the  finite  tiaie  taken  by  the  structure  to  respond  to  the  aerodynamic  excitation  (aa 
discussed  by  Zbrozck  and  Jones  in  Reference  3),  there  is  some  evidence  that  there  may  well  be,  in  addition, 
a transient  effect  on  the  develoinoent  of  the  flow  separations,  if  the  rate  of  change  of  the  angle  of  attack 
is  high. 

Buffeting  measurementa  have  also  been  made  on  a model  of  composite  construction  %rhich  represents  the 
static  bending  and  torsional  atlffneasea  of  an  aircraft  project,  hut  not  the  inertia  discributioti 
<Rcf  55).  Although  this  composite  model  was  not  a full  aeroelastic  model,  having  unrepresentative  fre- 
quency pareaetera,  it  was  more  repraaentatlva  of  the  aircraft  than  the  solid  aluminium  model  tested  for 
comparison.  The  composite  model  provided  useful  advance  warning  of  a "torsional  buss"  phenomenon 
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subsequently  observed  in  flight,  which  lies  in  the  "no  tnans-land"  between  buffeting  and  flutter,  and 
which  did  not  occur  on  the  solid  model.  There  is  still  some  doubt  as  to4>reci8ely  how  the  pressure 
fluctuations  on  the  wing  couple  with  the  torsional  vibration,  which  is  only  observed  with  a leading^edge 
sweep  angle  of  27.2^  in  a small  region  about  a Mach  number  of  about  0.70  and  an  incidence  of  9^  (Ref  35, 

Fig  17).  In  some  unpublished  tests  on  an  ordinary,  steel  wind  tunnel  model  with  almost. the  same  geometry 
a large  discrete  excitation  was  observed  in  the  same  region  at  the  same  frequency  parameter,  although 
there  was  no  structural  mode  on  the  model  at  that  frequency. 

Recent  research  on  ordinary  wind  tunnel  models  has  confirmed  that  in  general  the  wing  bending  does 
not  influence  the  measured  oscillatory  pressures  when  the  flow  is  separated.  (This  may  be  seen  directly 
from  Figs  16  to  19  of  Ref  56  or  inferred  from  the  buffeting  measurements  of  Ref  50).  The  unsteady  pres*- 
sures  measured  on  ordinary  wind  tunnel  models  provide  a useful  Indication  of  any  unusual  discrete  excita* 
tion  in  the  spectrum  (as  occurs  with  the  circular  cylinder).  These  pressures  may,  in  principle,  be  inte- 
grated to  give  the  total  excitation  (Ref  57) . However  the  aircraft  response  can  only  be  calculated 

with  some  additional  assumption  about  the  total  damping  in  the  mode.  Hence  most  future  predictions  of 
the  severity  of  buffeting  will  continue  to  be  made  from  accelerometer  or  wing-root  strain  measurements, 
using  either  the  buffet  excitation  parameter  (Ref  49)  or  buffeting  coefficients  (Ref  30). 

Alleviation  of  Buffeting 

The  measurement  of  unsteady  wing-root  bending  moments  has  been  widely  used  for  comparative  tests 
to  assess  the  alterations  in  wing  buffeting  produced  by  changes  in  wing  design.  Figure  30  shows  three 
typical  examples.  The  first  part  shows  how  the  addition  of  a slat  to  the  leading-edge  of  a 35^  swept 
wing  of  constant  chord  delays  the  build  up  of  buffeting  to  much  higher  wing  angles  of  attack  (Ref  39). 
Measurements  are  only  given  for  a Mach  number  of  0.65  because  it  is  difficult  to  design  a leading-edge 
profile  %rhich  gives  a satisfactory  compromise  over  a wide  speed  range  from  M ■ 0.50  to  0.90.  Hence  a 
variable  geometry  leading-edge,  as  proposed  in  the  "RAEVAM"  principle,  may  yet  be  used  to  optimize  wing 
buffeting  characteristics.  The  second  part  shows  how  the  addition  of  a slat  to  a 1/20  scale  model  of  the 
Phantom  aircraft  raised  the  buffet  onset  boundary;  a somewhat  smaller  improvement  was  obtained  in  flight 
(Ref  35)  (Fig  21).  The  third  part  shows  how  the  buffet  onset  boundary  of  a wing  with  its  quarter  chord 
line  swept  45^  was  improved  (Ref  48).  The  addition  of  carefully  streamlined  bodies  to  retard  the  down- 
stream movement  of  the  terminal  shock  raised  the  lift  coefficient  for  buffet  onset  by  about  0.2  for  Mach 
numbers  of  0.6  to  0.8  and  by  about  0.40  at  a Mach  number  of  0.90.  The  addition  of  small  boundary  layer 
fences  to  the  noses  of  these  bodies  produced  a further  increase  in  buffet  onset  lift  coefficient  of  about 
0.2  at  subsonic  speeds  (where  there  were  probably  shock  and/or  vortex  t3rpe  separations  close  to  the 
leading-edge)  but  no  further  increase  at  M ■ 0.90  (where  the  separation  were  probably  shock-induced 
further  downstream  on  the  wing) . 

An  interesting  flight  investigation  on  the  F-104  aircraft  of  the  alleviation  of  buffeting  achieved 
by  the  deflection  of  leading-edge  and  trailing-edge  flaps  is  described  in  Reference  58. 

4.0  CONCLUSIONS 

The  main  themes  relate  to  Figure  4,  and  can  be  reiterated  as  follows:  (1)  For  bubble  flows,  which 
occur  in  many  different  situations,  the  largest  excitation  is  found  just  upstream  of  the  reattachment  point; 
(2)  For  slender  wings  with  sharp  leading-edges  the  buffeting  is  light,  but  just  measurable,  exactly  as  pre- 
dicted from  wind  tunnel  tests  8 to  10  years  in  advance  of  flight;  and  (3)  For  swept  wings  the  complex 
nature  of  the  flows  and  wing  performance  assessment  are  best  examined  by  buffeting  measurements  on  rigid 
models,  despite  their  limitations.  In  the  future  these  buffeting  measurements  will  be  supplemented  by 
extensive  measurements  of  the  excitation  of  the  type  presented  in  Reference  59  (which  should  be  read  in 
conjunction  with  Reference  35) . 

For  older  aircraft  with  swept  wings  we  frequently  find  significant  differences  between  wind  tunnel 
predictions  and  flight  measurements  of  the  buffet  onset  boundary.  Figure  31  shows  a typical  example 
(Ref  35).  There  are  large  differences  between  the  buffet  onset  boundaries  for  the  clean  wing  and  the  wing 
with  slats  at  subsonic  speeds,  but  only  relatively  small  errors  at  transonic  speeds.  In  contrast  there 
is  now  evidence  (References  60  and  61)  from  modern  aircraft  with  swept  wings  that  our  simulation  is  in 
error  even  at  transonic  speeds.  Our  inability  to  produce  Che  correct  flows  is  probably  due  to  ^ur  failure 
to  reproduce  sufficiently  high  Reynolds  numbers.  Hence  if  we  are  to  guarantee  the  buffeting  limits  of 
future  aircraft  with  advanced  wing  designs  (not  merely  buffet  onset  but  also  maximum  penetr^ion),  new 
high  Reynolds  number  facilities,  suitable  for  buffeting  tests,  will  have  to  be  provided.  Buffeting  tests 
will  place  constraints  on  these  facilities  in  terms  of  levels  of  flow  unsteadiness  (Ref  40)  and  in  terms 
of  running  times. 

If  ground  based  high  Reynolds  number  facilities  suitable  for  buffeting  tests  are  provided,  the 
aerodynamlcist  will  no  longer  be  able  to  attribute  discrepancies  between  tunnel  predictions  and  flight 
perforsMnce  to  the  Inadequate  siiaulation  of  Reynolds  number.  We  shall  then  see  a demand  for  far  more 
searching  flight  tests  in  order  to  establish  if  the  separations  obtained  in  the  wind  tunnel  are  being 
duplicated  in  flight.  The  experiments  of  Jones  (Ref  46)  and  Hollingsworth  (Ref  35)  may  be  cited  as 
typical  of  the  laost  detailed  research  of  this  type  so  far  achieved  in  flight,  but  even  these  tests  were 
not  sufficiently  detailed.  They  revealed  differences  between  the  developments  of  the  separations  on  the 
model  and  in  flight,  but  not  the  origin  of  these  differences,  or  how  the  differences  could  be  removed. 

If  we  are  to  explain  these  differences  we  shall  have  Co  measure  the  static  pressure  distributions  over 
the  wings,  the  development  of  the  boundary  layer  upstream  of  separation  and  downstream  of  reattachment, 
as  well  as  the  fluctuating  pressures  and  the  wing  response. 

These  flight  experlsMnts  will  be  difficult  and  might  even  justify  the  allocation  of  special  air- 
craft. A few  really  detailed  comparisons  of  the  separated  flows  obtained  on  wind  tunnel  models  and  on 
aircraft  will  probably  make  the  most  significant  single  contribution  to  the  achievement  of  safe  flight 
beyond  the  buffet  boundary,  and  to  our  understanding  of  the  relevant  problems  of  Fluid  Mechanics. 


APPENDIX  - THE  FUTURE  OF  BUFFETING  RESEARCH 
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Although  we  may  be  able  to  predict  the  buffet  onset  boundary,  boundary^^layer  theory  is  generally 
invalid  beyond  separation.  Hence  above  the  buffet  boundary  we  shall  still  have  to  rely  on  model  tests  in 
wind  tunnels  for  the  prediction  of  steady  and  fluctuating  pressures.  Some  deficiencies  are  already  appar- 
ent in  the  simulation  for  existing  aircraft  in  our  present  transonic  tunnels  (Ref  60).  These  deficiencies 
may  be  more  serious  with  advanced  wing  designs,  unless  the  Reynolds  number  available  can  be  increased 
(Ref  61) . 

The  buffeting  coefficients  selected  from  tests  on  conventional  models  in  type  A flow  situations, 
at  low  Reynolds  number  (1  x 10^  to  4 x 10^)  as  appropriate  for  maximum  penetration  in  flight,  may  well 
include  a scale  effect  on  the  development  of  the  separations  (Ref  62).  With  advanced  wing  designs,  in 
type  B flow  situations,  the  character  of  the  scale  effects  may  be  different  from  those  on  conventional 
wings,  requiring  different  buffeting  coefficients  from  those  previously  established.  This  justifies  the 
inclusion  of  comparative  buffeting  tests  on  advanced  and  conventional  wing  designs  over  a wide  range  of 
Reynolds  numbers. 

Rigid  models  will  be  used  exclusively  for  buffeting  tests  in  these  new  facilities,  because  of  the 
difficulty  of  constructing  sufficiently  strong  aeroelastic  models  for  prolonged  tests  under  lifting  con- 
ditions. Even  with  rigid  models  static  aeroelastic  distortion  may  require  the  model  wing  to  differ  from 
the  aircraft  shape  by  up  to  0.4^  twist  (Ref  63).  At  present  buffeting  tests  of  aeroelastic  models  of 
swept  wings  under  lifting  conditions  are  confined  almost  exclusively  to  the  NASA  I.angley  Transonic  Dynamics 
Tunnel  (with  a working  section  of  16ft  x 16ft)  which  can  be  operated  with  air  or  Freon  12.  Although 
operation  with  Freor  12  allows  the  aerodynamic  damping  to  be  more  readily  simulated,  there  is  some  evidence 

that  its  Inadequate  simulation  of  the  specific  heat  ratio  may  produce  incorrect  data  at  high  lift  at  trans- 

onic speeds  (Ref  64).  However,  one  buffeting  test  in  this  tunnel,  using  Freon  12,  has  given  a good  predic- 
tion for  the  wing-root  strain  on  a dynamic  model  of  a variable  geometry  aircraft  (Ref  34). 

Kilgore  et  al  have  shown  that  the  problems  caused  by  static  aeroelastic  distortion  should  be  less 
severe  in  cryogenic  transonic  tunnels  (Ref  65).  In  cryogenic  tunnels  the  kinetic  pressure  may  be  held 
constant  while  the  Reynolds  number  is  increased  at  constant  Mach  number  by  reducing  the  free  stream  static 
temperature.  This  appears  an  attractive  concept  for  obtaining  high  Reynolds  numbers  at  transonic  speeds. 

The  use  of  sound  absorbing  walls  in  the  working  section  of  wind  tunnels  can  significantly  reduce 

dynamic  interference  on  models  (Ref  66).  This  concept  is  advantageous  for  buffeting  measurements,  as  shown 

by  comparative  tests  (Ref  67)  in  a modified,  temporary,  working  section  for  the  RAE  3ft  x 3ft  tunnel. 

Fig  32  shows  that  buffet  onset  is  more  clearly  defined  with  the  sound  absorbing  walls  than  with  the  hard 
walls  used  in  conventional  working  sections.  This  effect  is  relatively  small  in  the  closed  working  sections 
(Fig  32a),  both  of  which  have  a low  level  of  flow  unsteadiness.  However,  the  effect  is  large  in  the  slotted 
working  sections  (Fig  32b)  because  the  slotted  working  section  with  hard  walls  has  a much  higher  level  of 
flow  unsteadiness.  This  concept  may  well  be  exploited  in  the  design  of  the  working  sections  in  the  new 
generation  of  transonic  tunnels. 
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Fig.  1 8 Flight/tunnel  comparison  for  buffet  onset  on  a small  Tighter  aircraft 
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Fig. 23  First  bending  mode  - variation  of  aerodynamic  damping  with  density  and  velocity 
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Fig. 24  Buffet  excitation  parameter  for  two  wings  M = 0.70 
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SOME  UNSTEADY  SEPARATION  PROBLEMS  FOR  SLENOER  BODIES 
W.  J.  McCroskey 

Aeromechanics  Laboratory— U.S.  Army  Aviation  R&D  Comnand 
Ames  Research  Center,  Moffett  Field,  California  94035,  U.S. A. 


1.0  INTRODUCTION 

The  development  of  reliable  prediction  techniques  for  engineering  purposes  requires  a fundamental  and 
detailed  understanding  of  the  unsteady  flow  fields  on  wings  and  rotating  blades.  Some  of  the  peculiar 
features  of  unsteady  separated  flows  that  are  not  simple  analogs  or  extensions  of  quasi-steady  flows  are 
discussed  In  more  detail  In  this  section. 

2.0  THE  UNSTEADY  KUHA-JOUKOWSKl  CONDITION 


In  developing  the  potential  theory  of  flow  over  airfoils  and  lifting  surfaces,  the  role  of  viscous 
processes  In  determining  the  circulation  of  the  lifting  sections  always  has  to  be  taken  into  account.  In 
most  cases,  these  complicated  processes  are  sunned  up  In  the  well-known  Kutta-Joukowski  tralling-edge  con- 
dition. For  steady  flows  over  profiles  with  sharp  trailing  edges,  the  concept  Is  most  often  expressed  as 
selecting,  from  an  unlimited  number  of  possibilities,  the  single  solution  that  keeps  the  velocity  finite 
at  the  trailing  edge.  Both  the  velocity  and  pressure  are,  therefore,  continuous  at  that  point. 
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However,  in  unsteady  flow  the  situation  Is  not 
so  clear,  either  physically  or  mathematically.  Fig- 
ure 1 contrasts  the  classical  Interpretation  of 
trai ling-edge  conditions  with  a hypothetical  inter- 
pretation of  what  really  happens  (Ref.  1).  The  clas- 
sical interpretation  of  the  tralling-edge  hypothesis 
of  Kutta  and  Joukowski  has  been  called  Into  question 
when  the  trailing  edge  Is  not  sharp,  when  boundary 
layer  separation  Is  present  near  the  trailing  edge, 
or  when  the  near  wake  Is  highly  deformed.  While  these 
effects  are  not  completely  resolved  even  In  steady 
flows,  the  unsteady  aspects  have  created  additional 
concerns,  especially  for  airfoils  with  high-frequency 
lift  fluctuations,  that  Is,  for  k >>  1. 


Fig.  1.  Sketches  of  the  Kutta-Joukowsky  trailing 
edge  condition  In  unsteady  flow. 


A theoretical  consequence  of  the  classical 
Kutta-Joukowski  condition,  and  one  that  Is  embodied 
in  all  of  the  unsteady  potential  theories  that  have 
been  developed  to  date.  Is  that  the  pressure  dif- 
ference across  the  airfoil  approaches  zero  at  the 
trailing  edge.  However,  even  In  the  absence  of 
stall  or  large  amounts  of  separation,  pressure  mea- 
surements at  high  frequency  have  been  found  to  devi- 
ate from  the  theoretical  predictions  in  the  trailing 
edge  region.  Usually,  discrepancies  tend  to  show  up 
more  as  phase  lags  of  the  absolute  pressure  than  In 
a significant  &p  near  the  trailing  edge,  a finding 
that  Is  consistent  with  an  Incomplete  analysis  of 
this  problem  by  Brown  and  Daniels  (Ref.  2).  How- 
ever, the  magnitude  of  the  pressure  fluctuations 
can  be  In  error,  as  well.  It  has  also  been  found 
that  the  wake  tends  to  distort  Itself  Into  a regular 
vortex  pattern,  as  shown  In  Fig.  2 from  Ref.  3, 
rather  than  remaining  approximately  planar,  as 
assumed  In  linear  potential  flow  theory. 

Thoughtful  discussions  of  the  flow  around  blunt 
trailing  edges  have  been  published  recently  by 
Gostelow  (Ref.  4)  and  Sears  (Ref.  5),  the  latter 
reference  dealing  particularly  with  unsteady  trall- 
ing-edge separation.  The  potential  flow  would  be 
singular  in  blunt  tralling-edge  regions  were  It  not 
for  the  adjustments  provided  by  the  boundary  layer 
and  the  wake.  Even  with  separation,  the  relation- 
ship shown  In  the  lower  half  of  Fig.  1 Is  still 
valid.  That  Is.  the  connection  between  the  rate  of 
change  of  circulation  and  the  flux  of  vorticity  out 
of  the  boundary  layer  and  Into  the  wake  Is 

^•{’“u^cdy  (1) 
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Fig.  2.  Flow  near  the  trailing  edge  of  an  airfoil 
oscillating  at  high  frequency  (Ref.  3).  Air- 
foil pitch  axis  at  X/c  « 0.30;  trailing  edge 
displacement  ■ 0.04  c cosut;  iiic/2U.  • 8.0, 

Re  • 34300. 
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where  r is  the  instantaneous  bound  circulation  of  the  airfoil,  u^  is  the  local  velocity  of  the  flow 
within  the  boundary  layer  relative  to  the  moving  separation  point.  ; is  the  local  vorticity.  and  6 is 
the  boundary- layer  thickness. 

This  application  of  Kelvin's  theorem  was  further  developed  by  Sears  (Ref.  5)  in  the  unsteady  case  for 
both  sharp  and  blunt  trailing  edges.  He  also  showed  how  the  circulation  criterion  of  Eq.  (1)  is  related 
to  the  version  of  the  Kutta-Joukowski  condition  that  equates,  approximately,  the  pressures  above  and  below 
the  trailing  edge. 

Without  developing  actual  solutions.  Sears  proposed  dual  models  for  calculating  the  flow  field,  forces, 
and  moments.  A vortex-sheet  model  in  the  spirit  of  classical  thin  airfoil  theory  suffices  for  the  lift, 
moment,  and  pressure  and  vortex-strength  distributions,  but  the  circulation  for  this  model  has  to  be  deter- 
mined from  a second  model,  wherein  boundary  layer  calculations  are  performed  around  the  actual  contour. 

Thus  the  flow  of  each  model  depends  on  the  other,  and  the  two  would  have  to  be  calculated  iteratively. 

Unfortunately,  neither  definitive  experiments  nor  analyses  have  yet  clarified  the  nature  of  the  un- 
steady trailing  edge  flow  on  airfoils,  with  or  without  moderate  amounts  of  separation.  However,  the  correct 
theoretical  modeling  of  the  generalized  trailing  edge  condition  is  Important  in  understanding  the  mechanisms 
involved  in  certain  classes  of  bird  and  insect  flight,  in  determining  the  acoustic  radiation  from  trailing 
edges  of  wings  and  rotating  blades,  in  analyzing  the  potential  flow  in  turbomachines  with  closely  spaced 
blades,  and  as  a prelude  to  analyzing  trailing-edge  stall  on  oscillating  airfoils  by  approximate  methods. 

3.0  DYNAMIC  STALL  ON  OSCILLATING  AIRFOILS 

Major  changes  occur  in  flow  fields  when  the  thin  viscous  layer  near  the  surface  of  a body  erupts  into 
the  phenomenon  called  stall.  Unsteady  effects  can  fundamentally  alter  the  stall  process  for  oscillating 
airfoils,  helicopter  blades,  marine  propellers,  compressors,  and  diffusers;  and  unsteady  stall  on  these  de- 
vices is  extremely  difficult  to  predict  accurately.  In  this  section,  several  examples  of  stall  that  contain 
peculiar  time- dependent  features  are  discussed  in  the  light  of  recent  developments.  The  reviews  by 
McCroskey  (Ref.  6)  and  Philippe  (Ref.  7)  may  be  consulted  for  further  details  of  this  subject. 

A conceptual  description  of  how  dynamic  stall  proceeds  on  an  airfoil  oscillating  in  pitch  was  provided 
a few  years  ago  by  Ham  and  Garelick  (Ref.  8)  and  by  Ham  (Ref.  9).  A vortex-like  disturbance  grows  out  of 
the  boundary  layer  in  the  leading-edge  region  and  then  passes  downstream  over  the  upper  surface  of  the  air- 
foil. Figure  9 of  Paper6  and  Fig.  3 of  this  section  show  the  progression  of  this  vortex-shedding 
phenomenon  and  how  it  affects  the  chordwise  pressure  distribution.*  The  transient  forces  and  moments  are 
fundamentally  different  from  their  static  counterparts,  and  they  cannot  be  reproduced  by  neglecting  the 
unsteady  motion  of  the  airfoil.  A characteristic  feature  of  the  unsteady  case  is  that  large  negative  in- 
creases in  the  pitching  moment,  or  "moment  stall."  occur  before  the  maximum  in  lift  or  normal  force,  that 
is.  “lift  stall."  Also,  the  beginning  of  the  series  of  stall  events  is  delayed  to  angles  of  attack  well 
above  the  static  stall  angle. 

The  dynamic  stall  process  involves  a series  of  distinct  events,  which  are  indicated  schematically  in 
Flo.  4 for  the  NACA  0012  airfoil.  Hot  wire  anemometry.  flow  visualizations,  and  pressure  measurements  (Ref. 
10)  revealed  that,  except  for  airfoils  that  stall  by  the  mechanism  of  leading-edge  bubble  bursting,  the 
process  begins  with  reversed  flow  on  the  rear  portion  of  the  profile,  as  indicated  by  Fig.  4(a).  This  long 
tongue  of  thin  reversed  flow  was  not  observed  under  quasi-static  conditions,  and  it  only  appeared  for 
angles  of  attack  above  the  static  stall  angle,  but  before  the  onset  of  dynamic  stall. 

The  region  of  reversed  flow  moved  upstream  with  increasing  Incidence.  When  it  reached  the  general 
vicinity  of  the  leading  edge,  a relatively  concentrated,  vortex-like  disturbance  began  to  form  within  the 
boundary  layer  (Fig.  4(b).  and  Fig.  9(b)  of  Pap«r6.  The  subsequent  growth  and  initial  rearward  move- 
ment of  this  vortex  signaled  the  onset  of  moment  stall  for  k i 0.05.  The  lift.  drag,  and  nose-down  pitch- 
ing moment  continued  to  Increase  due  to  the  induced  pressure  field  associated  with  the  vortex,  which  moved 
rearward  at  approximately  401  of  the  free-stream  velocity. 


OVMMM  tTAU 


Fig.  4.  The  Important  dynamic  stall  events  on  an 

Fig.  3.  Pressure  distributions  on  the  upper  surface  oscillating  airfoil  at  Re  • 2.5><10*  (Ref. 

of  an  airfoil  during  dynamic  stall  (Ref.  6).  10). 


*In  this  and  all  subsequent  figures  in  this  section,  the  motion  is  sinusoidal  pitch  oscillation  about 
an  axis  at  X/c  • 0.25.  and  k = uC/2U.. 
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The  maximum  value  of  Ci  was  obtained  when  the  vortex  disturbance  was  centered  at  X/c  • 0.6  (Fig. 
4(c)|,  and  the  maximum  negative  value  of  Cm  was  obtained  as  the  vortex  approached  the  trailing  edge  (Fig. 
4(d)).  The  approach  to  a fully-separated  flow  that  resembled  the  flow  field  on  a statically-stalled  air- 
foil (Fig.  4(e))  was  accompanied  by  smaller  aerodynamic  forces  and  moments,  and  this  flow  picture  persisted 
during  the  downstroke  for  several  chord-lengths  of  travel  of  the  freestream  flow.  Finally,  at  an  Incidence 
well  below  the  static  stall  angle,  the  flow  began  to  reattach  In  the  leading  edge  region.  The  reattachment 
process  (Fig.  4(f))  moved  rearward  at  about  1/3  lU. 


The  general  features  described  above  were  observed  over  a wide  range  of  unsteady  flow  conditions  and 
airfoil  geometries.  However,  the  details  of  the  boundary  layer  flow  reversal  were  found  to  depend  on  the 
leading  edge  geometry.  Figure  5 shows  the  variations  that  were  tested.  Figure  6 Illustrates  the  movement 
with  time  of  the  point  along  the  airfoil  where  the  boundary  layer  flow  near  the  surface  reversed  its  direc- 
tion. For  the  large- amplitude  conditions  shown,  this  occurred  while  the  airfoil  was  still  pitching  up,  but 
after  the  static  stall  angle  had  been  exceeded. 


Fig.  6.  The  time  of  the  onset  of  unsteady  flow  re- 
Flg.  5.  Variations  in  leading-edge  geometry  used  versal  as  a function  of  chordwise  position  on 

In  experiments  on  oscillating  airfoils  (Refs.  oscillating  airfoils  that  stall  by  different 

10,  13).  mechanisms  (Ref.  10). 


The  cambered  profile  at  positive  Incidence  exhibited  more  or  less  classical  tralling-edge  stall, 
developing  from  a rear-to-front  progression  of  boundary-layer  flow  reversal  that  was  more  gradual  than  on 
the  0012  airfoil.  On  the  other  hand,  the  cairbered  airfoil  at  negative  Incidence  stalled  following  the 
bursting  of  a leading-edge  separation  bubble.  In  this  case,  the  separated  zone  moved  downstream  and  en- 
larged with  Increasing  time.  The  same  was  true  of  an  airfoil  with  a small  leading-edge  radius,  r^/c  • 
0.004.  The  most  striking  case  was  the  standard  NACA  0012  profile,  which  generally  exhibits  leading-edge 
static  stall  characteristics.  In  this  case.  It  was  found  both  statically  and  dynamically  that  the  leading- 
edge  stall  was  caused  by  an  abrupt  breakdown  of  the  turbulent  flow  on  the  forward  portion  of  the  airfoil, 
rather  than  by  bubble  bursting,  as  Is  connonly  presumed.  Nevertheless,  the  vortex- shedding  phenomenon  was 
cotimon  to  all  of  the  airfoils  tested  under  unsteady  conditions. 

The  general  phenomena  described  above  for  the  airfoils  that  exhibited  tralling-edge  stall  have  been 
observed  over  a wide  range  of  Reynolds  numbers,  from  approximately  3000  to  over  3*  10*.  However,  two  as- 
pects of  dynamic  stall  have  shown  a dependence  on  Reynolds  number.  The  first  Is  an  Increase  In  the  angle 
of  attack  for  the  onset  of  dynamic  stall  with  Increasing  Reynolds  number,  similar  to  the  dependence  of  the 
static  stall  angle  on  Re.  The  second  effect  Is  the  appearance  of  a tralling-edge  vortex  bubble  at  low 
Reynolds  number,  approximately  concurrent  with  the  leading  edge  vortex,  that  seems  to  help  suppress  the 
large  negative  pitching  moments  Indicated  In  Fig.  4 (Ref.  11).  Figure  7 shows  this  phenomenon  In  sequences 
of  flow  visualizations  at  two  widely  different  values  of  Reynolds  nunber  (Refs.  10,  12).  These  scenes  have 
been  chosen  with  approximately  equal  values  of  U„at/c  between  photographs.  At  low  Reynolds  number,  with 
laminar  flow  everywhere,  the  rear  vortex  Is  comparable  In  size  to  the  leading  edge  vortex,  although  the 
strength  of  the  latter  seems  greater.  At  the  high  Reynolds  number, ^the  turbulent  boundary  layer  Is  thick 
on  the  rear  of  the  airfoil.  A necking  down  or  reduction  In  streamtube  area  occurs  over  the  middle  of  the 
airfoil,  as  In  the  laminar  case,  but  the  rear  vortex  Is  not  apparent  In  either  the  flow  visualizations  or 
In  the  pressure  distribution  (Ref.  13).  Despite  the  qualitative  similarity  In  the  two  examples,  however, 
the  evolution  of  the  aerodynamic  forces  and  moments  Is  quite  different  (Refs.  11,  13). 


Experiments  of  Philippe  and  Sagner  (Ref.  14)  and  Lllva  et  a1.  (Ref.  15)  have  shown  the  general  Influ- 
ence of  the  mean  angle  of  attack  on  dynamic-stall  behavior,  with  other  parameters  held  fixed.  In  Fig.  8, 
the  case  of  oq  • 7.3°  essentially  follows  the  predictions  of  potential -flow  theory,  and  at  this  reduced 
frequency  the  unsteady  effects  are  relatively  small.  When  uq  • 24.6°,  the  airfoil  Is  always  fully  stalled, 
but  the  hysteresis  Is  not  significantly  greater  than  In  the  low-incidence  case.  The  most  Interesting  case 
Is  for  oq  • 14.9°,  which  Is  appro-ilmately  the  static  stall  angle.  As  the  airfoil  oscillates  In  and  out  of 
stall,  the  hyseresis  loops  are  much  larger,  and  the  aerodynamic  pitch  damping  changes  sign  twice  during  each 
cycle  of  oscillation.  For  the  conditions  shown,  the  net  damping  is  slightly  negative,  which  means  that  the 
airfoil  extracts  energy  from  the  airstream  and  that  the  oscillation  would  tend  to  Increase  in  amplitude,  if 
unrestrained.  This,  of  course.  Is  the  condition  for  flutter. 

An  Important  parameter  affecting  dynamic  stall  Is  obviously  the  reduced  frequency  of  the  oscillation. 
Figu'r  9,  adapted  from  Ref.  13,  shows  the  variation  in  the  lift,  drag,  and  pitching  moment  as  k was  1n- 
cre'' .rn  A small  amount  of  hysteresis  was  observed  even  at  k • idc/2U„  • 0.004,  but  the  vortex-shedding 
ph<iiu.enon  did  not  develop  fully  Into  the  state  described  above  until  k • 0.05.  Its  Influence  on  the 
maximum  values  of  the  force  and  moment  coefficients  was  very  large  for  k > 0.05,  and  negative  aero^namlc 
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F<g.  7.  Flow  visualization  of  the  early  stages  of  dynamic  stall  on  NACA  0012  airfoils.  Left:  a • 10® + 10° 
sinut.  Re  • 10\  k • 0.25  (Ref.  12).  Right:  a • 15®  + 10°  slnut.  Re  • 1.5*10^  k • 0.15  (Ref.  10). 
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Fig.  8.  The  effect  of  mean  angle  on  dy-  Fig.  9.  The  effect  of  reduced  frequency  on  dynamic  force  and 
namic  force  and  moment  coefficients.  moment  coefficients  (Ref.  13)  . Re  = 2.5  xio^,  M = 0.09. 

Re  » 4.8«106,  M » 0.40  (Ref.  15). 

damping  in  pitch  occurred  for  0.04  < k < 0.12.  Above  k =■  0.15,  the  strength  of  the  vortex  appeared  to 
be  approximately  independent  of  reduced  frequency,  and  It  traveled  over  the  upper  surface  of  the  airfoil 
at  approximately  0.4  UL-  On  the  other  hand,  as  k increased,  the  airfoil  completed  a larger  fraction  of 
a cycle  of  oscillation  during  the  vortex  passage.  Therefore,  the  various  dynamic  stall  events  shown  in 
Fig.  4 occurred  at  different  phases  during  the  cycle  for  different  values  of  k.  As  a result,  the  hyster- 
esis loops  of  Cl,  Cq,  Ch  versus  a were  quite  different  in  quantitative  detail,  even  though  polars  of 
C|if  vs.  Cl  were  found  to  be  approximately  independent  of  reduced  frequency  for  k t 0.05  (Ref.  10). 

The  Influence  of  the  amplitude  of  the  unsteady  motion  is  illustrated  in  Fig.  10.  For  this  comparison, 
oq  is  approximately  the  static  stall  angle,  and  the  reduced  frequency  was  varied  so  as  to  maintain  a con- 
stant value  of  the  maximum  pitch  rate  parameter,  that  is,  (oc/U„)majr  =•  2aik  = constant.  For  the  cases  of 
ai  • 10°  and  14°,  the  vortex  shedding  phenomenon  begins  while  i > 0,  that  is,  before  o * omax-  The  sub- 
sequent flow-field  development  is  very  similar  in  the  two  cases,  although  the  different  stall  events  occur 

at  different  phases  of  the  motion.  Therefore,  the  curves  of  Cl,  Cq,  and  Cm  vs.  o are  quantitatively 

different.  However,  when  oj  • 6°,  dynamic  stall  does  not  begin  until  after  a * omax*  a < 0.  As  a 

result,  the  vortex-shedding  phenomenon  is  less  pronounced.  This  is  not  unexpected,  and  in  the  limit  of 
very  small  amplitude,  it  would  essentially  disappear. 

Figure  11  shows  some  effects  of  increasing  Mach  number  on  dynamic  stall.  As  in  the  previous  figure, 
the  data  are  taken  from  the  extensive  program  of  Liiva  et  a1.  (Ref.  15).  Here  progressively  smaller  mean 
angles  were  selected  because  of  the  decrease  in  the  static-stall  angle  with  increasing  Mach  number.  The 
similarity  of  the  static-stall  characteristics  at  M « 0.2  and  0.4  suggests  that  transonic  shock-wave 

fcrmation  does  not  play  a role  in  either  case,  but  the  static  H • 0.6  data  show  clear  evidence  of  shock- 

induced  separation  and  stall.  The  dynamic  data  at  M • 0.6  suggest  that  the  formation  of  shock  waves 
somehow  inhibits  the  development  of  the  vortex  shedding  process,  although  some  vestiges  of  the  phenomenon 
remain.  New  experiments,  similar  to  the  ones  that  have  been  done  at  low  speeds,  are  needed  to  resolve 
^ this  question  further. 

I Brief  mention  should  be  made  of  unsteady  motions  other  than  airfoil  pitch  oscillations.  The  vertical 

I displacement,  or  “plunging"  data  of  Liiva  et  a1.  (Ref.  15)  for  small -amplitude  motion  indicated  the  same 

I qualitative  features  of  dynamic  stall  that  have  been  described  above.  Some  Important  quantitative  differ- 

■ ences  have  been  reported  (Ref.  16),  but  they  will  probably  not  change  the  current  engineering  practice  of 

treating  pitch  and  plunge  oscillations  as  though  they  were  equivalent. 

Airfoils  at  fixed  incidence  in  a stream  that  oscillates  in  speed  have  recently  been  examined  by  Sax- 
ena,  Fejer,  and  Morkovin  (Ref.  17),  and  the  lift,  drag,  pitching-moment,  and  boundary- layer  changes  due  to 

I 
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Fig.  10.  The  effect  of  amplitude  on  dynamic  force  and  moment  coefficients  (Ref.  13).  Re  = 2.5  « 10®, 

M ^ 0.09. 

strean*(ise  body  motion  in  a uniform  flow  were  studied  by  Rabont  et  al.  (Ref.  18).  These  studies  have 
established  the  existence  of  the  vortex-shedding  phenomenon  and  strong  hysteresis  effects  due  to  longitud- 
inal oscillations.  Also,  Rabont  and  his  colleagues  showed  that  the  unsteady  effects  of  the  translational 
motion  could  be  large  enough  to  unstall  the  airfoil  during  part  of  the  cycle,  even  when  the  incidence  was 
considerably  above  the  static-stall  angle.  However,  neither  an  analysis  nor  an  empirical  model  has  yet 
been  developed  for  practical  applications. 

Pierce,  Kunz,  and  Halone  (Ref.  19)  combined  airfoil  pitch  oscillations  at  one  frequency  with  free- 
stream  velocity  oscillations  at  another.  They  indicated  that  although  the  freestream  perturbations 
altered  the  instantaneous  pitching  moment  behavior,  the  overall  effect  on  aeroelastic  stability  was  sur- 
prisingly insignificant.  Since  this  is  the  only  study  of  this  kind  that  has  been  performed,  it  is  not  yet 
clear  how  universal  this  conclusion  may  be. 

Applications  to  Helicopter  Rotor  Blades 

The  basic  studies  described  in  the  preceding  section  provide  first  approximations  to  the  real  flows 
on  helicopter  blades,  and  to  some  extent,  on  propellers  and  compressor  blades.  The  very  low  aspect  ratio 
of  typical  marine  propellers  make  rotational  and  tip  effects  especially  important.  On  the  other  hand,  the 
primary  three-dimensional  effect  in  the  helicopter  case  is  probably  due  to  the  rotor  blade's  periodic  span- 
wise  component  of  velocity,  V„  cos  nt.  Figure  12  shows  the  velocity  conponents  arising  from  the  combined 

Figure  13  shows  the  variations  in 
chordwise  velocity,  angle  of  attack,  normal 
force  coefficient,  and  pitching-moment  coef- 
ficient measured  on  a model  rotor  at  two 
values  of  rotor  thrust  coefficient  (Ref.  20). 
The  rotor  blade  azimuthal  position  is  ♦ • 
nt.  In  addition,  the  local  blade  element 
sweep  angle  is  given  approximately  by 

,r  V_cosnt  1 ,,, 

~ InrtVTiTTi-ntl  ^2) 

Detailed  analysis  of  the  pressure  data 
obtained  on  the  model  rotor  blades  indicated 
that  the  initial  stages  of  retreating-blade 
stall  development,  which  occur  for  180°  < i|i 
< 270°  where  the  spanwise  flow  is  radially 
inward,  are  essentially  two-dimensional  and 
are  well  approximated  by  airfoils  oscillat- 
ing sinusoidally  in  pitch,  provided  the 
large-amplitude  variations  in  a (Fig.  13) 
were  matched  approximately.  The  vortex- 
shedding  phenomenon  appeared  at  i|i  > 210°, 
followed  by  large  transient  overshoots  in 
Cm  and  Cfi|  that  initiated  stall  flutter  at 
tne  torsional  natural  frequency  of  the  blades. 


rotational  and  translational  motion  of  a blade  element. 
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Fig.  11.  The  effect  of  Mach  nmber  on  dynamic  force  and 
moment  coefficients  (Ref.  15). 
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However,  these  and  other  model  rotor  data  Indicate  that  three-dimensional  effects  produce  significantly 
larger  lift  in  the  fully  stalled  regime,  270°  < * < 360°,  where  the  cross  flow  is  radially  outward.  Also, 
helicopter  rotors  having  more  blades  or  operating  at  lower  flight  speeds  may  experience  severe  interactions 
between  the  boundary- layer  flow  on  one  blade  and  the  trailing  tip  vortex  laid  down  by  a preceding  blade 
(Refs.  21,  22).  Stall  precipitated  by  such  blade-vortex  encounters  would  be  expected  to  be  more  three- 
dimensional  and  higher  in  frequency  than  the  case  portrayed  in  Fig.  13.  At  the  moment,  estimates  of  heli- 
copter blade  loads  based  on  unsteady  two-dimensional  airfoil  data  should  be  viewed  with  a certain  anxjunt 
of  caution. 


HELICOPTER  COORDINATES 


Fig.  12.  Sketch  of  coordinates  and  nomenclature  for  heli- 
copter rotor  blades. 


Vi^4lR*0.35  r/R>0.7S 


Fig.  13.  Aerodynamic  environment  of  a model  helicopter 
rotor  (Ref.  20). 
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4.0  UNSTEADY  SHOCK  WAVE— BOUNDARY  LAYER  INTERACTION 

Shock  waves  that  terminate  In  the  vicinity  of  boundary  layers  are  seldom  steady.  This  Is  particularly 
true  of  normal  shock  waves  that  occur  on  transonic  wings  and  control  surfaces,  as  discussed  In  connection 
with  Fig.  1 of  Paper 6.  Three  of  the  more  common  types  of  shock  wave-boundary  layer  Interactions  are 
depicted  in  Fig.  14.  In  some  cases,  the  Interactions  are  observed  to  oscillate  periodically  with  relatively 
large  amplitudes,  and  these  fluctuations  can  cause  severe  buffeting,  flutter,  or  control -surface  buzz. 


Even  In  the  absence  of  boundary- layer  separation,  mixed  subsonic  and  supersonic  flow  fields  become 
rather  complicated  when  unsteadiness  Is  Introduced.  These  complications  can  be  examined  for  the  model 
problem  of  an  airfoil  with  an  oscillating  flap.  Figure  15  shows  the  propagation  of  expansion  and  compres- 
sion waves  as  the  flap  deflection  Increases,  starting  from  a small  downward  deflection  and  a fully-developed 
flow  field.  A stronger  shock  and  more  wave  distortion  occur  on  the  top  surface  than  on  the  bottom  for  the 
conditions  depicted.  The  downward  flap  deflection  causes  the  flow  to  accelerate  to  a higher  local  Mach 
number  on  the  upper  surface  as  positive  lift  Is  developed. 


SHOCK  INDUCED  TURBULENT  SEPARATION 


BUBBLE  AND  TRAILING  EDGE  SEPARATION 
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Fig.  14.  Sketch  of  shock  wave-boundary  layer  Inter- 
action on  an  airfoil  In  transonic  flow. 


Fig.  15.  Sketch  of  the  transonic  flow  field  on  an 
airfoil  with  an  oscillating  flap. 


It  is  Important  to  note  that  signals  from  the  oscillating  flap  only  reach  the  leading  edge  via  the 
so-called  receding  waves,  which  must  detour  around  the  shock  wave.  Because  their  propagation  is  perpendi- 
cular to  the  wave  fronts  and  because  they  move  at  the  local  sonic  speed,  these  waves  can  only  propagate 
forward  Into  the  supersonic  zone  from  points  along  the  sonic  line  where  they  arrive  at  some  Inclination 
relative  to  the  flow.  That  Is,  they  can  only  propagate  forward  when  the  component  of  the  local  Mach  number 
perpendicular  to  the  wave  fronts  Is  less  than  unity.  The  compression  waves  on  the  lower  surface  arrive  at 
the  leading  edge  earlier  In  the  case  shown  In  Fig.  14,  because  they  travel  against  lower  local  Mach  numbers. 
On  both  top  and  bottom  surfaces,  however.  It  can  be  seen  that  the  flow  field  development  lags  the  flap 
deflection. 

The  effects  of  oscillatory  flap  motion  on  the  flow-field  development,  especially  the  shock  wave  motion 
and  strength,  depend  In  a rather  complicated  manner  on  the  freestream  Mach  number  and  on  the  amplitude  and 
frequency  of  the  flap  deflection.  As  the  flap  moves  downward,  for  example,  the  receding  expansion  waves 
reach  the  upper  shock  after  a finite  time  and  start  It  moving  rearward.  This  motion  reduces  the  pressure 
jump  across  the  shock  wave  by  reducing  Its  velocity  relative  to  the  oncoming  flow,  a "dynamic  effect." 

This  effect  Is  In  competition  with  a "displacement  effect,"  or  the  tendency  for  a shock  wave  In  a more 
rearward  position  on  an  airfoil  to  be  stronger.  In  other  words,  the  actual  Instantaneous  shock  strength 
depends  on  both  the  shock  wave's  change  In  position  and  Its  velocity  relative  to  the  airfoil.  The  essential 
unsteady  features  of  this  problem,  therefore,  are  the  long  and  nonlinear  transit  time  of  the  upstream-moving 
waves  and  the  change  In  shock-wave  strength  due  to  Its  motion  over  the  airfoil. 

As  In  the  case  of  low-speed  dynamic  stall  and  stall  flutter  discussed  previously,  the  unsteady  shock- 
wave  motion  can  lead  to  limit-cycle  flutter  oscillations  of  the  control  surface.  This  occurs  when  the  phase 
of  the  unsteady  pressure  distribution  relative  to  the  flap  motion  permits  the  control  surface  to  extract 
energy  from  the  air  stream.  The  Interaction  of  the  shock  wave  with  the  boundary  layer  Introduces  addi- 
tional mechanisms  for  flutter  Instabilities.  An  example  of  the  latter  Is  Illustrated  by  the  intermediate 
Mach  number  case  shown  In  Figs.  16  and  17  from  Ref.  23.  In  these  figures,  the  airfoil  Is  fixed  and  the 
freestream  flow  Is  nominally  steady.  The  flow  at  M * 0.72  Is  characterized  by  a weak  shock  wave  and 
trailing  edge  separation,  both  of  which  fluctuate  only  slightly  and  Irregularly.  The  flow  at  H • 0.78 
fluctuates  somewhat  more,  but  It  could  still  be  classified  as  quasi-steady  In  an  overall  sense.  However, 
at  M • 0.75  the  flow  Is  highly  unsteady;  It  Is  characterized  by  distinctly  periodic  shock-wave  motion 
and  oscillations  in  boundary- layer  separation  between  the  tralling-edge  and  shock-induced  types  sketched 
In  Fig.  14.  The  reduced  frequency  of  the  oscillatory  flow  field  was  k • uC/2U.  » 0.4,  and  the  amplitude 
of  the  fluctuating  pressure  coefficient  was  found  to  be  of  the  same  order  as  the  average  Cp  on  the  air- 
foil. 
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Finke  (Ref.  24)  has  recently  described  four  similar  examples  and  has  given  an  informative  discussion 
of  possible  unsteady  flow  mechanisms  for  shock  wave  oscillations.  The  first  two  of  these  are  thought  to 
be  responsible  for  small-amplitude,  high-frequency  oscillations,  that  is,  k i 1,  and  the  latter  two  are 
associated  with  large-amplitude  oscillations  at  lower  frequencies. 

T^pe  1 ■ If  a small  pressure  disturbance  appears  during  the  interaction,  it  propagates  upstream  in  the 
subsonic  part  of  the  boundary  layer.  This  disturbance  will  result  in  flow  changes  in  the  boundary  layer 
and  in  an  upstream  shift  of  the  separation  point.  For  laminar  shock  wave-boundary  layer  interaction,  the 
^ familiar  lambda-shock  pattern  usually  develops.  The  upstream-propagated  disturbances  will  cause  changes 

in  the  outer  supersonic  flow,  thereby  causing  a change  in  the  strength  of  the  first  shock  wave  and  a down- 
stream-propagating pressure  disturbance.  It  is  the  latter  which  gives  rise  to  the  unsteady  oscillation  of 
the  interacting  inviscid  and  viscous  flow.  For  small  angles  of  attack,  comparisons  between  experiments  and 
a small -disturbance  stability  analysis  are  generally  favorable,  indicating  that  this  mechanism  can  be  more 
or  less  understood  theoretically.  What  is  less  certain  is  when  the  theory  is  applicable. 

Type  2.  Often  the  ups tream- travel ing,  shock-induced  disturbances  tend  to  accumulate  at  a certain  point 
just  outside  the  boundary  layer.  However,  the  pressure  rise  can  be  transmitted  upstream  around  the  super- 
sonic zone  and  through  the  outer  subsonic  region,  as  discussed  earlier  in  connection  with  Fig.  15.  After 
reaching  the  leading-edge  region,  these  disturbances  create  new  upstream  flow  conditions  which  tend  to  return 
the  aft  flow  to  its  initial  state.  The  process  then  repeats  itself. 

Type  3.  At  large  angles  of  attack  in  which  the  upper-surface  separated  region  extends  from  the  shock 
wave  past  the  trailing  edge.  Fig.  14(b)  for  example,  the  frequency  tends  to  be  lower  and  the  amplitude 
larger.  Now  disturbances  also  travel  upstream  in  the  subsonic  region  on  the  lower  side  of  the  profile  and, 
by  the  arguments  set  forth  earlier  concerning  the  speed  of  upstream  propagation  against  different  local 
Mach  numbers,  significant  phase  differences  can  be  expected  in  the  unsteady  pressures  on  the  top  and  bottom 
surfaces.  Associated  with  the  oscillating  pressure  field  will  be  fluctuating  lift,  and  hence  oscillations 
in  circulation  around  the  profile.  The  oscillating  bound  circulation  will  be  accompanied  in  turn  by  oscil- 
lations of  the  circulation  in  the  wake,  but  with  the  opposite  sign. 

Type  4.  Oscillating  trailing  edge  and  wake  conditions  can  manifest  themselves  in  another  way,  in  the 
lateral  direction.  If  the  boundary  layer  at  the  rear  portion  of  the  wing  separates,  unsteady  pressure  dis- 
turbances are  produced  in  the  outer  subsonic  flow  which  propagate  downstream  and  upstream.  The  shock  wave 
travels  into  regions  of  smaller  Mach  numbers,  and  the  angle  between  the  edge  of  the  separated  boundary 
layer  and  the  freestream  direction  is  reduced.  Then  negative  pressure  disturbances  in  the  outer  flow  down- 
stream of  the  shock  wave  are  produced  and  the  shock  wave  is  forced  to  move  downstream  again.  The  lateral 
oscillation  of  the  wake  is  particularly  intense  for  the  biconvex  circular-arc  airfoil;  for  example,  see 
Figs.  16  and  17. 

In  general,  the  third  and  fourth  mechanisms,  which  involve  large  amounts  of  boundary-layer  separation, 
are  extremely  difficult  to  analyze  theoretically  or  to  predict  with  any  degree  of  confidence.  Nevertheless, 
the  calculations  displayed  in  Fig.  17  show  that  time-dependent  solutions  of  Reynolds-averaged  compressible 
Navier-Stokes  calculations  can  predict  the  phenomena  in  some  detail.  Even  though  such  calculations  are 
presently  much  too  lengthy  for  routine  engineering  purposes  and  even  though  improved  turbulence  models  will 
be  required  for  accurate  predictions,  the  study  reported  in  Ref.  23  is  extremely  encouraging.  More  discus- 
sion of  this  approach  will  be  given  in  a subsequent  lecture. 

5 0 CONCLUDING  REMARKS 

Three  important  classes  of  unsteady  external  flows  over  thin  profiles  have  been  described  in  detail; 
all  three  are  inadequately  understood  and  in  each  case  satisfactory  engineering  prediction  methods  are 
lacking.  They  are  presently  receiving  considerable  attention,  however,  and  improvements  are  being  realized 
rapidly.  The  ability  to  predict  and  suppress  unsteady  separation  on  oscillating  control  surfaces,  wings, 
and  rotating  blades  will  undoubtably  lead  to  significantly  improved  aerodynamic  devices. 
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INVISCID  FLUID  MODELS,  BASED  ON  ROLLED-UP  VORTEX  SHEETS,  FOR 
THREE-DIMENSIONAL  SEPARATION  AT  HIGH  REYNOLDS  NUMBER 

by 


J.  H.  B.  Smith 

Aerodynamics  Department,  Royal  Aircraft  Establishment, 
Farnborough,  Hants.  UK 


SUMMARY 

The  text  falls  into  two  parts.  In  the  first,  the  inviscid  fluid  models  which  have 
been  used  to  represent  flows  with  three-dimensional  separations  of  vortex  type  are 
introduced  and  (’escribed.  Their  strengths  and  weaknesses  are  discussed  and  suggestions 
are  made  for  improvements.  A selection  of  results  for  a wide  range  of  problems  is 
presented.  In  the  second,  the  difficulties  which  arise  in  trying  to  extend  these  models 
to  represent  separation  from  highly  swept  separation  lines  on  smooth  bodies  are  discussed 
and  a view  is  given  of  the  present  position  and  developments  in  the  immediate  future. 

The  material  is  to  be  presented  as  two  lectures  in  the  AGARD-VKI  Lecture  Series  94 
"Three-dimensional  and  unsteady  separation  at  high  Reynolds  numbers"  in  February  1978. 

1 CASES  IN  WHICH  THE  SEPARATION  LINE  IS  DETERMINED  BY  THE  BODY  SHAPE 

1 . 1 Introduction  - the  delta  wing  at  incidence 

By  way  of  introduction,  a description  is  given  of  a flow  for  which  we  have  reason- 
ably good  inviscid  models  of  the  striking  effects  of  flow  separation.  Consider  a flat- 
plate  delta  wing  whose  aspect  ratio  is  small,  say  about  one,  at  an  angle  of  incidence 
between  about  5°  and  40°  to  a subsonic  stream  at  a high  Reynolds  number.  A pair  of 
vortices  sits  above  the  upper  surface  of  the  wing,  just  inboard  of  the  leading  edges. 
These  sweep  the  flow  on  the  upper  surface  of  the  wing  outboard  towards  the  leading  edges. 
The  flow  on  the  lower  surface  is  also  directed  outboard  close  to  the  leading  edge,  so 
that  the  flow  leaves  both  surfaces  at  the  leading  edge  to  form  a shear  layer.  At  the 
leading  edge,  the  shear  layer  is  formed  by  the  amalgamation  of  the  two  three-dimensional 
boundary  layers  on  the  wing.  These  merge  and  the  layer  develops  subsequently  under  the 
influence  of  the  essentially  inviscid  flow  outside  it.  The  shear  layer  is  convected 
upwards  and  wrapped  round  the  outside  of  the  vortex  by  the  mean  velocity  field.  Thus  the 
size  and  strength  of  the  vortex  grow  in  the  downstream  direction  from  a notional  zero  at 
the  apex  of  the  wing. 

On  the  upper  surface  of  the  wing,  surface  oil-flow  pictures  show  the  herring-bone 
pattern  associated  with  an  attachment  line.  At  high  incidence  there  is  Just  one  of  these 
along  the  centre  line,  at  lower  incidences  there  is  a pair,  with  the  flow  between  them 
almost  parallel  to  the  centre  line.  A sketch  of  this  pattern  is  shown  in  Fig  1,  for  a 
wing  with  curved  leading  edges.  Outboard  of  the  attachment  lines  the  air  in  the  boundary 
layer  is  swept  further  outboard.  Initially,  as  the  suction  peak  under  the  vortex  is 
approached,  this  flow  is  assisted  by  a favourable  pressure  gradient,  but  once  the  suction 
peak  is  passed  the  pressure  gradient  becomes  adverse.  In  these  circumstances  a laminar 
boundary  layer  separates  almost  at  once;  a turbulent  one  holds  on  a little  longer;  but  in 
both  cases  a secondary  separation  occurs.  This  usually  shows  in  the  surface  oil-flow  as 
a line  where  pigment  accumulates,  but  sometimes  the  oil  which  collects  there  washes  the 
pigment  away,  leaving  the  model  surface  visible.  This  separation  line,  like  the  primary 
separation  line  at  the  leading  edge,  is  highly  swept,  and  the  separation  again  takes  the 
form  of  a vortex.  The  sense  of  rotation  of  this  secondary  vortex  is  opposite  to  that  of 
the  primary,  and  the  inboard  trend  of  the  surface  oil-flow  beneath  it  can  usually  be 
seen.  There  is  evidence  that  the  presence  of  this  secondary  vortex  affects  the  remainder 
of  the  flow  (see,  eg.  Ref  1).  In  particular  it  appears  to  change  the  surface  pressure 
distribution  in  different  ways,  depending  on  whether  the  boundary  layer  is  laminar  or 
turbulent  at  the  secondary  separation  line.  Modelling  the  secondary  separation  is  a topic 
for  section  2,  where  separation  from  smooth  surfaces  is  considered.  For  the  present  we 
simply  bear  it  in  mind  as  an  unrepresented  feature  of  the  real  flow. 

Another  unrepresented  feature  of  the  real  flow  is  the  occurrence  of  vortex  breakdown 
at  sufficiently  large  angles  of  incidence.  This  appears  as  an  increase  in  the  diameter 
and  turbulence  level  of  the  core  of  the  vortex,  usually  as  a response  to  a rise  in  the 
ambient  pressure.  The  underlying  mechanism  is  still  in  some  doubt* . There  is  some  recent 
Japanese  work^  in  which  breakdown  appears  to  have  been  predicted  successfully  through  a 
viscous  calculation,  while  in  recent  Russian  work^  it  apparently  emerges  from  an  inviscid 
model.  We  shall  not  be  dealing  with  the  phenomenon. 

At  the  trailing  edge  of  the  wing,  the  flow  separates  in  the  usual  way  to  form  a wake, 
as  sketched  in  Fig  2.  Rather  surprisingly,  most  of  the  circulation  shed  from  the  trail- 
ing edge  is  also  of  the  opposite  sense  to  that  in  the  primary  vortex.  The  wake  tends  to 
be  swept  outboard  by  the  substantial  mean  lateral  velocities  Induced  by  the  primary 
vortex  above  it.  Several  vortices  may  be  formed  and  the  flow  downstream  of  the  trailing 
edge  is  complex.  If  a model  of  the  flow  is  to  represent  the  upstream  effects  of  the 
wake,  it  needs  to  represent  the  trailing  edge  separation  properly,  as  well  as  the  leading- 
edge  separation. 
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If  we  imagine  the  Reynolds  number  of  this  flow  to  increase,  we  shall  find  the 
boundary  layers  and  shear  layers  becoming  thinner.  Instead  of  losing  track  of  the  shear 
layer  from  the  leading  edge  where  it  meets  the  vortex,  we  shall  be  able  to  distinguish  a 
thin  shear  layer  rolling  up  into  a spiral  form,  with  more  and  more  turns  becoming 
apparent  as  the  Reynolds  number  rises.  This  is  the  situation  depicted  in  Fig  2.  More 
details  of  the  vortex  structure  are  given  in  Ref  5.  A viscous  core  will  always  remain  at 
finite  Reynolds  number,  but  this  is  very  small.  if  we  proceed  to  the  limit  of  infinite 
Reynolds  number,  the  vortex  becomes  a spiral  vortex  sheet  embedded  in  an  irrotational , 
potential  flow.  This  is  the  usual  limit  employed  in  the  first  approximation  of  aero- 
dynamics, in  which  the  thickness  of  the  boundary  layer  and  wake  is  ignored.  Just  as  in 
classical  wing  aerodynamics  the  wake  leaving  the  trailing  edge  is  represented  by  a vortex 
sheet,  implying  the  Kutta  condition  of  finite  velocity  and  continuous  pressure  at  the 
sharp  trailing  edge,  so,  in  this  model  of  leading-edge  separation,  the  shear  layer 
leaving  the  leading-edge  is  represented  by  a vortex  sheet,  implying  a Kutta  condition  of 
finite  velocity  at  the  sharp  leading-edge.  In  both  cases  the  potential  flow  becomes 
uniquely  defined  when  the  separation  line  is  specified.  The  difference  is  the  practical 
one  that  the  properties  of  the  classical  wing  can  be  obtained  adequately  without  knowing 
the  shape  of  the  trailing-edge  vortex  sheet,  while  the  properties  of  the  slender  wing 
depend  on  the  shape  taken  up  by  the  leading-edge  vortex  sheet.  The  difference  arises 
simply  from  the  proximity  of  the  leading-edge  vortex  sheet  to  the  wing. 

The  same  model  of  the  flow  can  be  reached  by  choosing  to  represent  the  actual 
vorticity  distribution  present  in  the  vortex  at  a finite  Reynolds  number  by  a spiral  vortex 
sheet.  However,  the  motivation  is  then  less  clear.  Whichever  approach  is  used,  it  is 
this  picture  of  the  vortex  and  its  feeding  shear  layer  as  a single,  infinitely  rolled-up, 
vortex  sheet  which  forms  the  basis  for  the  inviscid  treatment  of  separation  from  highly- 
swept  separation  lines. 

Many  attempts  have  been  made  to  determine  the  form  of  the  inner  part  of  such  a 
spiral.  If  the  shape  is  basically  circular,  there  is  general  agreement®'^  about  the 
existence  of  an  asymptotic  solution.  However,  it  is  likely  that  the  spiral  is  generally 
somewhat  elliptical  in  form,  being  flattened  by  its  closeness  to  the  wing  surface®.  A 
solution  of  this  kind  has  been  proposed  by  Maskell®,  but  no  fully  documented  solution 
exists  and  it  is  not  even  clear  that  the  asymptotic  problem  is  well  posed^®.  There  are 
also  strong  effects  of  compressibility'- ^ on  the  structure  of  the  inner  parts  of  conical 
vortices  and  of  viscosity'^  very  close  to  their  axes.  It  seems  likely  that  if  the  details 
of  the  flow  in  the  inner  region  are  required,  they  can  best  be  obtained  by  patching  an 
appropriate  solution  for  the  inner  part  of  the  vortex  into  an  adequately  described  outer 
flow  field.  The  kind  of  calculations  with  which  we  shall  be  concerned  here  provide  little 
information  about  the  behaviour  of  the  inner  part  of  the  spiral. 

1 . 3 Description  of  various  particular  models 

The  first  of  these  models  to  be  discussed  preserves  the  identity  of  the  outer  part 
of  the  spiral  vortex  sheet,  but  introduces  a simplified  representation  of  the  inner  part. 

This  is  easiest  to  visualize  in  terms  of  the  slender-body  approximation,  though  the 

treatment  has  recently  been  applied  at  Boeing'^-'®  in  the  context  of  subsonic  lifting- 

surface  theory.  In  slender-body  theory  we  deal  with  solutions  of  quasi-two-dimenslonal 

problems  of  incompressible  potential  flow  in  planes  at  right  angles  to  the  free-stream 

direction.  From  now  on,  we  shall  be  discussing  irrotational  flows  in  which  vorticity  is  ‘ 

condensed  into  vortex  sheets  and  line  vortices.  We  shall  use  the  same  word  'vorticity' 

to  refer  to  the  strength  of  a vortex  sheet,  ie,  a vector  equal  in  magnitude  to  the  jump 

in  the  tangential  component  of  the  velocity  across  the  sheet,  with  a direction  normal  to 

this  Jump  and  tangential  to  the  sheet.  This  appears  to  be  common  usage  and  need  cause 

no  confusion. 

In  slender-body  theory,  the  only  component  of  vorticity  which  enters  the  calculation 
of  the  induced  velocity  field  is  the  streamwlse,  or  trailing,  component.  The  vorticity 
can  then  therefore  be  treated  as  a scalar,  equal  to  the  Jump  in  the  component  of  velocity 
in  the  cross-flow  plane  tangential  to  the  vortex  sheet.  The  condition  that  the  pressure 
is  continuous  across  the  sheet  is  satisfied  by  relating  this  Jump,  4v  , to  the  Jump  in 
the  streamwlse  component  of  velocity,  Au  , by 

UAu  ♦ v^  Av^  = 0 . (1) 

m 

Here  U is  the  undisturbed  speed  and  v^  is  the  mean,  or  convective,  tangential 

in 

velocity  on  the  sheet  In  the  cross-flow  plane.  We  note  In  passing  that  this  equation  Is 
nonlinear  In  the  disturbance  velocities.  This  nonlinearity  arises  because,  in  the 
slender-body  approximation  to  Bernoulli's  equation  the  quadratic  terms  In  the  cross-flow 
plane  are  of  the  same  order  as  the  linear  term  in  the  streamwlse  disturbance. 

The  simplification  in  the  representation  of  the  inner  part  of  the  spiral  vortex 
sheet  is  best  thought  of  In  the  cross-flow  plane.  All  the  vorticity  on  the  inner  part 
of  the  sheet  Is  condensed  Into  a line  vortex,  at  a point  to  be  determined.  Since  the 
strength  of  this  vortex  will  not,  in  general,  be  the  same  in  different  cross-flow  planes 
and  its  connection  with  the  wing  has  been  broken,  Kelvin's  theorem  Is  violated  and  some 
Inconsistency  Is  to  be  expected.  This  inconsistency  takes  the  form  of  a local  force 
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sustained  by  the  fluid.  Because  the  circulation,  r , round  the  line  vortex  changes  with 

the  streamwise  coordinate,  x , there  is  a Jump  in  the  value  of  u on  any  path  surround- 

ing the  vortex: 

Au  = A A*  = ^ it  0 . (2) 

3x  3x  dx 

To  make  t and  u single-valued,  a cut  must  be  introduced  connecting  the  free  end  of 
the  outer  part  of  the  vortex  sheet  to  the  line  vortex,  so  forbidding  the  description  of 
paths  round  the  vortex.  Wherever  the  cut  is  placed,  equation  (1)  is  violated  across  it, 
because  Au  ^ 0 and  Av^  = 0 . The  resulting  difference  in  pressure  is  the  same  along 

the  whole  length  of  the  cut  in  the  cross-flow  plane,  so  that  the  force  acting  on  it  in 
the  cross-flow  plane  is  independent  of  its  shape.  This  force  in  the  fluid  is  proportional 

to  dr/dx  and  to  the  distance  from  the  end  of  the  outer  part  of  the  sheet  to  the  line 

vortex.  We  now  choose  to  balance  this  force  by  a force  on  the  line  vortex,  ie  the  line  vortex 
is  deliberately  inclined  to  the  local  flow  direction.  Fio  3 shows  the  resulting  configura- 
tion. The  equation  expressing  this  condition  of  zero  total  force  on  the  vortex  and  the  cut  can 
be  shown^l  to  take  the  form: 


jL  (w 
dZ  Vu 


tn(Z  - Z^)) 


Here  the  cross-flow  plane  is  described  by  the  complex  variable  Z , taking  the  values 
Z^  and  Z^  at  the  line  vortex  and  the  free  end  of  the  sheet,  W is  the  complex  velocity 

potential,  the  form  of  the  right-hand  side  arises  from  a consideration  of  the  velocity 
Induced  at  the  line  vortex,  and  the  over-bar  denotes  the  complex  conjugate. 

Equation  (3)  is  two  real  equations,  which  it  is  helpful  to  regard  as  determining  the 
inclination  of  the  vortex,  dZ^/dx  . The  strength,  r , of  the  vortex  can  be  regarded 

as  determined  by  the  Kutta  condition  at  the  leading  edge,  where  Z = s : 


lim  dw 
Z-»s  dZ 


is  finite 


(4) 


The  conditions  to  be  satisfied  on  the  outer  part  of  the  vortex  sheet  are  that  it 
should  be  a stream  surface  of  the  three-dimensional  flow  and  that  the  pressure  should  be 
continuous  across  it.  The  first  of  these  yields  a relationship  between  the  component  of 
velocity,  v^  , in  the  cross-flow  plane  and  normal  to  the  section  of  the  sheet  and  the 

rate  of  growth  of  the  sheet  in  the  streamwise  direction.  Various  forms  are  useful,  but 
a particularly  simple  one  is: 


V 

n 


U 


5r 

3x 


sin  4 


(5) 


Here  we  have  supposed  that  the  shape  of  the  sheet  is  described  by  specifying  the  polar 
coordinate  r as  a function  of  x and  the  polar  angle  9 , where  Z = re^®  , (see  Fig  3). 
The  angle  ^ is  the  angle  between  the  tangent  and  the  radius  vector,  all  in  the  cross- 
flow  plane.  The  condition  of  pressure  continuity  is  equation  (1) , but  it  is  useful  to 
remove  the  explicit  dependence  on  u . The  analysis  of  Refs  16  and  86  leads  to 

lx  = '"'t 

Here  At  , the  jump  in  potential  across  the  sheet,  is  also  a function  of  x and  9 . 

If  we  suppose  that  the  shape  of  the  sheet  and  its  strength  are  given  numerically  by 
N values  of  r and  N values  of  A4  at  specified  values  of  9 , we  can  see  that  the 
rates  of  change  of  these  2N  unknowns  are  determined  in  principle  by  applying  equations 
(S)  and  (6)  at  N points  on  the  sheet.  If  the  whole  configuration,  wing  shape,  vortex 
position,  sheet  shape  and  sheet  strength  are  known  at  some  value  of  x , the  equations 
(3)  to  (6)  determine  the  derivatives  of  these  quantities  in  the  streamwise  direction. 

A numerical  marching  solution  is  then  possiblel^, 17  and  we  shall  describe  results 
obtained  in  this  way  later. 


, Alternatively,  if  we  suppose  the  solution  is  conical,  a supposition  which  is 

< obviously  consistent  with  the  slender-body  approximation  for  flow  past  a plane  delta 

wing,  we  have 
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when  these  expressions  for  the  derivatives  are  introduced  into  (3),  (5)  and  (6),  a set 

of  nonlinear  and  strongly  coupled  equations  emerges,  to  which  solutions  can  be  found  by 
numerical  methods® ' ^ . Equations  of  the  same  form  emerge  if  self-similar  solutions22 
are  sought  in  which  (7)  is  replaced  by  relations  involving  general  powers  of  x . Such 
a conical  or  self-similar  solution  can  provide  the  initial  values  for  the  solution  of 
the  system  of  differential  equations  (3)  to  (6). 


We  shall  later  describe  some  of  the  illuminating  results  obtained  from  this  model. 
Meanwhile,  before  the  consideration  of  other  inviscid  models,  two  difficulties  with  this 
one  should  be  pointed  out.  The  first  arises  from  the  enforced  rotational  symmetry  of  the 
inner  part  of  the  vortex.  As  mentioned  earlier,  calculations®  using  the  model  show  that 
the  inner  part  of  the  vortex  has  a measure  of  ellipticity.  This  ellipticity  is  likely  to 
be  large  when  the  vortex  is  close  to  a boundary.  Failure  to  represent  it  may  be  respons- 
ible for  some  of  the  difficulties  which  have  been  found  with  the  model  for  vortices 
close  to  the  wing  surface^^, 24^  Before  further  attempts  are  made  on  problems  of  this 
kind,  a model  incorporating  an  elliptic  core  region  needs  to  be  developed.  The  second 
difficulty  concerns  the  self-induced  velocity  of  the  line  vortex.  Within  the  slender- 
body  approximation  there  is  no  problem;  the  vortex  is  regarded  as  being  straight. 

However,  if  we  move  away  from  this  approximation,  the  curvature  of  the  line  vortex 
cannot  be  ignored,  since  it  leads  formally  to  an  infinite  local  contribution  to  the  self- 
induced  velocity.  The  correct  treatment  is  to  evaluate  the  local  contribution  to  the 
self-induced  velocity  by  a more  complete  model.  Returning  to  a vortex  of  finite  diameter, 
related  to  the  dimensions  of  the  outer  part  of  the  sheet,  we  find  that  the  local  contri- 
bution to  the  self-induced  velocity  is  finite,  depending  strongly  on  the  ratio  of  its 
diameter  to  its  radius  of  curvature  and  rather  weakly  on  the  distribution  of  vorticity 
inside  it.  Details  appear  in  Ref  25.  Plausible  distributions  of  vorticity  can  be 
derived  from  the  eolutions  mentioned  above  for  the  inner  parts  of  vortices. 


The  second  inviscid  model  of  flow  separated  from  a sharp  edge  can  be  thought  of  as 
a special  case  of  the  first.  If  the  vortex  sheet  is  omitted  altogether,  the  entire 
circulation  of  the  leading-edge  vortex  is  condensed  into  a single  line  vortex  and  a far 
simpler  model  results.  This  was  finally  formulated  by  Brown  and  Michael^^,  as  a result 
of  earlier  work  by  Legendre^”^ > 28  Adams^®  and  Edwards^O.  Brown  and  Michael  visualized 
the  cut,  which  now  connects  the  line  vortex  to  the  leading  edge,  as  a planar  vortex 
sheet  composed  entirely  of  transverse,  or  bound,  vorticity.  Viewed  in  this  way,  it 
provides  continuity  between  the  vortex  lines  in  the  wing  and  the  line  vortex  representing 
the  leading-edge  vortex,  but  at  the  expense  of  kinks  in  the  vortex  lines.  The  mathe- 
matical consequences,  at  least  in  the  context  of  slender-body  theory,  are  the  same  as 
those  derived  above.  The  governing  equations  for  non-conical  flow^*  are  simply  (3)  and 
(4)  above,  with 

Zg  = s , (8) 

corresponding  to  the  elimination  of  the  vortex  sheet.  The  original  equations  given  by 
Brown  and  Michael  for  conical  flow  follow  with  the  substitutions  (7) . The  simplicity  of 
this  model  has  led  to  its  wide  application,  both  within  the  confines  of  slender-body 
theory  and  beyond.  Generally  speaking,  computational  difficulties  are  not  serious,  but 
it  should  not  be  assumed  that  a solution  always  exists  (see,  eg,  Barsby32)  nor  that  it 
is  unique  (see,  eg,  Levinsky  and  Weil9). 

The  third  model  is  rather  different  and  has  the  great  advantage  of  being  readily 
extended  from  the  slender-body  approximation  to  fully  three-dimensional  incompressible 
flow.  If  we  think  again  of  the  infinitely  rolled-up  spiral  vortex  sheet  springing  from 
the  wing  leading  edge,  we  can  imagine  drawn  on  the  sheet  lines  along  which  the  jump  in 
velocity  potential  across  the  sheet  is  the  same.  These  lines  of  constant  44  are  also 
streamlines  of  the  mean  flow  in  the  sheet,  ie,  they  bisect  the  angle  between  the  two 
streamlines  on  the  inside  and  outside  of  the  sheet  at  each  point.  Each  such  line  will 
start  at  a point  on  the  leading  edge  and  follow  a helical  path  on  the  sheet,  turning 
about  the  axis  of  the  vortex  as  it  proceeds  downstream,  but  not  getting  very  much  closer 
to  or  further  from  this  axis.  These  lines  divide  the  sheet  up  into  ribbons.  The 
circulation  about  each  ribbon  is  the  same  along  the  whole  of  its  length  and  each  ribbon 
springs  from  the  leading  edge.  If  the  ribbon  is  reasonably  narrow,  the  direction  of  the 
vorticity  in  it  is  nearly  the  same  across  the  width  of  the  ribbon,  being  parallel  to  the 
edges  at  the  edges.  Hence  we  can  concentrate  the  vorticity  lying  in  the  ribbon  into  a 
line  vortex  along  its  middle  line.  This  leads  us  to  a model  consisting  of  a set  of  line 
vortices  which  spring  from  the  leading-edge  and  follow  helical  paths  round  the  axis  of 
the  leading-edge  vortex  as  they  are  convected  downstream. 

Each  line  vortex  is  of  constant  strength,  so  it  must  follow  a streamline  of  the 
three-dimensional  steady  flow.  Its  strength  must  be  based  on  the  Kutta  condition  at  the 
leading  edge.  In  several  practical  calculation  procedures33-35  for  three-dimensional 
incompressible  flow,  the  wing  is  represented  by  a vortex  lattice,  so  that  the  Kutta 
condition  is  replaced  by  a requirement  for  the  continuity  of  the  vortices  between  the 
wing  representation  and  the  sheet  representation.  Just  as  for  the  Kutta  condition  at  the 
trailing  edge.  The  use  of  the  vortex  lattice  approach  makes  for  conceptual  simplicity 
and  great  flexibility,  but  also  raises  questions  about  the  sensitivity  of  the  results  to 
the  details  of  the  lattice  and  the  positioning  of  the  control  points.  One  apparent 
difficulty  can  be  disposed  of,  however.  The  use  of  curved  line  vortices  invites 
questions  about  their  infinite  self-induced  velocity.  Again,  we  return  to  a better  model 
to  resolve  the  question.  This  time  the  better  model  is  the  vortex  sheet,  which  produces 
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no  local  self-induced  velocity.  The  infinite  local  contribution  to  the  self-induced 
velocity  of  the  curved  line  vortex  should  therefore  be  omitted  in  this  case. 

The  first  use  of  the  model  was  by  Sacks  et  al^^,  in  the  slender-body  approximation. 

A different  approach  is  then  needed  to  obtain  the  circulation  of  the  shed  vortex  from 
the  Kutta  condition  at  the  leading  edge.  Within  this  approach  it  is  possible  to  handle 
dozens  of  vortices,  representing  a fine  subdivision  of  the  original  vortex  sheet. 
Unfortunately,  the  increase  in  the  number  of  vortices  results  in  the  emergence  of 
instability,  leading  to  a chaotic  distribution  of  vortices  in  place  of  the  orderly  spiral 
shape  which  we  imagined.  A useful  device  to  delay  the  onset  of  instability  without  loss 
of  accuracy  has  recently  been  demonstrated  by  Fink  and  Soh^^.  They  redistribute  the 
circulation  amongst  the  vortices  after  every  step  in  the  marching  process  in  the  down- 
stream direction,  in  such  a way  that  the  vortices  remain  equally  spaced  along  the  curve 
which  represents  the  sheet.  Another  useful  technique  for  delaying  the  onset  of  instabi- 
lity was  used  by  Moore^®.  Unlike  the  other  workers  with  this  model,  he  treats  the  vortex 
nearest  the  centre  of  the  spiral  differently,  regarding  it  as  representing  a core  of  the 
rolled-up  vortex.  He  tests  the  angle  which  the  next  two  vortices  subtend  at  the  core 
vortex  and,  when  this  angle  exceeds  90°,  he  amalgamates  the  penultimate  vortex  with  the 
core  vortex.  This  has  the  effect  of  shortening  the  length  of  the  sheet  which  is 
represented.  The  basis  for  it  is  that  at  least  four  vortices  are  needed  to  provide  even 
a nominal  representation  of  a turn  of  the  spiral. 

These  more  elaborate  techniques  have  been  developed  for  the  slender-body  approxima- 
tion or  for  time-dependent  planar  flows.  The  published  work  in  fully  three-dimensional 
flows  has  not  required  them  because  the  number  of  free  vortices  has  remained  fairly 
small.  Vortex  amalgamation  has  however  been  used  in  three-dimensional  wake  roll-up 
calculations . 

A conceptual  difficulty  arises  over  the  treatment  of  the  vortex  ribbon  closest  to 
the  apex  of  a delta  wing.  One  edge  of  this  ribbon  originates  at  the  apex  and,  in  our 
ideal  picture,  runs  along  the  axis  of  the  vortex.  The  other  edge  follows  a helix  around 
this  axis.  The  ribbon  between  these  edges  forms  the  whole  inner  part  of  the  spiral 
vortex  sheet  and  representing  it  by  a single  spiralling  vortex  appears  a rather  drastic 
approximation.  Computations 39, 40  show  that  this  first  vortex  does  not  lie  at  all  close 
to  the  axis  of  the  spiral  sheet,  confirming  the  difficulty.  Increasing  the  number  of 
vortices  would  probably  improve  the  situation.  A more  elegant  way  of  improving  it  would 
be  to  modify  the  model  so  that  the  first  vortex  actually  starts  from  the  wing  apex  with 
zero  strength  and  grows,  as  in  the  Brown  and  Michael^®  model,  until  the  second  vortex  is 
shed  from  the  edge.  The  first  vortex  would  then  be  freed  to  follow  a streamline  and  the 
second  one  allowed  to  grow  in  strength  until  the  third  one  is  shed,  and  so  on.  Such  a 
treatment  would  provide  a core  around  which  the  other  vortices  could  gyrate  in  a more 
stable  manner,  and  with  which  amalgamation  could  take  place  downstream.  This  modifica- 
tion could  be  regarded  as  representing  each  ribbon  of  vortex  sheet  by  a pair  of  vortices 
along  its  edges. 

The  final  group  of  models  are  to  some  extent  less  representative  of  the  physics  of 
the  flow  in  that  some  assumption  is  made  about  the  form  of  the  shed  vorticity.  The 
simplest  of  these  assumptions  is  that  the  shed  vorticity  is  so  close  to  the  plane  of  the 
wing  that  its  effects  can  be  calculated  as  if  it  were  actually  in  that  plane. 
Surprisingly,  such  a simple  treatment,  guided  by  a little  empiricism,  does  produce  a 
model  from  which  conclusions  can  be  dram..  Moreover,  the  model,  due  to  Kiichemann^^,  has 
been  extended  to  supersonic  speeds  in  two  slightly  different  ways’^'’®.  In  passing,  it 
is  worth  noting  that  the  shed  vorticity  does  lie  appreciably  closer  to  the  wing,  for  the 
same  incidence,  at  supersonic  speeds  than  at  subsonic  speeds. 

The  next,  and  historically  the  flrst^^,  idea  is  to  localize  the  vorticity  shed  from 
the  side  edges  or  streamwlse  tips  of  a wing  on  sheets  which  lie  at  right  angles  to  the 
wing  and  extend  upwards  some  way  towards  the  free  stream  direction.  These  sheets  have  an 
obvious  resemblance  to  end-plates,  though,  of  course,  they  should  be  force-free.  Little 
work  has  been  done  with  this  model,  perhaps  because  tip  separation  is  not  very  important 
on  wings  of  high  aspect  ratio,  while  rectangular  wings  of  low  aspect  ratio  on  guided 
missiles  are  usually  so  thin  that  leading-edge  separation  complicates  the  flow.  Perhaps 
now  that  attempts  to  calculate  the  boundary  layer  on  the  upper  surface  of  a finite  wing 
are  encountering  problems  because  the  external  flow  comes  round  the  tip  from  the  lower 
surface,  this  kind  of  model  will  be  re-examined. 

Finally,  in  the  model  due  to  Gersten^®,  vorticity  is  shed  at  a fixed  angle  of  one- 
half  the  angle  of  incidence  from  every  point  of  the  wing.  Although  this  sounds  very 
crude,  it  is  clearly  possible  for  vorticity  to  be  represented  at  the  points  in  the  flow 
field  at  which  it  is  present  in  real  flows.  The  model  proved  relatively  easy  to 
Integrate  with  existing  subsonic  lifting  surface  theories  and  good  results  were  obtained 
for  overall  lift  and  pitching  moment.  It  could  also  readily  be  extended  to  unsteady 
flow,  again  yielding  good  agreement  with  experimental  results  for  overall  forces  and 
moments . 

1.4  The  use  of  the  models  summarized 

Table  1 lists  a great  deal  of  the  work  that  has  been  done  with  these  various  models. 
Completeness  has  not  been  sought,  though  almost  all  work  on  the  first  three  models  has 
been  quoted,  and  an  attempt  has  been  made  to  Include  both  the  earliest  and  latest  refer- 
ences in  each  area.  The  models  are  listed  down  the  left-hand  side  in  the  order  in  which 
they  have  been  described.  At  the  bottom  comes  the  leading-edge  suction  analogy^®* 


V, 


I 
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This  is  not  really  a model  of  separated  flow,  but  it  is  a remarkably  successful  way  of 
predicitinq  lift,  drag,  pitching  moment  and  roll  damping  of  plane  wings.  Across  the  top 
are  three  flow  regimes,  distinguished  by  the  different  forms  taken  by  the  continuity 
equation  for  small  disturbance,  potential  flow!  Laplace's  equation  for  incompressible 
and  subsonic  flow,  the  two-dimensional  form  of  Laplace's  equation  for  the  slender-body 
approximation,  and  the  wave  equation  for  supersonic  flow. 

It  is  clear  that  very  little  has  been  done  specifically  for  supersonic  flow.  This 
clearly  reflects  the  difficulty  of  applying  any  but  the  simplest  of  models.  There  is 

Table  1 


Vortex 

sheet 


Single 

line 

vortex 


Multiple 

line 

vortices 


Planar 


End-plate 


Distributed 

vorticity 

Leading-edge 

suction 

analogy 


Incompressible 
and  subsonic 

Slender-body 

theory 

Weber  et  al*^ 

Johnson  et  al*® 

Mangier  and  Smith*® 
Smith®' 22,48 

Levinsky  and  Wei*® 
Barsby^* , 23 , 32 

Pullin2® 

Jones*^ ' 

Cooper®® 

Clark*® 

Nangia  and  Hancock®* 
Matoi  et  al®2 

Leqendre^^ ■ ^® 

Adams 2® 

Edwards*® 

Brown  and  Michael^® 
Smith** • ®*' *4 

Randall®® 

Lowsgn®® 

Dore® ' 

Jobe®® 

Squire®® 

Portnoy  and  Russell®® 
Hanin  and  Mishne®* 

Clark  et  al®2 

Belotserkoygkii ** 
Rehbach*^' *9,65 

Maskew®® 

Kandil  et  al*®-^® 
Aparinov  et  al^ 

Sacks  et  al*® 

Finkleman®  ' 

Fink  and  Soh*^ 

Kvichemann^* 

Kiichemann^* 

Ermolenko®® 

Betr^^ 

Bollay®® 

Gersten^® ' ^® 

Garner  and  Lehrian^*-^^ 

Garner  and  ^hrian^* 
Nikolitsch^* 

Polhamus^® ■ 

Boy den 

Bradley  et  al^® 

Lamar '® 

Supersonic 


Nenni  and  Tung^^ 
Nikolskii^^ 


Squire^2 

Carafoli^^ 


Davenport ‘ 


also  an  obvious  dominance  of  papers  using  the  slender-body  approximation.  The  great 
simplicity  to  which  this  approximation  leads  has  made  it  possible  to  treat  a great 
variety  of  boundary  conditions,  representing  many  different  physical  problems.  Effects 

of  thickness^®' j^d  camber^®' ^2, o8, 59  separately  and  together®*,  effects  of  yaw^®'’® 

and  roll^''®^,  effects  of  pitching  and  plunging  oscillations®®-®®'®®  and  effects  of  gusts 
and  sudden  changes  of  incidence®^  heve  all  been  treated.  Combinations  of  wings  and 
bodies*’  and  of  wings  and  foreplanes®'  have  been  studied  and  a wing  design  problem  has  been 
attempted®*.  All  this  work  is  subject  to  the  serious  limitations  of  the  slender-body 
approximation.  In  particular,  because  the  theory  allows  no  signals  to  propagate  upstream, 
loadings  calculated  for  subsonic  flow  do  not  fall  off  correctly  as  the  trailing  edge  is 
approached.  Overall  forces  and  moments  are  therefore  incorrectly  predicted  at  subsonic 
speeds.  At  supersonic  speeds,  nonlinear  effects  of  leading-edge  separation  fall  off 
rapidly  as  the  Mach  number  normal  to  the  leading  edge  rises  towards  one,  so  once  again 
slender-body  estimates  are  not  very  useful.  Comparisons  with  experiment  designed  to  test 
the  validity  of  the  separated  flow  models  must  therefore  usually  be  based  on  measurements 
made  on  the  forward  part  of  a wing  at  subsonic  speeds.  Measurements  at  transonic  speeds 
can  also  provide  useful  evidence,  but  little  work  has  been  done  in  this  area. 
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What  then  do  such  comparisons  tell  us  about  the  validity  of  the  models?  The 
present  context  does  not  permit  a balanced  presentation  of  the  experimental  evidence,  so 
what  follows  can  only  be  a personal  verdict.  The  vortex  sheet  model  appears  to  give 
reasonably  reliable  predictions  of  the  shape,  position  and  strength  of  the  leading-edge 
vortex  for  the  classical  case  of  the  flat-plate  delta  wing  at  moderate  to  large 
Incidence.  The  lift  on  the  forward  part  of  the  wing  Is  also  well  predicted.  The  predic- 
tion of  the  pressure  distribution  over  the  forward  part  of  the  wing  Is  good,  except  for 
the  form  of  the  suction  peak  when  the  secondary  separation  Is  laminar.  Small  discrep- 
ancies in  the  lateral  position  of  the  vortex  can  be  attributed  with  some  confidence  to 
the  absence  of  any  representation  of  secondary  separation,  a defect  shared  by  all  the 
models.  There  Is  less  experimental  Information  available  for  the  other  problems  to  which 
the  model  has  been  applied,  but  nothing  suggests  any  marked  loss  of  accuracy.  These 
conclusions  relate  to  calculations  using  a vortex  sheet  which  extends  for  a quarter  of  a 
turn  or  more  about  the  central  line  vortex. 

If  there  Is  no  sheet,  this  model  reduces  to  the  second,  the  single  line  vortex  model. 
For  the  flat-plate  delta  wing,  this  gives  a significant  over-estimate  of  vortex  strength 
and  lift,  probably  because  the  vortlclty  Is  concentrated  away  from  the  leading  edge, 
where  It  could  have  exerted  a stronger  Influence  on  the  Kutta  condition.  The  height  of 
the  vortex  Is  well  predicted,  but  its  lateral  position  Is  further  outboard  than  that 
predicted  by  the  sheet  model,  which  Is  Itself  a little  outboard  of  the  true  position. 
There  is  some  evidence^ ^ . based  on  comparison  with  the  sheet  model,  that  the  single 
vortex  model  becomes  rather  more  accurate  for  weak  vortices. 

The  multivortex  model  gives  very  similar  results  to  the  vortex  sheet  model  whan  a 
large  number  of  vortices  are  employed  (Sacks  et  al^  used  as  many  as  96).  so  long  as  the 
somewhat  chaotic  distribution  of  the  Individual  vortices  la  unimportant.  with  a small 
number  of  vortices,  the  flow  near  the  apex  of  a delta  wing  Is  not  well  represented,  so 
pitching  moment  Is  more  in  error  than  lift.  Overall  lift  is  given  accurately  by 
Rehbach°^  and  by  Kandll  et  all^  for  low  speed  flow.  The  general  location  of  the  shed 
vortlclty  IS  also  well  predicted,  though  It  appears  to  extend  rather  further  Inboard  in 
the  calculations  than  Is  found  experimentally. 

The  planar  model  Is  really  only  of  continuing  Interest  because  it  can  be  applied  to 
estimate  the  lift  and  pressure  distribution  at  supersonic  speeds.  The  end-plate  model 
successfully  predicts  the  lift  and  pitching  moment  of  rectangular  wings  and  predicts  (or 
assumes)  an  appropriate  location  for  the  sited  vortlclty.  The  distributed  vorti'-lty 
model  gives  overall  lift  and  pitching  moment  quite  accurately  and  also  gives  a good 
indication  of  the  spanwise  loading  on  rectangular  wings.  None  of  these  simple  models 
appears  to  have  much  future  application  as  modern  computing  power  makes  the  xioro 
representative  multivortex  and  vortex  sheet  models  possible  to  apply  outside  the  bounds 
of  slender-body  theory.  The  leadlng-f>dge  suction  analogy  Is.  as  remarked  above  very 
successful  as  a means  of  predicting  overall  forces  and  sioments.  By  Its  nature  it 
cannot  provide  information  about  the  leading-edge  vortex,  nor  generate  a pressure 
distr ibut ion . 

l.%  Examples  of  results  obtained  with  the  vortex -alieet  model 

Now  let  us  look  at  some  results  to  see  what  sort  of  information  the  more  elaborate 
models  can  provide.  As  before,  we  start  with  the  vortex-sheet  model,  and  moat  of  the 
examples  involve  the  slender-body  approximation. 

Fig  4 shows  a comparison  of  calculated  and  measured  surface  pressure  distributions 
on  a flat-plate  delta  wing  at  low  speeds.  The  measurements  by  Hummel  and  Redeker'^.  are 
at  four  different  lengthwise  stations  along  the  wing  and  show  ttiat  the  flow  is  markedly 
non-conlcal.  The  calculations  for  separated  flow  are  shown  by  the  broken  line.  With 
the  slender-body  approximation,  the  model  Is  conical;  so  the  same  pressure  distribution 
IS  predicted  at  all  stations.  In  terms  of  the  conical  similarity  variable,  spanwise 
distance  y divided  by  local  semi-span  s(x).  On  both  the  upper  and  lower  surfaces  very 
good  agreement  Is  achieved  near  the  apex  of  the  wing,  the  only  significant  discrepancy 
occurring  near  the  leading-*  'ge  on  the  upper  surface.  Here  secondary  separation  modifies 
the  experimental  distribution.  The  appreciable  pressure  rise  achieved  outl>oard  of  the 
peak  suction  shows  that  the  secondary  boundary  layer  was  turbulent  at  separation.  The 
chain-dotted  curve  Is  the  theory  for  attached  flow,  which  Is  clearly  Irrelevant  In  these 
conditions.  The  measurements  suggest  that  the  vortex  sheet  model  Is  good,  but  would  be 
Improved  If  a representation  of  secondary  separation  could  be  Incorporated.  They  also 
confirm  the  remarks  above  about  the  shortcomings  of  slender-body  theory  at  low  speeds. 

Fig  S Is  another  comparison  t>etween  the  same  theory  and  experiments.  Now  It  Is  the 
pattern  of  bound  vortices  which  is  displayed.  These  are  the  vortex  lines  which  represent 
the  total  vortlclty  in  the  boundary  layers  on  the  upper  and  lower  surfaces  of  the  wing. 

} Taken  together  with  the  vortlclty  shed  from  the  leading  and  trailing  edges  of  the  wing, 

these  vortices  would  Induce  the  complete  disturbance  field  of  a thin  wing.  Again  we  see 
; that  theory  and  experiment  agree  closely  near  the  apex  of  the  wing.  The  deterioration 

: towards  the  trailing  edge  Is  rather  less  marked  than  In  the  previous  figure,  suggesting 

that  the  direction  of  the  dlsturt>ance  velocity  Is  predicted  (setter  than  Its  magnitude. 

It  is  noteworthy  that  the  configurations  of  both  calculated  and  measured  (sound  vortices 
are  consistent  with  the  earlier  comment  that  most  of  the  circulation  shed  from  the 
trailing  edge  is  in  the  opposite  sense  to  that  shed  from  the  leading  edge. 

We  now  see  In  Fig  6 the  effect  of  removing  the  slender-tsody  assumption.  The 
calculations  here  are  the  ones  carried  out  at  BoeingK  and  referred  to  earlier.  The  model 
Is  essentially  the  same  vortex  sheet  model  as  on  the  two  last  figures,  but  here  It  Is 


implemented  by  a subsonic  panel  method,  so  that  the  upstream  influence  of  the  trailing 
edge  is  represented.  The  experimental  measurements  are  by  Marsden,  Simpson  and 
Rainbird®®.  The  form  of  the  suction  peak  on  the  upper  surface  is  rather  different  from 
that  in  Fig  4.  at  least  near  the  apex,  because  the  secondary  boundary  layer  is  laminar 
at  separation,  resulting  in  a much  smaller  pressure  rise  before  secondary  separation 
occurs.  It  is  clear  that  the  general  form  of  the  pressure  distribution  is  now  being 
predicted  successfully  over  the  whole  wing.  The  need  to  represent  the  secondary  separa- 
tion IS  clearly  greater  when  it  is  laminar.  The  wake  modelling  in  these  particular 
calculations  is  incomplete  but  further  developments  have  been  reported  sincel^.  It  is 
of  some  interest  that  the  calculated  shape  of  the  vortex  sheet  is  almost  conical  and  very 
little  different  from  that  found  with  slender-body  assumptions;  it  is  its  strength  which 
falls  off  towards  the  trailing  edge. 

We  now  leave  the  simple  flat-plate  delta  and  return  to  calculations  using  slender- 
body  assumptions,  still  with  the  vortex-sheet  model.  Fig  7 Illustrates  the  way  in  which 
increasing  thickness,  associated  here  with  Increasing  edge  angle,  reduces  the  lift.  The 
configurations  are  rhombic  cones  of  apex  angle  2y  and  edge  angle  i , at  incidence  a . 
The  experimental  results  were  obtained  by  Kirkpatrick®',  using  a split-model  technique 
to  measure  the  normal  force  on  the  forward  part  of  a wind-tunnel  model  at  low  speeds. 

Note  that  the  normal  force  coefficient  has  been  divided  by  the  incidence  to  give  a 
sensitive  presentation  of  the  results.  The  bottom  curve  is  the  calculation  for  attached 
flow  valid  here  as  a limiting  value  for  zero  incidence.  The  lift-slope  falls  off  along 
It  from  the  f lat -plate  value  of  2"  on  the  left.  Each  of  the  other  curves,  for 
increasing  values  of  the  incidence  from  the  bottom  to  the  top.  has  a set  of  experimental 
values  associated  with  it.  We  see  that  the  discrepancy  between  theory^®  and  experiment 
increases  as  the  thickness  increases  across  the  picture.  This  is  consistent  with  an 
early  observation®^  that  secondary  separation  becomes  more  pronounced  on  thicker  wedges, 
rhe  theoretical  work  correctly  predicts  that  the  nonlinear  lift  is  more  affected  by  the 
ihcr-aae  in  thickness  than  is  the  linear  lift. 

Turning  now  from  conical  thickness  to  conical  cambr-r  . we  see  in  Fig  8 a presentation 
)f  the  effect  r.f  leading  edge  se|>arat  ion  on  the  lifting  efficiency  of  delta  winqs^^.  The 
wings  have  .-r sect  ions  in  the  form  of  clrtular  arcs,  with  camber  p , as  sketched. 

'he  jidinate  Is  the  I r f t -dependent  drag  factor 


; ' i h<-e  thi.-  IS  an  inviscrd  calculation  using  alender-body  theory  for  a thin  wing,  all 
t h-  ilrag  i-  vortex  drag.)  For  attached  flow  past  an  essentially  planar  wing  K has  a 
::w.>r  b- ‘ltd  of  I.  The  curves  shown  ate  for  the  indicated  values  of  the  lift  coefficient 


.king  at  t fw  curve  for 


w«'  see  It  terminates  on  the  right  at  a point 


.It  whi-h  the  flow  IS  attached  along  the  leading  edge  le  the  leading-edge  droop  is 
siffi-'iei.t  t~  suppi . the  separai  lor  . To  the  lift  of  this,  there  is  less  droop  and  a 
vortex  t -I  above  the  wing.  K falls  initially  showing  an  increase  in  aerodynamic 
■ I f i c i^*r>-y  •«  the  flow  -eparates.  Fxper  intent  a 1 results®^  confirm  that  slender  wings  are 
‘ire  -ffi--i.?nf  If  they  are  cambered  to  produce  attached  flow  at  an  incidence  below  their 
in*  -n. led  ..pcrating  points.  For  the  large  lift  coefficients  Fig  8 shows  that  increases 
ir  amber  up  to  the  attachstent  condition  ate  beneficial.  This  is  probably  because  of 
the  narked  non  planarity  of  the  wing  at  the  larger  vulues  of  p and  it  might  not  be 
f )und  if  the  camber  Wf.->  confined  to  the  leading-edge  region. 

Fig  9 IB  the  last  one  illustrating  a conical  flow,  again  for  the  vortex-sheet  model 
with  slender  body  assumptions.  We  have  returned  to  the  flat-plate  wing,  but  it  is  now 
at  a fixed  angle  of  incidence  equal  to  half  its  apex  angle,  with  varying  angles  of  yaw 
or  sideslip^^.  The  upper  half  shows  the  calculated  shapes  of  the  vortex  sheet  on  the 
leeward  or  retreating  leading  edge.  An  the  yaw  angle  increases  the  vortex  is  swept  out- 
board and  lifts  away  from  the  wing.  Note  that  for  b greater  than  one  the  edge  is 
geometrically  a trailing  edge,  but  the  local  flow  is  unaware  of  any  sudden  change.  The 
sheet  on  the  windward,  or  advancing,  edge  Is  shown  below  at  twice  the  scale  of  the  upper 
half  of  Fig  9.  Increasing  yaw  has  much  less  effect  on  the  form  of  the  windward  vortex. 
The  same  problem  was  treated  by  Pullin^O;  Jones managed  to  cover  a larger  range  of  yaw 
angle. 

We  turn  now  to  some  non-conical  configurations,  still  calculated  by  slender-body 
theory  using  the  vortex-sheet  model.  The  first  of  these,  sketched  in  Fig  10,  is  a flat- 
plate  wing  with  a curved  leading  edge  . For  x less  than  one,  the  leading  edge  is 
straight  so  the  flow  is  the  same  as  on  a delta  wing.  The  leading  edge  then  curves, 
becoming  streamwise  for  x greater  than  two.  The  figure  shows  the  vorticity  in  the 
vortex  sheet,  as  a function  of  an  angular  coordinate,  <4  along  the  sheet,  in  various 
cross-flow  planes  indicated  by  the  values  of  x . The  sign  has  been  chosen  so  that  the 
vorticity  appears  positive  for  the  delta  portion  of  the  planform.  Note  how,  as  the 
leading-edge  curves  back  towards  the  stream  direction,  the  sheet  vorticity  falls, 
particularly  at  the  leading  edge.  At  x = 2 , the  vorticity  being  shed  is  of  the 
opposite  sign  to  that  further  along  the  sheet  and  in  the  core  vortex.  This  shows  that 
the  vortex  is  locally  stronger  than  would  be  needed  to  satisfy  the  Kutta  condition. 

This  negative  vorticity  is  convected  along  the  sheet,  appearing  further  round  at  x = 2.5 
and  x « 3 . Meanwhile,  the  vorticity  shed  from  the  edge  becomes  positive  again.  These 
results  show  the  mechanism  for  the  reduction  in  overall  circulation  predicted  for  such 
a wing  by  the  single-vortex  model^'.  The  vortex-sheet  shapes  associated  with  the  results 
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of  Fig  10  are  smooth:  the  negative  vorticity  is  apparently  convected  round  the  vortex 
in  the  same  way  as  the  positive  vorticity. 

Fig  11  shows  the  vorticity  in  the  vortex  sheet  for  another  non-conical  configura- 
tion. This  is  the  delta  wing  with  lengthwise  camber  whose  centre  section  is  sketchedl6. 
For  X less  than  one,  the  local  incidence  is  constant,  and  the  distribution  is  that  for 
a plane  delta  wing,  as  in  the  previous  figure.  As  x increases,  the  local  incidence 
falls.  Some  distance  upstream  of  the  station  x = 2 where  the  local  incidence 
vanishes,  the  shedding  rate  at  the  leading  edge  becomes  negative  and  numerically  very 
large.  Clearly,  the  vortex  is  again  stronger  than  is  needed  to  satisfy  the  Kutts 
condition,  and  in  this  case  the  relation  persists  and  intensifies  instead  of  reverting 
to  the  conventional  behaviour.  Fig  11  suggests  that  the  negative  vorticity  is 
accumulating  near  the  leading  edge  instead  of  spreading  round  the  sheet.  The  associated 
sheet  shapes  show  that  a large  distortion  builds  up  near  the  base  of  the  sheet,  suggest- 
ing that  a distinct,  counter-rotating  vortex  is  forming.  Ref  16  presents  experimental 
evidence  to  show  that  such  counter-rotating  vortices  are  formed  upstream  of  the  station 
at  which  the  local  incidence  vanishes.  This  is  not  a behaviour  that  can  be  predicted 
by  the  single-vortex  model,  which  fails  in  these  circumstances^^. 

The  last  illustration  of  the  predictions  of  the  vortex  sheet  model  is  Fig  12,  taken 
from  calculations’®  by  slender-body  theory  of  the  effect  of  small  oscillations  about  a 
mean  incidence.  In  this  case  the  mean  incidence  is  equal  to  half  the  apex  angle  of  the 
delta  wing  and  the  oscillations  are  sinusoidal  in  heave.  The  figure  shows  how  the  phase 
angles  of  the  various  flow  parameters  change  as  the  frequency  Increases.  The  non- 
dimensional  frequehcy  parameter  is  based  on  the  distance  x downstream  of  the  apex. 

Since  it  is  a heaving  oscillation  the  effective  incidence  is  always  90°  in  advance  of  the 
wing  position.  The  circulation  in  the  core  lags  behind  the  effective  incidence,  since 
It  takes  time  for  the  vorticity  shed  from  the  leading  edge  to  be  convected  into  the  core. 
Since  the  Kutta  condition  must  be  satisfied  in  each  plane  at  each  Instant,  the  defect  in 
core  circulation  must  be  compensated  by  an  excess  of  sheet  strength  near  the  leading 
edge,  so  that  the  shedding  rate  must  lead  the  effective  incidence,  as  we  see  it  does. 

The  overall  circulation  reflects  these  two  behaviours,  lying  between  the  curves  for  the 
core  and  the  shedding  rate,  but  closer  to  the  former,  because  the  bulk  of  the  circula- 
tion is  in  the  core.  The  scale  of  the  effect  can  be  grasped  by  noting  that,  if  the  wing 
moves  forward  a distance  x in  a quarter  of  the  period  of  the  oscillation,  then  at  a 
distance  x from  the  apex  there  are  leads  and  lags  of  about  30°. 

1.6  Examplea  of  results  obtained  with  the  multivortex  model 

We  come  now  to  results  obtained  with  the  multivortex  model.  Fig  13  brings  out  the 
essential  equivalence  between  the  results  of  the  multivortex  model  and  the  vortex  sheet 
model.  In  this  case  both  have  been  applied  within  the  slender-body  approximation.  The 
figure  is  taken  from  Fink  and  Soh^'.  Their  results  are  shown  by  the  solid  lines, 
comparable  results^  for  the  vortex  sheet  model  being  shown  by  broken  lines.  Above  are 
vortex  sheet  shapes,  below  are  pressure  distributions  on  the  wing,  in  each  case  for  an 
angle  of  incidence  equal  to  half  the  apex  angle  of  the  delta  wing.  It  is  clear  that  the 
absence  of  a representation  of  the  core  leads  to  some  distortion  of  the  sheet  shape  in 
the  multivortex  model,  but  the  difference  is  aesthetic  rather  than  practical.  The  extent 
of  the  leading-edge  vortex  and  the  surface  pressure  distributions  are  predicted  almost 
identically. 

In  these  calculations  by  slender-body  theory.  Fink  and  Soh  were  able  to  handle  70 
vortices.  For  a fully  three-dimensional  calculation  this  would  certainly  be  expensive 
and  might  be  unmanageable.  Fig  14  shows  some  results  obtained  by  Rehbach^^  using  nine 
vortices  shed  from  points  equally  spaced  along  the  leading  edge  of  a delta  wing  in 
incompressible  flow.  The  upper  part  shows  cross-sections  at  SOX,  75X  and  100k  of  the 
length  from  the  apex.  There  is  remarkably  little  change  in  the  shape.  This  agrees  with 
the  observation  above  about  the  results  obtained  at  Boeing*’  with  the  vortex-sheet  model 
in  incompressible  flow:  the  vortex  sheet  was  found  to  be  almost  conical.  On  the  other 
hand,  the  Boeing  results  showed  a vortex  sheet  shape  which  was  almost  the  same  as  that 
found  using  slender-body  theory,  while  the  lower  part  of  Fig  14  shows  a large  difference 
between  Rehbach's  multivortex  configuration  in  the  plane  of  the  trailing  edge  and  the 
slender-body  vortex  sheet  configuration®.  The  lower  part  of  Fig  14  is  not  in  itself 
surprising,  since  we  should  expect  to  see  differences  between  the  slender-body  theory  and 
the  full  three-dimentlonal  theory  at  the  trailing  edge.  Moreover,  the  differences  are  in 
the  direction  we  should  expect  from  observation,  which  shows  the  vortex  core  turning 
closer  to  the  free-stream  direction  near  the  trailing  edge,  ie,  moving  inboard  and  upwards 
relative  to  the  wing  semi-span.  However  the  calculated  changes  in  the  vortex  position, 
shown  in  the  upper  half  of  the  picture,  are  small  and  in  the  opposite  direction.  It  may 
be  that  we  cannot  expect  to  obtain  details  of  this  kind  from  a representation  involving 
so  few  vortices,  particularly  if  there  is  no  distinct  representation  of  the  core. 

’’Ig  15  is  taken  from  Aparlnoy  et  al^,  who  use  essentially  the  same  multivortex 
representation  as  Belotserkovskii’’  and  Rehbach^’' There  appear  to  be  only  eight 
vortices  shed  from  the  leading  edge,  so  it  is  doubtful  whether  the  details  emerge 
accurately.  However,  the  overall  picture  is  interesting,  particularly  for  what  it  shows 
downstream  of  the  trailing  edge.  The  entire  vortex  configuration  rises  towards  the 
free-stream  direction,  the  vortex  cores  become  more  nearly  parallel,  and  beneath  the 
coiled  sheets  the  individual  vortices  leaving  the  trailing  edge  are  swept  sharply  out- 
board. The  kink  in  the  cross-section  of  the  wake  suggests  that  vorticity  of  the  reversed 
sense  is  about  to  roll  up  into  a distinct  vortex,  as  sketched  in  Fig  2. 
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The  first  applications  of  the  multivortex  model  were  to  side-edge,  rather  than 
leading-edge  separation.  Fig  16  shows  calculations  by  Maskew®^  for  a fully  three- 
dimensional  model  of  side-edge  separation  on  two  rectangular  wings  of  aspect  ratio  one 
quarter,  which  had  been  tested  by  Wickens®^.  The  upper  part  of  the  figure  shows  the 
configuration  calculated  for  the  plane  wing,  first  from  the  side,  then  from  above. 

Below  are  the  same  two  views  for  the  wing  bent  downwards  at  midchord.  In  each  case  the 
incidence  of  the  forward  part  of  the  wing  is  20°.  For  the  lower  configuration  the  rear 
of  the  wing  is  at  a local  incidence  of  40°.  The  calculated  vortex  lines  show  a remark- 
ably smooth  evolution.  This  may  be  helped  by  the  large  angles  of  incidence  which  keep 
them  well  clear  of  the  wings.  In  addition  to  the  directly  calculated  vortex  lines,  the 
figure  also  shows  the  loci  of  the  centroids  of  the  individual  vortices,  calculated  in 
cross-flow  planes,  as  broken  lines,  and  the  cores  of  the  vortices  found  by  Wickens,  as 
chain-dotted  lines.  These  agree  very  closely  in  the  side  view  at  the  top  of  the  figure. 

For  the  bent  wing,  a second  vortex  core  appeared  in  the  experiment  and  Maskew  has 
divided  his  vortices  into  two  groups  to  represent  these  two  cores.  As  the  side  view  in 
the  lower  part  of  the  figure  shows,  this  is  only  qualitatively  satisfactory. 

In  Fig  17  we  return  to  quantitative  comparisons  with  measured  quantities.  Rehbach®® 
reported  difficulty  in  obtaining  good  comparisons  with  measured  pressure  distributions 
using  the  multivortex  model  in  its  fully  three-dimensional  form.  Fig  17  shows  the 
loading  calculated  for  a delta  wing  by  Kandil  et  al^®,  using  what  appears  to  be 
essentially  the  same  model.  The  agreement  with  the  measurements®®  is  satisfactory  enough 
when  we  observe  from  the  form  of  the  measured  suction  peak  that  it  is  for  a laminar 
secondary  separation.  A turbulent  secondary  separation  would  have  produced  a higher  peak, 
with  a larger  pressure  recovery  towards  the  leading  edge.  In  their  own  paper'*®  Kandil 
et  al  present  a comparison  with  a load  distribution  measured  on  a wing  with  a turbulent 
secondary  separation.  The  comparison  is  good,  but  the  aspect  ratio  of  the  wing,  the 
incidence  and  the  measuring  station  are  different  from  those  used  in  the  calculation. 

The  results  in  Fig  17  were  obtained  with  12  vortices  shed  from  the  leading  edge,  so 
adequate  load  predictions  can  apparently  be  obtained  without  extremely  detailed  modelling. 

Finally,  in  Fig  18  we  revert  to  the  slender-body  approximation.  Here  the  multi- 
vortex model  has  been  applied  to  a wing  and  canard  combination®^,  sketched  at  the  top  of 
the  figure.  The  results  below  show  how  the  nonlinear  part  of  the  normal  force  builds  up 
from  the  front  to  the  rear  of  the  canard  and  the  wing.  For  the  canard,  the  cui  is 
almost  parabolic  as  it  would  be  if  the  flow  were  exactly  conical  and  the  normal  force 
grew  as  the  square  of  the  local  span.  For  the  wing,  however,  the  nonlinear  part  of  the 
normal  force  is  negative  near  the  apex,  because  of  the  downwash  induced  by  the  vortices 
from  the  canard.  Halfway  back  along  the  wing  its  local  span  becomes  equal  to  the  span  of 
the  canard  and  the  normal  force  begins  to  increase.  However,  even  at  the  trailing  edge, 
the  wing  has  not  caught  up  with  the  canard.  Finkleman®^  suggests  this  is  a good  reason 
to  blunt  the  apex  of  the  wing,  as  on  the  Viggen. 

2 SEPARAHON  FROM  SMOOTH  SURFACES 

2 . 1 Introduction 

Section  1 demonstrated  a considerable  measure  of  success  for  inviscid  models  of 
three-dimensional  flows  separating  from  highly  swept  sharp  edges.  When  separation  takes 
place  at  a highly  swept  separation  line  on  a smooth  surface,  we  can  again  expect  to  find 
a shear  layer  leaving  the  surface  and  rolling  up  into  a vortex.  Again,  we  can  expect 
that  the  vorticity  shed  will  be  approximately  parallel  to  the  free-stream  direction.  It  *■ 

is  therefore  reasonable  to  believe  that  the  separated  flow,  except  perhaps  in  the 
immediate  neighbourhood  of  the  separation  line,  can  be  represented  by  an  inviscid  model 
of  the  same  type  as  was  successful  in  describing  the  separated  flow  from  a sharp  edge. 

This  leaves  open  the  question  of  modelling  the  separation  process,  in  particular,  of 
determing  the  separation  line. 

Separation  from  highly  swept  separation  lines  on  smooth  surfaces  is  an  important 
phenomenon  on  the  forebodies  of  aircraft  which  are  required  to  manoeuvre  rapidly,  on 
missiles  and  stores  at  high  angles  of  incidence,  on  the  rounded  leading  edges  of  Concorde, 
on  the  upper  surfaces  of  slender  wings  beneath  the  primary  vortices,  on  up-swept  aft 
fuselages  and,  presumably,  on  the  well-rounded  leading  edges  of  the  Space  Shuttle  at 
landing  conditions. 

The  classical  aerodynamic  approximation  scheme  is  based  on  calculating  the  inviscid 
flow  past  the  body,  with  a vortex  sheet  shed  from  the  trailing  edge;  then  using  this 
Inviscid  flow  as  the  external  flow  in  a calculation  of  the  development  of  the  boundary 
layer  and  wake;  and  then  using  the  displacement  thickness  of  these  layers  to  modify  the 
shape  of  the  body  and  inviscid  wake  as  a basis  for  a further  inviscid  calculation.  The 
methods  which  were  discussed  in  section  1 are  modifications  to  this  classical  aerodynamic 
scheme  in  which  wakes  are  permitted  to  be  shed  from  any  sharp  edge.  Such  modifications 
may  be  complicated  in  practice,  but  they  are  essentially  simple  in  conception.  They  are 
also  essentially  limited  in  scope.  In  particular,  if  the  boundary  layer  calculation 
breaks  down,  predicting  separation  upstream  of  the  sharp  edge,  the  classical  approximation 
is  strictly  helpless.  It  Is  not  even  possible  to  conclude  that  separation  would  take 
place  where  It  Is  predicted,  because  the  external  flow  under  which  the  boundary  layer  has 
developed  contains  no  representation  of  the  separation.  Only  if  we  have  a smooth 
sequence  of  solutions,  depending  on  a parameter  such  as  the  Incidence,  In  which  attached 
flows  are  found  for  o < , while  separation  is  predicted  for  a = , can  we  say  that 

we  have  a valid  prediction  of  the  separation  line  at  a ” a^  . 
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Now  it  is  clear  that  there  are  methods  of  calculating  three-dimensional  boundary 
layers  which  do  provide  plausible  indications  of  separation  at  highly-swept  separation 
lines,  whether  or  not  these  correspond  quantitatively  to  real  flows.  Some  of  these  are 
described  in  a recent  review  paper®^.  There  is  therefore  a strong  case  for  bringing 
together  such  boundary  layer  methods  with  the  best  inviscid  models  of  separated  flow. 

We  can  imagine,  for  instance,  attempting  an  iterative  calculation  in  the  following  way. 

A separation  line  is  assumed  well  downstream  of  its  likely  position  and  a suitable 
inviscid  model  of  the  flow  incorporating  tHart  separation  line  is  calculated.  A boundary 
layer  starting  at  the  front  stagnation  point  is  calculated  using  the  calculated  Inviscid 
flow.  We  may  suppose  this  separates  upstream  of  the  assumed  separation  line.  A new 
separation  line  is  now  chosen  between  the  assumed  and  calculated  separation  lines,  and 
incorporated  into  the  inviscid  flow  model.  This  new  inviscid  flow  forms  the  basis  for  a 
new  boundary  layer  calculation,  and  so  on.  This  process  may  converge:  if  it  does  we 
appear  to  have  a calculation  of  a consistent  model  of  the  separated  flow. 

This  is  all  very  generalized.  To  see  where  some  of  the  difficulties  lie  let  us 
consider  what  is  probably  the  simplest  possible  case,  the  circular  cone  at  incidence.  As 
before  we  suppose  the  Reynolds  number  is  large  enough  for  the  boundary  layer  to  be  thin, 
and  we  suppose  the  Mach  number  is  not  so  high  that  entropy  variations  are  significant. 

If  the  free-stream  is  supersonic  and  the  bow  shock  is  attached,  the  first  inviscid 
approximation  to  the  flow  is  conical.  For  subsonic  flows  past  slender  cones  at  large 
angles  of  incidence  the  inviscid  flow  over  much  of  the  surface  is  nearly  conical.  The 
displacement  effect  of  the  thin  boundary  layer  will  not  affect  the  conicality  of  the  flow 
significantly.  None  of  this  applies  very  close  to  the  actual  apex  of  the  cone:  the  local 
Reynolds  number  is  always  small  there  and  the  boundary  layer  thickness  is  not  small 
compared  with  the  local  diameter  of  the  cross-section  of  the  cone.  Fortunately  real  flows 
establish  a conical  behaviour  within  a short  distance  of  the  apex. 

The  flow  attaches  to  the  surface  along  the  windward  generator  of  the  cone,  where  the 
pressure  is  highest.  From  there  it  expands  round  the  sides  of  the  cone.  If  the  angle  of 
incidence  is  less  than  the  semi-apex-angle  of  the  cone,  the  boundary  layer  remains 
attached  round  to  the  leeward  generator  and  the  flow  field  is  well  described  by  the  first 
inviscid  approximation.  The  limiting  streamlines  on  the  developed  surface  of  the  cone 
are  sketched  in  Fig  19.  At  appreciably  larger  angles  of  incidence,  the  limiting  stream- 
lines on  the  surface  of  the  cone  which  run  outward  from  the  windward  generator  encounter 
an  apparent  barrier,  which  they  approach  but  cannot  cross.  This  is  a separation  line, 
which  looks  like  an  envelope  of  the  limiting  streamlines.  On  the  cone  it  lies  along  a 
generator  if  the  boundary  layer  is  laminar  and  very  closely  along  another  generator  if 
the  boundary  layer  is  turbulent.  The  limiting  streamlines  on  the  leeward  side  of  the 
separation  line  originate  at  another  attachment  line,  or  pair  of  attachment  lines,  on  the 
leeward  side  of  the  cone.  Shear  layers  leave  the  surface  at  the  separation  line  at  a 
small  angle  and  roll  up  around  vortices  which  closely  resemble  those  found  above  delta 
wings . 

2.2  Vortex  sheet  model  for  conical  flow 

Now  suppose  we  wish  to  represent  these  shear  layers  and  the  vortices  by  spiral  vortex 
sheets,  as  for  the  delta  wings.  The  first  conclusion  we  come  to  is  that  the  vortex  sheet 
must  leave  the  surface  of  the  cone  tangentially.  This  follows  from  the  observation  that, 
for  a spiral  vortex  sheet  model,  the  fluid  on  both  sides  of  the  separation  line  has  come 
from  the  free-stream  without  undergoing  any  dissipative  process,  and  so  its  total 
pressure  is  the  same.  Its  static  pressure  is  also  the  same,  since  this  is  continuous 
across  the  sheet.  Consequently  the  magnitude  of  the  velocity  is  the  same  on  both  sides 
of  the  separation  line.  If  the  vortex  sheet  is  not  tangential  to  the  wall,  it  forms  two 
concave  corners  with  the  wall.  Since  the  sheet  is  a stream  surface  this  means  the 
velocity  is  directed  along  the  separation  line  on  both  sides  of  it.  This  can  happen  in 
two  ways:  if  the  velocity  vector  is  the  same  on  both  sides  of  the  separation  line,  the 
strength  of  the  sheet  is  zero;  if  the  velocity  vector  is  equal  in  magnitude  but  opposite 
in  direction,  there  is  no  mean  velocity  and  no  vorticity  can  be  convected  away  from  the 
surface.  Hence,  if  vorticity  is  being  shed,  the  sheet  must  be  tangential  to  the  wall. 

This  is  a general  result®®,  not  special  to  conical  flow. 

Since  the  sheet  is  tangential  to  the  wall,  it  serves  to  distinguish  between  the  two 
sides  of  the  separation  line.  We  can  call  the  side  on  which  the  sheet  lies  against  the 
wall  the  downstream  side  and  the  other  side,  the  upstream  side.  This  agrees  with  physical 
intuition.  We  then  see  that,  at  the  separation  line,  the  inviscid  flow  on  the  downstream 
side  must  be  parallel  to  the  separation  line.  This  condition  is  a replacement  for  the 
Kutta  condition  which  holds  at  a sharp  edge.  On  the  upstream  side  of  the  separation  line 
the  surface  streamlines  of  the  inviscid  model  are  of  course  tangential  to  the  wall,  but 
are  Inclined  to  the  separation  line.  These  inviscid  streamlines  are  sketched  in  the  third 
configuration  in  Fig  19. 

We  can  now  construct  an  inviscid  vortex  sheet  model  in  the  same  way  as  for  the 
slender  sharp-edged  delta  wing.  The  inner  part  of  the  infinitely  rolled-up  spiral  sheet 
is  replaced  by  a line  vortex  and  a cut  Joining  it  to  the  free  end  of  the  outer  part  of 

• the  sheet.  This  depends  on  the  two  coordinates  and  the  strength  of  the  line  vortex.  These 

I three  quantities  can  be  regarded  as  determined  by  the  vanishing  of  the  two  components  of  the 

force  on  the  vortex  and  cut  in  the  cross-flow  plane  and  by  the  replacement  for  the  Kutta 
I condition  deduced  above.  If  the  outer  part  of  the  sheet  is  determined  by  N values  of  a 

I geometrical  parameter  and  N values  of  the  sheet  strength,  satisfying  the  two  sheet 

* boundary  conditions  at  N points  along  it  will  provide  2N  equations  to  determine  the 

! remaining  unknowns.  It  appears  therefore  that,  once  the  separation  line  is  specified,  we 
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obtain  a well-posed  inviscid  problem.  As  for  the  sharp-edged  delta  wing,  this  means  that 
we  can  expect,  in  general,  a finite  number  of  solutions.  There  may  be  none,  or  several, 
and  there  is  no  existence  or  uniqueness  theorem  known. 

Apart  from  that  fundamental  difficulty,  several  practical  difficulties  remain.  The 
vortex  sheet,  together  with  its  image  in  the  circular  cross-section  of  the  cone,  form  a 
sheet  with  a cusp,  on  which  the  strength  of  the  sheet  is  opposite  in  sign  on  the  two 
branches.  It  is  quite  easy  to  show  that  the  usual  formula  for  the  induced  velocity: 
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yields  a finite  value  at  the  cusp  itself.  No  Cauchy  principal  value  is  required  there, 
essentially  because  the  singular  contributions  from  the  two  branches  cancel.  However,  is 
this  finite  velocity  the  fluid  velocity  outside  the  cusp,  inside  the  cusp,  or  neither? 

I believe  it  is  the  velocity  outside,  but  have  not  obtained  a completely  satisfactory 
proof . 

Now  consider  the  calculation  of  the  velocity  induced  on  one  branch  of  the  cusp  by 
the  vorticity  on  the  other.  This  means  dealing  with  the  integration  in  equation  (10)  for 
the  case  when  Z(o)  becomes  very  nearly,  but  not  quite,  equal  to  Z on  the  path  of 
integration.  Experience  with  this  type  of  numerical  problem  shows  that  it  is  substan- 
tially more  difficult  than  the  Cauchy  principal  value  which  arises  when  Z(a)  actually 
becomes  equal  to  Z . The  best  approach  is  probably  to  use  a local  approximation  to  the 
sheet  shape  Z(a)  and  strength  y(a)  which  lead  to  an  expression  for  v - iw  in  closed 
form.  A circular  arc,  as  used  in  Ref  18,  is  one  possibility. 

We  shall  see  later  that  the  vortex  sheet  initially  curves  away  from  the  tx5dy 
surface.  Subsequently  it  rolls  up,  and  so  must  acquire  a point  of  inflexion.  It  is 
therefore  not  advisable  to  describe  its  shape  by  a polar  coordinate  system  based  on  the 
line  vortex,  either  in  a transformed  plane®  or  in  the  physical  plane^®.  An  intrinsic 
representation  seems  more  promising,  for  example  defining  the  sheet  by  values  of  its 
slope  at  fixed  intervals  of  arc  length^^'^^.  Finally,  the  vortices  shed  from  circular 
cones  will  lie  close  to  the  surface  for  a considerable  range  of  angles  of  incidence.  The 
cores  will  therefore  be  flattened,  and  an  improved  core  model  may  well  k>e  needed. 

However,  there  is  no  doubt  that  all  these  difficulties  can  and  will  be  resolved. 

How  can  an  inviscid  calculation  of  this  kind,  with  assumed  straight  separation  lines, 
be  complemented  by  a boundary  layer  calculation?  If  the  boundary  layer  is  laminar  and 
the  external  flow  is  conical,  it  is  a well-known  result  of  Moore®^  that  the  boundary 
layer  growth  is  quasi-conical . Certain  properties  of  the  boundary  layer  turn  out  to  be 
constant  along  conical  rays:  in  particular  the  inclination  of  the  limiting  streamlines 
is  constant  along  each  conical  ray.  Hence  if  a limiting  streamline  is  tangential  to  a 
conical  ray,  limiting  streamlines  will  touch  the  ray  all  along  its  length.  The  ray  is 
then  an  attachment  or  separation  line.  Hence  a conical  flow  model  with  separation  along 
a generator  is  consistent  with  laminar  boundary  layer  theory.  If  the  boundary  layer  is 
turbulent,  the  form  of  the  separation  line  depends  on  the  turbulence  model  used.  The 
method  of  Mowlem  and  Smith®®,  for  instance,  would  lead  to  a straight  separation  line  in 
conical  flow.  More  usually,  as  in  the  recent  work  of  Bontoux  and  Roux®5,  we  must  expect 
the  azimuthal  position  of  the  separation  line  to  change  as  the  local  Reynolds  number 
increases  along  the  length  of  the  cone.  However,  the  extent  of  this  variation,  as 
calculated  by  Bontoux  and  Roux®®,  is  small  for  a factor  of  ten  in  the  Reynolds  number, 
provided  this  is  already  fairly  large.  Hence,  over  the  major  part  of  the  length  of  a 
cone  with  a fully  turbulent  boundary  layer,  the  separation  line  will  again  lie  close  to 
a generator,  so  that  a consistent  model  again  emerges.  If  transition  occurs  at  some 
significant  fraction  of  the  length,  as  sketched  in  the  fourth  part  of  Fig  19,  a non- 
conical  inviscid  treatment  is  needed. 


Self-consxstency  is,  of  course,  only  a part  of  the  story.  The  question  is  whether 
an  iteration  between  the  inviscid  calculation  and  the  boundary  layer  calculation  will 
converge.  There  is  one  example  with  a laminar  boundary  layer,  in  which  convergence  was 
achieved.  This  is  an  attempt  by  Nutter^’  to  compute  a conical  vortex-sheet  model  of 
secondary  separation  on  the  upper  surface  of  a delta  wing.  Fig  20  shows  a sketch,  in  the 
cross-flow  plane,  of  the  model  used.  Both  primary  and  secondary  vortices  are  represented 
by  finite  sheets,  cuts  and  line  vortices,  all  within  slender-body  theory.  After 
considerable  difficulty,  l.wiscid  solutions  for  specified  positions  of  the  secondary 
separation  line  were  obained.  The  method  of  Cooke®®  for  a laminar  boundary  layer  in  a 
conical  external  field  was  then  used  to  calculate  the  quasi-conical  txjundary  layer  growth 
outboard  from  the  attachment  line,  which,  for  the  incidence  chosen,  lies  on  the  centre- 
line of  the  wing.  For  all  physically  realistic  positions  of  the  assumed  secondary 
separation  line,  the  boundary  layer  separated  upstream,  ie  inboard,  of  it.  However,  by 
allowing  the  assumed  secondary  separation  line  to  move  further  inboard,  a solution  was 
obtained  in  which  the  calculated  and  assumed  positions  of  the  secondary  separation  line 
came  together.  In  this  solution,  separation  took  place  virtually  at  a pressure  minimum, 
that  is  to  say  the  separation  was  smooth,  with  no  adverse  gradient  upstream  of  it  (for 
further  discussion  of  smooth  separation,  see  section  2.5).  Unfortunately,  this  pressure 
minimum  was  not  the  suction  peak  under  the  primary  vortex,  but  a rather  insignificant 
pressure  minimum  well  inboard  of  the  primary  vortex.  From  the  point  of  view  of  modelling 
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secondary  separation  therefore  the  work  was  a failure,  but  as  a demonstration  of  the 
possibility  of  consistent  inviscid  and  boundary  layer  calculations  the  work  is  signifi- 
cant. It  has  not  yet  been  written  up. 

2. 3 Vortex-sheet  model  for  non-conical  flow 

What  happens  when  we  get  away  from  conical  bodies  and  conical  flows?  The  next 
simplest  case  is  perhaps  the  ogive-cylinder.  If  the  incidence  is  high  enough,  the  flow 
will  separate  along  lines  which  run  right  forward  to  the  apex  of  the  ogive.  If  slender- 
body  theory  held  exactly,  the  flow  very  close  to  the  apex  would  be  the  same  as  on  the 
cone  which  touches  the  ogive  at  the  apex.  We  could  calculate  the  separated  flow  on  this 
cone  and  so  obtain  an  initial  solution  for  a downstream  marching  process.  Using  slender- 
body  assumptions  we  could  certainly  carry  the  inviscid  calculation  downstream  in  this 
way,  using  Clark's  technique!^,  for  instance.  We  could  also  carry  the  boundary  layer 
calculation  downstream,  since  the  boundary  layer  equations  are  hyperbolic.  Some  rule  for 
extending  the  separation  line  downstream  is  required  and  a possible  algorithm  is  sketched 
in  Fig  21.  This  shows  the  body  surface  in  the  plane  of  the  sketch  and  we  suppose  the 
complete  flow  has  been  calculated  up  to  the  plane  x = x^  , with  separation  line  1 . 

To  advance  to  the  plane  x = ■ guess  a point  in  which  Z might  meet  the  new 

plane,  but  bias  the  guess  further  round  the  body  than  seems  likely.  Then,  with  separa- 
tion assumed  at  , find  the  inviscid  flow  in  the  plane  x = and  use  this  to  advance 

the  boundary  layer  calculation  to  x = *n+l  ‘ Suppose  this  boundary  layer  calculation  extends 

I , regarded  as  a limiting  streamline,  to  a point  in  the  plane  x = • Since  the  choice 

of  was  biased  in  the  downstream  direction,  will  almost  certainly  be  upstream  of  , 

as  indicated  in  the  sketch,  and  a point  can  be  chosen  between  Sj  and  5^  . Now  assume 

separation  takes  place  at  St  and  repeat  the  process.  It  seems  likely  that  eventually  a point  S 

^ m 

will  lead  to  a point  S which  is  close  enough  to  S to  be  used  as  the  next  point  on  Z . 

m m 

when  the  incidence  is  lower,  separation  starts  some  way  back  along  the  surface  of 
the  ogive-cylinder . How  the  separation  line  starts  is  not  clear,  but  oil-flow  pictures 
have  been  obtained,  eg  by  Boersen^l,  which  show  a clear  pattern  of  skin-friction  lines, 
with  no  trace  of  any  singular  behaviour  at  the  starting  point  of  the  separation  line. 

The  sort  of  pattern  which  might  arise  on  an  ogive-cylinder  is  sketched  in  side  view  in 
Fig  22.  The  separation  line,  S , appears  to  be  formed  from  an  ordinary  limiting  stream- 
line as  other  limiting  streamlines  run  into  it.  An  attachment  line,  A , also  grows  from 
an  ordinary  limiting  streamline.  There  seems  to  be  no  reason  why  an  infinitely  rolled-up 
vortex  sheet  model  should  not  be  capable  of  representing  such  a separation,  right  from 
its  inception,  but  I have  no  idea  of  what  form  it  would  take.  How  rapidly,  for  instance, 
would  the  overall  circulation  grow?  This  seems  to  be  a problem  ripe  for  solution. 

If  the  body  is  not  sufficiently  slender  for  slenoer-body  theory  to  be  a reliable 
guide,  so  that  significant  upstream  influence  is  felt,  ti.-»  situation  is  more  complicated. 
We  can  again  imagine  calculating  an  inviscid  separated  flon.  using  a vortex-sheet 
representation,  from  an  assumed  separation  line,  perhaps  by  the  technique  of  Refs  14  and 
15.  From  this  we  could  calculate  the  boundary  layer  development,  including  a separation 
line.  However  it  is  now  far  from  obvious  how  the  assumed  separation  line  should  be 
modified  in  order  to  obtain  a better  estimate  for  the  true  separation  line.  Modelling 
becomes  more  difficult  if  the  separation  line  starts  with  no  sweep  back,  in  the  leeward 
plane  of  symmetry.  A vortex-sheet  model  may  however  still  be  applicable,  as  suggested 
in  Ref  85,  but  there  is  as  yet  nothing  more  definite  to  be  said  on  the  subject. 

2 . 4 Simpler  models 

Two  of  the  other  models  described  in  section  1 have  been  applied  to  separation  from 
smooth  bodies:  the  single  line  vortex  model  and  the  multivortex  model.  These  have  been 
applied  to  calculate  the  properties  of  bodies  of  revolution  at  incidence,  within  the 
framework  of  slender-body  theory,  by  a number  of  workers  from  Bryson’^  onwards.  Bryson 
used  the  single  line  vortex  model,  applying  it  particularly  to  circular  cones  and  to  the 
unsteady  planar  flow  past  circular  cylinders.  Among  other  results,  he  finds  that  the 
equations  have  no  solutions  for  cones  at  small  angles  of  incidence.  Angelucci^^  uses 
the  multivortex  model  for  bodies  of  revolution  and  obtains  encouraging  agreement  with 
experiment  when  an  observed  position  of  the  separation  line  is  introduced.  There  is 
unfortunately  an  error  in  the  expression  for  the  attached  flow  in  his  later  extension^^ 
to  bodies  of  more  general  cross-section.  Wardlaw^^  treats  the  asymmetric  flow  past  a 
body  of  revolution  at  high  incidence,  in  which  something  resembling  a vortex  street  is 
formed.  He  represents  each  of  the  vortices  by  a single  line  vortex,  with  the  pair 
closest  to  the  body  being  'fed'  through  cuts.  A considerable  degree  of  empiricism  is 
required. 

The  single  line  vortex  model  and  the  multivortex  model  are  formulated  in  the  same 
way  for  smooth  surfaces  as  for  sharp  edges,  except  for  the  form  of  the  Kutta  condition. 
This  condition  is  usually  taken  to  be  that  the  velocity  component  in  the  cross- flow  plane 
and  tangential  to  the  body  surface  should  vanish.  This  is  often  referred  to  as  'the 
stagnation  of  the  cross-flow',  which  is  not  strictly  accurate,  since  a cosiponent  of  the 
cross-flow  normal  to  the  wall  exists  in  general.  Enforcing  this  condition  means  ths: 
for  a body  of  revolution,  the  velocity  vector  at  the  separation  line  lies  a:  -ng  - 
meridian  of  the  body.  For  an  ogive-cylinder,  the  axlnuthal  position  t the  ■ i.ai  •• 
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line  changes  along  the  body  length,  so  this  condition  is  not  appropriate.  Even  for  a 
cone,  on  which  the  separation  line  is  a meridian,  the  following  argument  suggests  we  can 
do  better. 

Returning  to  the  vortex  sheet  model,  we  recall  that  the  velocity  vector  on  the  down- 
stream side  of  the  separation  line  must  be  tangential  to  the  separation  line,  simply 
because  this  is  the  only  direction  in  which  the  fluid  can  move.  To  describe  the  kine- 
matics, we  use  the  cylindrical  polar  coordinate  system  of  section  1,  with  x along  the 
f body  axis  and  the  body  surface  described  by  r = f(x,  e).  The  separation  line  on  the 

body  surface  can  be  described  by  e = g(x)  and  r = f (x,  g(x)).  The  direction  ratios  of 
the  separation  line  are  then: 

^ = ^x  ^ • 


If  this  is  a streamline. 


U = 


f + f„g' 

X 


V 

fg‘ 


(11) 


where  streamwise  disturbances  are  neglected,  the  incidence  is  small  and  v and  v.  are 

the  radial  and  circumferential  components  of  the  velocity  in  the  cross-flow  plane.  If 
V is  the  component  of  velocity  in  the  cross-flow  plane  tangential  to  the  body  on  the 
^d 

downstream  side  of  the  separation  line,  we  can  write 


v^  = V cos  ♦ + V.  sin  ♦ 
tn  r e 


(12) 


where  4 is  the  angle  between  the  tangent  and  the  radius  vector,  as  in  Fig  3.  (Note 

that  tan  ♦ = r de/dr  = f/f.  •)  Using  (11)  and  (12),  since  the  downstream  side  of  the 

6 

separation  line  is  a streamline,  we  have: 

V.  = U(f  cos  ^ + fg'  cosec  ♦)  . (13) 


The  jump  Av^  in  tangential  velocity  across  the  sheet  is  twice  the  difference  between 
V and  the  mean  tangential  velocity,  v.  : 


Av 


t 


K"td  - O 

2 ^f ^ cos  4 + Ufg'  cosec  4 


by  (13).  This  result  can  be  introduced  into  equation  (6),  representing  the  continuity 
of  pressure  across  the  sheet,  to  give 


u 


ir 

dx 


Vf^  cos  4 - Ufg*  cosec 


Uf  cos 

X 


(14) 


where  r , the  overall  circulation,  has  been  written  for  A*  . Equation  (14)  only 
Involves  quantities  which  appear  in  the  discrete  vortex  models:  the  circulation  r , the 
mean  velocity  v^  at  the  separation  line,  and  the  geometry.  It  can  therefore  be  applied 

as  a Kutta  condltTon  in  such  models. 


To  see  what  it  means,  let  us  take  two  simple  examples, 
with  the  separation  line  along  a meridian,  so  that  4 « «/2 


First,  a body  of  revolution 
and  g*  •=  0 . Then 


1 


/ini 

V 2 dx 


With  the  positive  direction  of  v^  towards  the  downstream  side  of  the  separation  line, 

it  is  clear  that  the  positive  sign  is  required,  to  convect  the  vorticity  from  the  separa- 
line  to  the  vortex.  Even  for  this  case,  the  tangential  component  of  velocity  does  not 
vanish  as  long  as  the  circulation  is  increasing.  Secondly,  for  the  secondary  separation 
on  the  upper  surface  of  a flat  delta  wing  in  conical  flow,  g*  and  4 are  both  zero, 
so  that. 


i 
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r 


Uf 


X 


U <i£ 

2 dx  • 


The  first  term  on  the  right  is  the  tangential  velocity  needed  to  turn  free-stream  along 
the  separation  line  and  the  second  term  provides  the  extra  velocity  needed  to  convect  the 
vorticity  off  the  wing.  Further  consideration  suggests  it  is  always  the  larger  root  of 
(14),  regarded  as  an  equation  for  v.  , that  is  physically  realistic. 
f ^m 

The  way  in  which  dr/dx  in  (14)  is  obtained  depends  on  the  model.  For  the  single 
line  vortex  model,  (14)  is  a differential  equation  for  r . This  must  be  solved 
simultaneously  with  the  two  differential  equations  obtained  by  equating  to  zero  the  two 
transverse  components  of  the  force  on  the  combination  of  the  vortex  and  cut.  This 
procedure  leads  to  a modification  to  Bryson's  model^^  foj.  the  flow  past  a body  of  revolu- 
tion. For  a multivortex  model,  like  that  of  Angeluccl®3_  which  vortices  of  finite 
strength  are  introduced  at  discrete  points  along  the  separation  line,  it  is  necessary  to 
decide  first  where  the  Kutta  condition  is  to  be  applied.  It  seems  reasonable  to  satisfy 
it  at  stations  midway  between  the  stations  at  which  the  vortices  are  Introduced,  v 

can  be  found  from  the  ^ow  field  at  such  a station  midway  between  x = x and  x = x 

n n+1 

and  equation  (14)  thej  gives  a value  for  dr/dx  , from  which  the  strength,  r , of  the 
next  vortex  to  be  Intlfoduced  follows  from  " 


r 


n 


<"n  - 


’‘n-l’ 


dx 


’i‘V’‘n-l> 


(15) 


The  problem  discussed  above,  of  how  a vortex  sheet  might  fc>egin  at  some  distance  back 
from  the  apex  of  an  ogive-cylinder,  still  arises  for  the  simpler  models.  Bryson's 
original  equations^2  predict  an  exponential  variation  in  the  strength  of  the  vortex  when 
it  is  close  to  the  body.  He  avoids  the  difficulty  by  introducing  the  vortex  with  a small 
circulation  at  a small  distance  from  the  surface,  but  this  is  mathematically 
unsatisfactory. 


It  is  difficult  to  see  how  the  simpler  models  could  be  used  successfully  with  a 
boundary  layer  calculation  to  produce  a complete  solution,  since  the  nature  of  the  flow 
field  near  the  separation  line  is  not  properly  descrilsed.  Omitting  the  vortex  sheet 
immediately  downstream  of  the  separation  line  must  have  a marked  effect  on  the  pressure 
gradient  upstream  of  it.  The  future  of  the  simpler  models  probably  lies  in  problems  for 
which  the  separation  line  is  known  from  experiment,  or  problems  in  which  the  desired 
results  are  not  very  sensitive  to  the  assumed  position  of  the  sei>aratlon  line. 

Sensitivity  tests  seem  not  to  be  generally  available,  so  it  is  perhaps  worth  quoting  from 
some  unpublished  work  by  Jepps^^.  He  found  that  a shift  of  8°  in  the  circumferential 
position  of  the  separation  line  approximately  doubled  the  nonlinear  lift  at  incidences 
above  15°  in  his  inviscid  calculations  for  an  ogive-cylinder,  using  a single-line-vortex 
model . 


2.5  The  flow  near  the  separation  line 

To  conclude,  I shall  describe  some  recent  work®^  of  my  own  on  the  behaviour  of  a 
vortex  sheet  leaving  a smooth  wall,  and  discuss  its  implications  for  modelling  separation 
in  three-dimensional  flow.  My  work  used  the  framework  of  slender-body  theory,  but  a 
generalization  avoiding  these  assumptions  has  been  provided  by  F.T.  Smith®^.  It  is 
possible  to  show  by  a local  analysis  that,  if  the  distance,  z , from  the  wall  of  a point 
on  the  vortex  sheet  is  related  to  its  distance  y from  the  separation  line  (see  Fig  23) 
by  an  asymptotic  relation 

z - uy"  , (16) 


then  the  only  possible  values  of  n are  3/2,  5/2,  7/2...  If  n = 3/2  , so  that  the 
curvature  of  the  sheet  is  infinite  at  the  separation  line,  an  adverse  pressure  gradient 
occurs  upstream  of  the  separation  line.  This  adverse  gradient  tjecomes  infinite  at  the 
separation  line  Itself.  On  the  other  hand,  if  n = 5/2  , so  that  the  curvature  of  the 
sheet  is  equal  to  that  of  the  body,  the  pressure  gradient  is  finite,  but  not  locally 
determined,  at  the  separation  line.  It  is  conventional  to  refer  to  this  latter  situation 
as  'smooth'  separation.  These  results,  obtained  for  the  vortex-sheet  model  of  separation 
from  a highly  swept  separation  line,  are  closely  analogous  to  the  predictions  of  the 
Klrchhoff  model  for  two-dimensional,  free-streamline  flow  past  a circular  cylinder.  In 
that  case,  it  emerges  that  for  almost  all  positions  of  the  'separation'  line,  the 
curvature  is  locally  infinite  and  the  pressure  gradient  is  infinite.  For  Just  one 
position,  smooth  separation  occurs.  We  can  conjecture  therefore  that  in  general  smooth 
separation  will  only  occur  for  a finite  number  of  positions  of  the  separation  line  in 
three-dimensional  flow. 

The  significance  of  smooth  separation  in  two-dimensional  flow  arises  from  the  work 
of  Sychev®®.  He  predicted  the  existence  of  an  asymptotic  solution  of  the  Navier-Stokes 
equations  for  the  neighbourhood  of  two-dimensional,  free-streamline  separation,  valid  for 
large  Reynolds  numbers.  This  solution  showed  separation  occurring  close  to  the  position 
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of  smooth  separation,  the  distance  from  the  position  of  smooth  separation  being  of  order 

-1/16  QQ 

Re  . These  predictions  have  been  confirmed  by  numerical  calculations  by  P.T.  Smith  , 

who  has  also  extended  the  theory  to  three-dimensional  flow^"^. 


Now  laminar  boundary  layer  theory  is  essentially  an  infinite  Reynolds  number 
approximation,  in  the  sense  that,  for  instance,  the  prediction  of  separation  in  a given 
external  field  is  independent  of  Reynolds  number.  Suppose,  then,  that  we  obtained 
convergence  in  an  iteration  process  between  the  inviscid  separated  flow  calculation  and 
the  laminar  boundary  layer  calculation,  the  sort  of  process  frequently  referred  to  above. 
It  seems  highly  probable,  if  the  calculations  are  accurate,  that  the  calculated  separa- 
tion will  be  smooth,  corresponding  to  the  limit  of  infinite  Reynolds  number  in  Sychev's 
solution.  The  experience  of  Nutter^^  described  in  section  2.2  supports  this  view.  On 
the  other  hand,  by  comparing  the  shape  of  the  vortex  sheet  in  the  inviscid  calculation 
with  equation  (16)  with  n = 3/2  , we  can  find  the  coefficient  v as  a function  of  the 
assumed  position  of  the  separation  line  and  so  pick  out  the  position  (or  positions)  which 
correspond  to  smooth  separation  with  p = 0 . it  seems  therefore  that  iterating  with  the 
laminar  boundary  layer  calculation  would  produce  no  extra  information. 


What  we  want,  of  course,  is  not  the  infinite  Reynolds  number  limit,  but  the  position 
of  separation  at  finite  Reynolds  numbers.  It  appears^^  that  this  can  be  found,  for  large 
Reynolds  number,  by  matching  the  behaviour  of  p , as  a function  of  separation  line 
position,  in  the  inviscid  solution  to  the  behaviour  of  the  corresponding  quantity  in  the 
asymptotic  analysis  of  Sychev^®  and  F.T.  Smith®^,  which  depends  on  Reynolds  numlaer.  If 
this  can  be  done,  and  we  are  trying  to  do  it  at  RAE,  then  a mathematically  consistent 
account  of  laminar  separation  from  smooth  surfaces  at  highly  swept  separation  lines  and 
high  Reynolds  numbers  will  have  been  achieved. 


Whether  such  an  account  will  have  any  physical  significance  remains  to  be  seen.  It 
certainly  cannot  be  assumed  that  the  simultaneous  assumptions  of  laminar  flow  and  large 
Reynolds  number  will  lead  to  sensible  predictions.  No  really  convincing  support  emerges 
frcOT  the  two-dimensional  flow  past  a circular  cylinder,  since  actual  separation  takes 
place  a long  way  downstream  of  the  position  of  smooth  separation  for  the  Kirchhoff  model 
for  the  largest  Reynolds  numbers  at  which  the  separation  is  laminar.  (See,  for  example, 
p 168  of  Ref  100.)  However,  the  Kirchhoff  model,  with  its  wake  at  free-stream  pressure, 
is  not  in  itself  a satisfactory  model  of  the  two-dimensional  flow.  The  vortex-sheet 
model  has  shown  itself  to  be  much  more  realistic  in  its  predictions  of  the  behaviour  of 
sharp-edged  wings,  so  there  are  grounds  for  hope. 

For  the  more  practical  case  in  which  the  boundary  layer  is  turbulent  much  less  can 
be  said.  Presumably  for  any  particular  algebraic  model  of  turbulence,  an  analysis  like 
that  of  Sychev^®  and  F.T.  Smith^^  could  be  carried  out.  Whether  it  could  be  done  for  a 
more  realistic  model  of  turbulence  I cannot  judge.  If  it  could  be  carried  through  it 
might  provide  a basis  for  preferring  one  turbulence  model  to  another,  at  least  for  the 
prediction  of  separation.  Otherwise,  we  fall  back  on  the  idea  of  iterating  between  the 
inviscid  and  the  boundary  layer  calculations. 

2 . 6 Conclusions 

To  represent  flow  separating  from  highly-swept  sharp  edges,  a number  of  well- 
developed  models  exist,  whose  capabilities  and  short-comings  are  reasonably  well  known 
and  understood.  Progress  in  tackling  problems  of  practical  concern  should  therefore  be 
proportional  to  the  effort  expended,  at  least  up  to  several  times  the  present  rate  of 
progress.  A few  perplexing  difficulties  remain,  but  these  tend  to  be  peripheral  to  the 
subject. 


For  flow  separating  from  smooth  bodies  the  situation  is  quite  different.  The 
central  problem  is  to  predict  the  separation  line  and  for  this  there  is  no  single  entirely 
satisfactory  calculation.  There  are  a number  of  hopeful  signs:  separation  predicted 
approximately  using  a measured  external  flow  or  a calculated  attached  external  flow®®, 
convergence  achieved  in  an  iteration  between  an  inviscid  separated  flow  model  and  a 
boundary  layer  calculation^’,  and  a mathematical  treatment  of  the  laminar  viscous- 
Inviscid  interaction  problem  at  high  Reynolds  number®^'®®.  There  are  also  still 
substantial  difficulties  with  the  inviscid  modelling  of  separation  originating  downstream 
of  the  apex  of  the  body. 
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A "complex"  turbulent  flow  is  one  in  which  the  turbulence  structure  is  significantly  different  from  that 
in  classical  textbook  shear  layers  such  as  the  plan'^  boundary  layer  and  mixing  layer  (Refs.  1~3).  The 
two  comaionest  causes  of  complexity  in  this  sense  are  interaction  between  the  shear  layer  and  another 
turbulence  field  * perhaps  another  shear  layer  ~ and  distortion  of  a single  shear  layer  by  an  externally- 
imposed  strain  rate  in  addition  to  the  mean  shear.  Unsteadiness  and  three-dimensionality  do  not 
constitute  complexities  in  themselves  but  allow  more  opportunities  for  interaction  or  distortion  to  occur. 
In  nearly  all  cases  the  turbulent  flow  is  dominated  by  a shear  layer  because  it  is,  as  a rule,  only  in 
shear  layers  that  large  Reynolds -stress  gradients  can  arise.  However  if  the  flow  is  strongly  distorted 
the  shear  layer  may  not  obey  Prandtl's  thin-shear-layer  ("boundary  layer")  approximation  that  terms  of 
order  6/i  are  negligible,  and  some  attention  will  be  given  below  to  higher-order  approximations.  It  will 
be  found  that  such  approximations  are  best  treated  on  the  same  eiq)irical  level  as  turbulence  modelling, 
and  that  is  why  they  are  discussed  in  the  present  section. 

First,  the  effects  of  unsteadiness  or  three-dimensionality  on  turbulence  and  turbulence  "models" 
(empirical  equations  for  Reynolds  stress)  will  be  discussed.  We  then  outline  the  response  of  shear  layers 
to  extra  rates  of  strain  and  present  the  concept  of  the  "fairly  thin  shear  layer",  in  which  terms  that 
are  neglected  in  the  shin-shear  layer  equations  are  retained  but  approximated.  Finally  the  special 
problems  of  separated  flow  are  briefly  reviewed. 

1.0  Effect  of  Unsteadiness  on  Turbulence  Structure 


It  is  assumed  herein  that  a satisfactory  form  of  statistical  average  for  an  unsteady  flow  has  been  chosen 
already:  it  can  be  a phase  average  in  a periodic  flow,  an  ensemble  average  in  any  flow,  or  even  something 
less  accessible  to  experiment  like  a spanwise  average  in  a two-dimensional  flow.  Denoting  the  chosen 
average  by  an  overbar,  the  exact  transport  equation  for  the  Reynolds  shear  stress  -puv  in  two-dimensional 
unsteady  flow  at  high  local  Reynolds  number  is  (Ref.  4) 
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This  is  exactly  the  same  as  in  steady  flow  with  the  addition  of  the  time-dependent  terms. 


Now  the  whole  left-hand  side,  written  0(-13V)/Dt  for  short,  is  the  time  derivative  of  nv,  following 
the  ensemble-average  movement  of  a fluid  element.  It  is  sometimes  called  the  "substantial"  derivative 
of  -CHf.  Tne  fluid  element  has  no  way  of  sensing  the  ratio  of  spatial  derivatives  to  time  derivative  in 
the  left-hand  side:  therefore  this  ratio  is  iomaterial  to  the  behaviour  of  the  right-hand  side;  therefore 
a steady-flow  turbulence  model  can  be  used  to  close  the  equation,  providing  that  Du^/Dt  in  the  unsteady 
flow  does  not  exceed  the  values  for  %ihich  the  turbulence  model  is  satisfactory  in  steady  flow.  For  example, 
if  the  most  rapid  streamwise  change  which  the  turbulence  model  can  cope  with  in  a boundary  layer  is  a 
doubling  of  -u^  in  a distance  of  106,  |Dtr^/Dt{  ^ (IV/(106)  where  is  the  free-stream  velocity.  If 

DuV/Dt  is  wholly  a time  derivative  and  QV  changes  by  100  percent  in  a cycle  (as  in  the  boundary  layer  on 
an  infinite  plate  below  an  oscillating  free  stream)  the  time  constant  or  circular  frequency  of  the  flow 
must  not  exceed  U^/dOd)  where  is  the  (maximum)  free  stream  velocity.  Note  that  separate  bounds  on 
streamwise  wavelength  and  on  frequency  in  a space-dependent  unsteady  flow  are  not  required  according  to 
this  analysis;  an  upper  limit  on  the  frequency  seen  by  a moving  fluid  element  can  be  derived  separately 
from  steady-flow  considerations.  Let  us  suppose,  for  instance,  that  the  steady-flow  turbulence  model 
canno'  simulate  the  response  to  spatial  changes  with  a wavelength  less  than  86,  whatever  their  magnitude. 
Then  the  .'w>ving-axi8  frequency  w-kU  must  not  exceed  2ffUe/(86);  here  k is  the  wave  number,  2ir/(wavelength)  . 

Provi.iing  that  these  lioiits  on  DuV/Dt  and  on  moving-axis  frequency  are  not  exceeded,  the  steady-flow 
turbulence  wr^del  can  be  used  without  change  and  with  confidence.  The  limits  quoted  above  are  merely 
examples,  order-of  magnitude  estimates  for  a good  transport-equation  turbulence  model.  An  eddy-viscosity 
model  Bught  have  rather  more  restrictive  quantitative  limits,  but  the  transposition  of  steady-flow  limits 
to  unsteady  flow  via  the  above  discussion  of  the  exact  Reynolds -stress  transport  equation  is  valid  irhether 
the  turbulence  model  uses  that  equation  explicitly  or  not.  It  need  hardly  be  said  that  steady-flow  limits 
on  DflV/Dt  'nd  moving-axis  frequency  have  not  been  well  defined.  There  may  be  specialized  unsteady-flow 
problems,  for  example  high-frequency  problems,  %diich  would  warrant  an  effort  to  develop  a special  turbulence 
model  but  1 am  not  aware  that  any  such  work  has  been  done;  on  the  other  hand  several  authors  (Refs. 3-7) 
have  considered  turbulence  models  for  steady  flow  over  wavy  surfaces  which  pose  much  the  same  modelling 
problems  as  oscillating  flows.  Ref. 8 discusses  turbulence  generated  by  internal  waves. 

2.0  Effect  of  Hean-Flow  Three-Dimensionality  on  Turbulence  Structure. 

It  has  been  implicitly  assumed  in  nearly  all  calculation  methods  for  3D  flow,  and  has  been  explicitly 
argued  by  several  people  including  the  present  author,  that  since  turbulence  is  always  (instantaneously) 
three-dimensional  it  should  not  be  greatly  affected  by  mild  three-dimensionality  of  the  mean  flow.  It  is 
of  course  to  be  expected  that  symm^ry  results  like  (SQ  ■ 0(where  y is  normal  to  the  surface)  will  disappear, 
but  structure  parameters  like  ^/(i?+  w^)  should  not,  it  is  argued,  be  greatly  affected. 

Heasurements  in  a three-dimensional  separating  boundary  layer  at  NLR,  Amsterdam  (Refs.  9,10)  revealed 
quite  large  discrepancies  in  existing  calculation  methods.  Specifically  the  resistance  of  the  boundary 
layer  to  separation  was  over-predicted  by  the  calculations.  Comparisons  of  all  available  calculation 
methods  at  the  "Trondheim  Trials"  (Ref. 11)  showed  the  same  effect.  In  tenss  of  an  eddy-viscosity  model, 
the  cxpcriieents  showed  a very  much  smaller  eddy  viscosity  in  the  cross-stream  plane,  -w/(3W/3y),  than  in 
tne  longitudinal  plane,  -iH^/ (3U/3y) . A similar  behaviour  was  discernible  in  the  data  of  Johnston  (Ref. 12) 
for  the  rapidly-separating  flow  up  a swept,  forward-facing  step.  It  is  to  be  expected  that  as  the  direction 
of  the  resultant  shear  velocity  gradient  (Fig.l)  changes  with  x the  direction  of  the  resultant  shear  stress 
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will  lag  behind  it  instead  of  coinciding  with  the  direction  of  the  resultant  velocity  gradient  as  predicted 
by  an  eddy-viscosity  model.  This  is  just  a consequence  of  the  presence  of  D/Dt  terms  ("history  effect") 
in  the  Reynolds-s tress  transport  equations  (see  Section  1.0),  and  is  generally  observed  in  3D  boundary 
layers  in  moderate  pressure  gradients.  However  in  the  inner  part  of  Johnston's  flow  the  direction  of  the 
resultant  shear  stress  rotated  in  the  opposite  sense  to  the  direction  of  the  resultant  velocity  gradient, 
and  a tendency  towards  the  same  effect  is  apparently  responsible  for  the  disagreement  between  the  NLR  data 
and  the  calculation  methods.  In  the  NLR  measurements,  the  angle  between  the  resultant  shear  stress  and 
the  X direction  - the  initial  flow  direction,  namely 


-I  »» 

Y,  = tan  — 

* uv 

was  of  the  same  sign  as 

Y„  i tan"‘  3W/ay 
3U/3y 
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but  smaller,  by  an  amount  greater  than  could  be  explained  by  history  effects.  (The  ratio  of  the  two 
tangents  is  of  course  the  ratio  of  the  two  components  of  eddy  viscosity  mentioned  above). 


A very  plausible  explanation  has  been  given  by  Rotta  (Ref. 13).  In  a calculation  method  based  on  the 
transport  equations  for  -UV  and  -96,  namely 
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the  most  important  part  of  the  process  of  empirical  closure  ("modelling")  is  the  choice  of  an  empirical 
expression  for  the  pressure-strain  terms,  p'(3u/3y  + 3v/3x)  and  its  equivalent  in  the  v6  equation.  The 
exact  Poisson  equation  for  the  pressure  fluctuation,  derivable  from  the  Navier  Stokes  equation  (Ref. 4)  is 


iv^p'  .MH  + iiili 

p 3y  3x  3y  3z 


(6) 


where  the  additional  terms  are  further  terms  containing  mean  velocity  gradients  (which  are  small  in  boundary 
layers)  and  also  terms  containing  only  turbulence  quantities  (which  are  not  small).  It  is  therefore 
generally  agreed  that  the  empirical  expressions  for  Che  pressure-strain  term  should  contain  the  mean 
velocity  gradient.  Largely  because  of  the  development  of  3D  calculation  methods  from  2D  prototypes,  it  is 
explicitly  or  implicitly  assumed  that  p'(3u/3y  ♦ 3v/3x)  depends  on  3U/3y  but  not  on  3W/3y,  while 
p'(3w/3y  ♦ 3v/3x)  depends  on  3W/3y  but  not  on  3U/3y.  Rotta  has  pointed  out  that  this  assumption  is  correct 
only  if  the  turbulence  is  statistically  synsnetrical  about  the  direction  of  Che  resultant  mean  velocity 
gradient,  Yg  as  defined  in  Eq.(3).  This  is  unlikely  to  be  Che  case  if  yg  V Yyi  instance.  RoCta's 
suggested  improvement  violates  the  principle  of  translational  invariance,  and  it  is  better,  at  least  for 
expository  purposes,  to  consider  the  general  assumption  that  the  relative  contributions  of  the  two  velocity 
gradients  to  the  two  pressure-strain  terms  depends  on  yg  and  y.j.  Suppose  that  we  write  the  part  of 
p'(3u/3y  ♦ 3v/3x)  that  depends  on  the  mean  velocity  gradients  as  pj^(3u/3y  ♦ 3v/3x).  the  remaining, 
turbulence-dependent,  part  being  represented  by  suffix  T,  and  define  p]^(3w/3y  + 3v/3z)  similarly.  Then 
define 

, pI  (Sw/Sy  ♦ 3v/3x) 

(7) 

^ pj^  (3u/3y  ♦ 3v/3x) 

Rotta's  argusnt  is  that  yp  is  not  the  same  as  yg,  but  that  yp  - yg  depends  on  Yg  ~ Yy  Note  that  according 
to  Che  principle  of  rotational  invariance  only  relative  angles  matter.  Rotta's  suggestion  also  implies  a 
change  in  Che  magnitude  of  the  resultant  pressure-strain  term,  the  fractional  change  being  a function  of 
Yg  ~ Yy  also,  but  we  will  neglect  this  here  for  simplicity  of  exposition.  If  we  require  the  magnitude  to 
be  the  same  as  in  a quasi-two-dimensional  flow  (with  Yp  ~ Yg  * Yy)  then  we  can  write 
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where  K,,  ia  the  same  (’'ositive)  constant  as  in  two-dimensional  flow.  If  we  assume  that  the  direction  of 
the  vector  formed  by  the  turbulence-dependent  part  of  the  pressure-strain  term  is  the  same  as  that  of  the 
resultant  shear  stress  (that  is,  these  turbulent  "scrambling"  terms  are  assumed  to  reduce  the  magnitude  of 
the  shear  stress  without  affecting  its  direction),  end  if  we  neglect  the  eman  and  turbulent  transport  terms 
(the  first  and  last  in  Eqs.(4)  and  (S)),  we  get  the  eddy-viscosity  ratio  as 


tan  Yg  -W/(3U/3y) 


1 - sin  Yp/»ln  y^ 

1 - cos  y'/cos  y^ 


(10) 


which  is  less  than  unity  of  yp  > yg.  He  note  that  the  eddy-viscosity  ratio  depends  on  the  direction  of 
the  axes!  If  we  choose  Che  x axis  along  the  direction  of  the  resultant  velocity  gradient  so  that  y.  • 0 
the  ratio  becomes  infinite  if  yp  • yg,  because  3W/3y  ■ 0 but  vw  • 0 in  these  amss.  N.  Pontikos  and  the 
author  are  currently  conducting  experitmnts  (in  computer  and  in  wind  tunnel)  to  explore  the  behaviour  of 
yp.  It  seems  most  likaly  that  yp  depends  on  3yg/3x  or  3yy/3x  rather  than  on  local  conditions. 


The  conclusion  which  the  non-specialist  can  draw  from  this  rather  mathematical  argument  is  that  quaai- 
two-dimsnsional  assuag>tiona  such  as  isotropy  of  eddy  viscosity  should  not  be  made  unthinkingly  in  2D  flows. 
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The  discueiion  has  concentrated  on  aerofoil-type  boundary  layers.  "Slender"  shear  layers,  like  the 
flou  near  a wing-body  junction  or  a wing  tip,  laay  hold  further  surprises.  Certainly  Che  existing  turbulence 
nodels  are  suspect;  one  of  the  aost  advanced,  that  of  Naot  et  al . (Ref. 14)  predicts  Che  wrong  sign  for  the 
effect  of  3V/3y  discussed  above. 

3.0  Extra  Rates  of  Strain 

It  is  well  kno%m  that  longitudinal  curvature  of  the  otean  streamlines  can  have  a large  effect  on  turbulent 
flow  (RefJS).  The  effect  is  much  Che  same  whether  Che  streamline  curvature  arises  from  surface  curvature 
or  from  bodily  rotation  of  the  flow  system.  Lateral  divergence,  such  as  occurs  on  a cone  or  a cylinder- 
flare  combination,  also  produces  large  effects.  The  tendency  for  the  skin-friction  coefficient  in  a 
retarded  supersonic  boundary  layer  to  rise  and  Che  shape  parameter  H to  fall  - contrary  to  what  happens  in 
low  speed  flow  - seems  to  imply  a large  effect  of  pressure  gradient  on  turbulence  structure  (Ref. 16), 
although  recent  work  (Ref. 17)  suggests  that  the  effect  is  reproduced  automatically  by  the  more  advanced 
turbulence  nudels. 


It  is  convenient  to  group  these  phenomena  together  as  Che  effect  of  "extra  rates  of  strain"  - extra, 
that  is,  Co  the  basic  mean  shear  that  drives  the  shear  layer.  (The  surprising  effects  of  an  extra  component 
of  mean  shear  in  a 3D  boundary  layer  deserve  separate  treatment  and  received  it  in  the  last  section).  Such 
extra  strain  rates  (3V/3x  for  curvature,  3W/3z  for  lateral  divergence,  -div  for  bulk  compression)  appear 
as  extra  terms  in  Che  Reynolds-s cress  transport  equations.  However  the  effects  on  the  turbulence  structure 
are  much  larger  than  the  size  of  these  explicit  extra  cemm  would  suggest,  and  the  implication  is  chat  the 
extra  strain  races  strongly  affec^  the  existing  terms  in  the  transport  equations  even  though  the  existing 
terms  do  not  contain  Che  extra  strain  rates  explicitly. 


The  mechanism  by  which  the  extra  strain  rates  act  is  not  always  clear.  In  the  case  of  streamline 
curvature,  one  can  show  qualitatively  that  small  disturbances  will  be  amplified  if  the  angular  momentum 
decreases  outward  from  the  centre  of  curvature  (as  in  the  case  of  Che  boundary  layer  on  a concave  surface) 
and  conversely.  The  effects  of  lateral  divergence  and  bulk  compression  can  both  be  explained,  again 
qualitatively  and  not  altogether  convincingly,  by  arguing  chat  the  z component  vorticity  of  the  large  eddies 
will  be  increased  if  the  cross  section  of  a fluid  element  in  Che  x y plane  decreases  as  it  moves  do%mstream, 
leading  to  increased  entrainment  and  mixing.  Quantitatively,  a "rule  of  thumb"  is  that  Che  effect  of  a 
small  extra  strain  rate  e on  the  apparent  eddy  viscosity  is  to  multiply  it  by  a factor  of  order 

1 ♦ 

although  the  ratio  of  Che  explicit  extra  terms  in  the  Reynolds -stress  transport  equations  to  the  main  terms 
is  only  of  order  e/(3U/3y).  Here  refined,  but  still  linear,  allowances  are  discussed  in  Ref. 15. 


Large  extra  strain  rates  can  have  an  overwhelming  effect  on  turbulence.  The  best  demonstration  of 
this  is  still  the  flow-visualization  work  of  Johnston  et  al.  (Ref. 18)  in  a rotating  duct  flow  where 
turbulence  was  virtually  suppressed  on  the  "stable"  side  and  large  quasi-steady  streamuise  vortex  rolls 
("convection  cells")  appeared  on  Che  unstable  side.  The  analogy  between  streamline  curvature  (centrifugal 
or  Coriolis  "force”)  and  buoyancy  is  quantitatively  helpful  if  the  extra  strain  rates  are  small  and  at 
least  qualitatively  helpful  if  they  are  large.  The  rapidly-rotating  core  of  an  aircraft  trailing  vortex 
or  of  an  atmospheric  tornado  seems  to  be  so  strongly  stabilized  by  rotation  Chat  radial  motion  almost 
disappears  and  high  longitudinal  velocities  can  occur  in  Che  core  without  generating  restraining  Reynolds 
stresses.  Strong  acceleration  can  cause  reverse  transition  in  a supersonic  boundary  layer  even  if  the 
pressure  rise  is  quite  small,  about  75  according  Co  Narasimha  and  Viswarath  (Ref. 19).  At  low  speeds, 
tfhere  75  is  roughly  a quarter  of  lpu|,  so  small  a pressure  rise  would  be  very  unlikely  to  cause  reverse 
transition.  • 

Unsteadiness  and  three  dimensionality  provide  more  opportunities  for  extra  strain  races  to  occur.  The 
lateral  divergence  3U/3z  in  a three-dimensional  boundary  layer  is  likely  to  be  non-zero  nearly  everywhere, 
for  instance,  and  highly-skewed  flows  may  develop  concentrated  longitudinal  vortices  in  which  the  stabilizing 
effects  of  streamline  curvature  may  be  apparent.  A similar  stabilizing  effect  could  occur  in  the  strong 
transverse  vortex  chat  forms  in  the  boundary  layer  of  an  aerofoil  oscillating  in  pitch  (Paper  8),  or 
in  transverse  shed  vortices. 

4.0  "Fairly  thin"  shear  layers  (Fig.  22. 

The  derivation  of  the  laminar  boundary-layer  (thin-shear-layer)  equations  from  the  Navier-Scokes  equations 
by  neglecting  terms  of  order  (6/1)2  . strictly,  (di/3x)2  - is  well  known.  In  turbulent  flow,  terms  of 

order  6/1  times  the  main  terras  - notably  3r7/3x  - are  coimnonly  neglected.  The  usual  textbook  derivation 

applies  to  a boundary  layer  on  a flat  surface,  or  some  other  plane  shear  layer,  where  3p/3y  is  of  order 
pUc2  6/i2.  On  a surface  of  radius  of  curvature  R in  the  scream  direction,  3p/3y  is  of  order  pUe2/R  and 
therefore  generally  of  order  pUg^/t;  that  is,  it  is  larger  by  a factor  of  order  1/6  chan  on  a flat  surface. 

The  ratio  of  the  normal  velocity  gradient  in  the  free  stream, 3U/3y  « -U/R,  to  a typical  velocity-gradient 
within  the  shear  layer  is  of  order  6/R,  i.e.  6/1.  Thus  as  long  as  the  radius  of  longitudinal  curvature  of 
the  shear  layer  is  of  order  1,  we  can  consistently  neglect  terms  like  3u2/3x  and  assume  3p/3y  - 0. 

Now  in  a turbulent  jet  6/1  is  roughly  0.2  and  neglect  of  terms  of  order  6/1  is  shaky.  Again,  streamline  i 

radii  of  curvature  an  order  of  magnitude  smaller  chan  1 are  found  in  the  near  wakes  of  aerofoils,  in  free  I 

shear  layers  over  bluff  bodies,  and  in  duct  elbows.  Large  values  of  d6/dx  occur  near  separation.  Although 
it  is  easy  to  show  chat  viscous  or  turbulent  stress  gradients  are  usually  significant  only  in  fairly  thin 
shear  layers,  a coaq>romisc  between  the  neglect  of  terms  of  order  6/1  and  the  retention  of  all  terms  in  the 
Navier  Stokes  equations  is  needed. 

Second-order  boundary  layer  theory  has  bean  developed  rigorously  only  for  laminar  flows  and  is  of 
iimiled  use.  A more  general  stratagem  is  to  appro xisiate,  rather  than  neglect,  terms  of  order  6/1.  It 
happens  that  this  scratagum  merges  almost  imperceptibly  with  Che  spproxisute  processes  of  turbulence 

1 
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nDdelling  and  finite-difference  eoluCion,  which  ia  why  it  ia  auat  conveniently  diacuaaed  here.  For  inatance 
the  term  3u^/3x  in  the  x-conponent  tgoaentua  equation  could  be  taken  aa  - aay  - a conatant  tiaea 
and  3(-av>/3x  at  given  x approximated  as  [(-iTOlx  ” ^■'*^^x-dx)  preparation  for  a step  forward  to  x+Ax. 
Again  9p/3y  can  in  simple  cases  be  approximated  as  pU^/R,  where  R is  the  known  radius  of  curvature  of  the 
surface.  Thus  at  given  y 
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(11) 


Nominally  this  converts  the  x-component  momentum  equation  into  an  integro'dif ferential  equation^  but  it  is 
easy  to  see  that  the  system  of  equations  as  a whole  remains  parabolic  because  the  approximation  for  dp/9y 
contains  no  derivative  itself.  The  f inite-^if ference  evaluation  of  the  integrals  would  be  straightforward, 
and  if  the  numerical  method  is  iterative  (necessary  in  order  to  improve  on  an  "upstream"  value  for  U in 
U3U/9x)  the  derivative  inside  the  integral  can  be  evaluated  to  the  same  accuracy  as  UdU/dx  itself. 


It  has  been  found  in  practice,  by  the  present  author  and  doubtless  by  many  ocher  workers,  that  small 
terms  wnich  change  the  type  of  a differential  equation  do  not  necessarily  cause  inaccuracy  or  catastrophic 
failure  of  a numerical  solution.  For  example  the  addition  of  small  diffusive  terms  to  hyperbolic  equations, 
making  them  parabolic,  does  not  necessarily  degrade  the  accuracy  or  stability  of  the  method  of  characteristics. 
Again,  small  elliptic  terms  may  not  invalidate  a marching  solution;  pd^U/3x^  could  be  retained  in  the 
laminar  boundary  layer  equations  providing  chat  the  finite"*difference  representation  did  not  involve  values 
of  U further  downstream  chan  the  position  reached  by  the  calculation.  Clearly  the  retention  of  type-* 
changing  terms  needs  caution;  in  most  cases  the  numerical  method  will  either  continue  to  work  accurately 
or  fail  catastrophically  (and  therefore  noticeably)  but  an  intermediate  stage  of  large  but  non-obvious 
inaccuracy  may  occur. 


Even  if  type-changing  terms  are  large  it  may  be  possible  to  take  advantage  of  the  similarity  between 
single-sweep  marching  solution  of  parabolic  (or  hyperbolic)  equations  and  multiple-sweep  line-relaxation 
solutions  of  elliptic  equations.  For  example  (Ref. 20)  the  normal-component  mooiencum  equation  - in 
slightly  simplified  form  - 


3V^  3V__1.3£_  ^ ^ 

3x  3y  p 3y  3x  3y 


(12) 


can  be  solved  together  with  the  equations  for  x-component  momentum,  continuity  and  Reynolds  stress  by  a 
multiple-sweep  marching  method.  Starting  from  a guess  of  the  pressure  field  p(x,y),  the  x-momentum, 

continuity  and  Reynolds  stress  equations  are  solved  at  each  x step  in  the  usual  way,  after  which  Eq.(12), 

with  U,  V and  the  Reynolds  stresses  known,  can  be  solved  at  once  to  give  a new  profile  p(y)  for  that  x. 

After  the  sweep  is  finished  the  new  p(x,y)  is  used  for  a second  sweep,  and  so  on,  Patankar,  Pratap  and 
Spalding  (Ref.Zl)  have  used  a slightly  different  procedure  for  three-dimensional  internal  flows;  in  this, 
the  momentum  equations  and  Reynolds-stress  equations  are  solved  first  and  the  pressure  is  then  adjusted, 
with  consequent  quasi-inviscid  adjustments  of  the  velocity  components,  to  satisfy  the  continuity  equation. 

It  is  not  clear  whether  this  procedure  is  made  necessary  by  the  three-dimensionality  or  by  the  specification 

of  V • 0,  rather  than  p • Pg,  at  the  upper  boundary.  The  sequence  in  which  Eq.(12)  is  t olved  last  - and  is 

then  trivial  - is  easier  to  fit  into  an  existing  thin-shear-layer  program  and  is  also  most  convenient  for 
the  viscous-inviscid  matching  procedure  in  which  p (y-S)comes  from,  and  V(y-d)  goes  to  an  inviscid 
calculation  method  for  the  flow  outside  y • i.  It  is  immediately  applicable  to  three-dimensional  "boundary 
sheets”  with  p(y'S)  ~ p(x,z);  in  principle  it  could  also  be  used  in  unsteady  flow  but  this  has  not  yet 
been  considered.  These  scnemes  rely  on  upstream  influence  proceeding  only  via  the  pressure;  if  U becomes 
negative  so  that  information  can  be  convected  upstream,  U(x.Ax)  is  needed  before  U(x)  can  be  calculated, 
and  in  this  case  U(x,y)  as  well  as  p(x,y)  must  be  stored  from  sweep  to  sweep.  Multiple-sweep  methods  for 
these  "recirculating"  flows  are  discussed  in  Section  6.3,  for  the  special  case  tihere  Yp/3.'  is  negligible. 


The  availability  of  adequate  and  efficient  numerical  methods  for  "fairly  thin"  shear  layers,  in  which 
the  boundary-layer  equations  are  inaccurate  and  the  full  Navier-Stokes  equations  unnecessary,  should  aid 
Che  development  of  turbulence  laodels  for  such  cases. 

S.O  Special  Problems  of  Separated  Flrw 

Flow-visualization  studies  quickly  show  that  a separated-flow  region  is  always  insceady  and  three-dimensional. 
Typical  fluctuation  frequencies  can  be  orders  of  magnitude  less  than  in  the  downstream-going  flow;  the 
wavelengths  are  of  the  same  order  as  in  the  main  flow  but  velocities  are  much  less.  Consequently  a 
perturbation  entering  Che  recirculating  flow  region  may  be  returned  to  Che  main  flow  at  a much  later  time. 
Unless  a vortex  street  or  other  feedback  mechanism  is  present,  even  these  very  slow  fluctuations  count  as 
"turbulence".  They  can  contribute  Co  Reynolds  stresses  in  the  recirculating  region  itself  and,  on 
re-encrainment  into  the  free  shear  layer,  can  disturb  the  turbulence  structure  of  the  latter.  The  main 
effect  of  Che  very  slow  fluctuations  is  likely  Co  be  a bodily  displacement  of  Che  shear  layer,  but  this  too 
must  be  counted  as  turbulence  in  the  sense  of  Reynolds  averaging,  because  a fluctuating  displacement  appears 
as  an  Increase  in  mean  spreading  rate  and  therefore  necessarily  an  increase  in  Reynolds  stress.  It  is  clear 
that  a proper  description  of  the  flow  would  require  several  levels  of  time  averaging  to  distinguish  Che 
different  frequency  ranges;  however  Che  ranges  are  not  completely  distinct. 


Our  preoccupation  with  mean  values  can  even  lead  to  confusion  in  interpreting  flow-visualization 
patterns.  Bredcrode  (Ref. 22)  found  that  the  direction  of  rotation  of  the  comer  vortices  in  Che 
recirculating-flow  region  behind  a backward-facing  step,  as  shown  by  surface  oil-flow  visualization, 
changed  sense  when  the  boundary  layer  on  the  top  of  the  step  was  tripped.  Further  investigation  with 
surface  injection  showed  that  in  all  cases  the  sense  of  rotation  fluctuated  irregularly  with  time,  so  the 
direction  of  rotation  of  the  final  mean  paccero  was  determined  by  the  small  difference  of  two  large 
quantities . 
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The  most  in^ortant  single  property  of  a recirculating-flow  region  is  the  **residence  tine**  (Ref. .^3). 

This  is  the  average  time  for  which  a marked  particle  introduced  into  the  recirculating'f low  region  will 
remain  there.  It  is  of  the  order  of  the  volume  of  the  recirculating-f low  region  divided  by  the  rate  of 
entrainment  from  that  region  into  the  free  shear  layer  chat  bounds  it.  It  happens  also  to  be  of  the  same 
order  as  the  "spin-up"  time  required  to  establish  the  recirculating  flow. 

In  three-dimensional  separated  flow  - including  most  nominally  two-dimensional  flows  - the  recirculating 
flow  is  usually  strongly  ventilated  at  its  spanwise  extremities  because  of  the  presence  of  streanwise 
vorticity  (Fig. 3)  and  the  size  of  the  recirculating  region  will  depend  on  the  ratio  of  this  ventilation 
rate  to  the  entrainment  through  the  main  part  of  Che  free  shear  layer. 

In  unsteady  separated  flow  the  near-equality  of  the  residence  time  and  the  spin-up  time  causes  Che 
growth  in  volume  and  the  growth  in  angular  momentum  to  take  place  at  roughly  the  same  rate  if  Che  spin  up 
is  controlled  by  the  shear  stress  in  the  free  shear  layer.  In  many  unsteady  separated  flows  the  main 
source  of  vorticity  is  convection  from  upstream  rather  Chan  shear  transfer  from  the  shear  layer  and  in 
these  cases  high  rotation  rates  can  be  attained  very  rapidly. 

Virtually  nothing  is  known  of  the  behaviour  of  turbulence  in  recirculating  flows.  The  above 
description  suggests  that  it  is  highly  complicated  and  Chat  only  in  very  undemanding  cases  will  one  be 
able  to  represent  it  by  simple  eddy-viscosity  caodels  or  even  the  present  vintage  of  Reynolds-stress 
transport  models. 
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PREDICTION  OF  SEPARATION  USING  BOUNDARY  LAYER  THEORY 

P. Bradshaw 
Imperial  College 
London,  SW7  2BY 


As  was  well  pointed  out  by  Townsend  (Ref.l)  an  experiiaental  surface  pressure  distribution  for  a separating 
flow  alatost  always  shows  an  abrupt  decrease  in  adverse  pressure  gradient  at  the  separation  point  - because 
of  the  sudden  increase  in  d$*/dx  - so  that  the  position  of  separation  can  be  found  quite  accurately  by 
inspection.  Carrying  out  a boundary  layer  calculation  for  such  a flow,  taking  the  pressure  distribution 
as  known,  is  therefore  of  no  practical  value.  Especially  in  separating  flow,  practical  problems  involve 
Che  Batching  of  a shear-layer*  calculation  to  that  of  an  inviscid'^  outer*  flow.  One  part  of  this  process 
is  Che  solution  of  equations  for  Che  shear  layer  (e.g.  boundary  layer  and  wake)  with  a pressure 
distribution  at  the  shear-layer  edge  derived  from  the  inviscid  solution.  This  is  Che  problem  addressed  in 
this  Section.  Calculation  of  the  boundary  layer  up  to  a short  distance  from  separation  is  straightforward 
in  principle,  and  we  therefore  consider  first  the  presence  or  otherwise  of  a singularity  at  separation, 
followed  by  a discussion  of  calculation  methods  for  reversed  flow.  Global  Navier-Stokes  solutions 
will  not  be  considered  but  attention  will  be  given  to  cases  where  the  thin-shear-layer  approximation 
is  not  accurate  enough. 

1.0  The  Singularity  at  Separation 

"Separation"  is  coiaaonly  used  Co  mean  either  "vanishing  surface  shear  stress"  or  "departure  of  the  shear 
layer  as  a whole  from  a solid  surface".  In  steady  two-dimensional  flow  the  two  phenomena  usually  occur 
together,  although  if  "departure"  means  "recession  Co  a distance  >>  6"  then  some  shallow  separation  bubbles 
have  points  of  xero  shear  stress  but  no  "departure".  Below  we  use  "separation"  to  imply  "departure",  and 
refer  to  the  point  of  zero  shear  stress  only  as  such. 

In  unsteady  flow,  surface  shear  stress  can  change  sign  without  separation  occurring,  for  example  on  an 
oscillating  place  in  still  air.  In  three-dimensional  flow  the  shear  layer  can  depart  from  the  surface 
without  Che  magnitude  of  the  surface  shear  stress  falling  to  zero;  usually,  however,  there  is  a change  of 
sign  of  the  component  of  surface  shear  stress  normal  to  Che  line  on  which  the  plane  of  the  departing  shear 
layer  intersects  Che  surface  (Fig.l).  A simple  exasple  is  the  radial  jet  that  departs  from  the  equator  of 
a sphere  rotating  in  still  air;  Che  meridional  conponenc  of  surface  shear  stress  has  opposite  signs  in  Che 
two  hemispheres. 


Occasionally,  as  in  the  case  of  the  rotating  sphere,  Che  Chin-shear-layer  approximation  may  be 
applicable  to  the  whole  of  Che  departed  viscous  region,  except  near  the  line  of  departure  itself.  More 
often  the  departed  viscous  region  will  consist  of  a recirculating-flow  region  bounded  by  a free  shear  layer 
on  one  side  and  Che  solid  surface  on  the  other  (Fig. 2)  and  although  the  chin-shear-layer  (TSL)  approximation 
may  be  good  enough  for  the  shear  layer  it  will  not  do  for  the  recirculation  zone.  In  virtually  all  cases 
except  very  shallow  separation  bubbles,  Che  TSL  approximation  will  be  inadequate  near  the  line  of  departure 
because  the  streamline  curvature  becosms  large. 


In  practice  one  is  interested  in  calculating  both  the  line  of  departure  and  Che  line  of  zero  surface 
shear  stress,  and  the  status  of  the  thin  shear  layer  equations  near  the  latter  line  needs  examination.  A 
great  deal  of  discussion  has  centred  on  the  presence  of  a singularity  in  the  solution  at  the  line  of  zero 
shear  stress.  For  a clear  and  thorough  review  which  has  yet  Co  be  superseded,  see  Kef. 2.  The  simplest 
way  to  demonstrate  what  happens,  due  to  Curie  (Ref. 3)  is  to  cake  the  three-dimensional  unsteady  chin  shear 
layer  equation  for  Che  U coag>onenc  velocity 
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and  differentiate  with  respect  to  y. 
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Using  the  continuity  equation 
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arge  two  terma  we  get 
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where  u • 3U/3y,  etc.  Differentiating  again  and  writing  the  equation  at  y • 0,  where  U,  V,  W and  all 
gradienxs  with  respect  to  x and  z (and  therefore,  using  Eq.(2),  3V/3y)  are  zero,  we  get 
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where  all  terma  are  evaluated  at  y • 0.  Now  consideration  of  Che  wall  boundary  condition 
shows  that  for  ssiall  y,u  • y a(t)  and  - using  the  fluctuating  continuity  equation  - v ■ y2 
higher  order  terma  in  both  cases.  Therefore  OV  - c y^  * higher  order  terms  and  3^  av/3y^ 
still  uncertainty  about  whether  Che  constant  c is  zero  even  in  cons  cant -pres sure  flow  but  it  certainly 
cannot  be  assumed  zero  at  present. 


on  the  motion 
b(t),  plus 
• 6c.  There  is 


* A shear  layer  is  a region  whose  y-wise  extent  6 is  much  ssialler  than  its  x-wise  extent  1 and  in  which 
Che  dominant  rate  of  strain  component  is  3U/3y.  A thin  shear  layer  is  one  in  which  quantities  of  order 
6/t  arc  small  enough  to  be  neglected.  The  shear-layer  family  includes  boundary  layers,  duct  flows,  wakes, 
jets  etc;  I cannot  bring  sqrself  to  call  a free  shear  layer  a boundary  layer! 

* "Inviscid"  is  an  abbreviation  for"  having  negligible  viscous-stress  terms  and  turbulent-stress  terns, 
because  of  the  absence  of  large  rates  of  strain  (not  because  of  the  absence  of  viscosity" 

4"0ucar“  siaqily  naans  "outside  the  shear  layer";  most  of  what  is  said  below  can  be  applied  Co  internal- 
flow  problems  also. 


I 


I 
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(i)  Two-dinensional  steady  flow. 


Unless  the  right-hand  side  is  zero,  we  get 
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where  A is  Che  non-zero  value  of  the  right-hand  side  near  the  separation  point  x • Xg.  The  above  analysis 
holds  for  a solid  surface,  however  similar  results  are  obtained  when  V„  is  a specified  function  of 

X (Ref  .4).  Thus  'v  (x  - Xg)I,  so  the  surface  shear  stress  goes  to  zero  as  (x  - Xg)l  on  one  side  of 
separation  and  is  imaginary  on  the  other.  There  is  no  obvious  reason  why  the  right-hand  side  should  be 
exactly  zero,  and  it  is  worth  noting  Chat  retaining  Che  full  viscous  terra  v7^U  in  Eq.(l)  merely  leads  to  a 
term  in  3^p/9x^  in  the  two-dimensional  version  of  Eq.(4)  (because  of  Che  relation  u(3^U/9y^)  * 3p/3x), 
which  does  nothing  to  reduce  Che  right-hand  side  to  zero  in  general,  because  3'*U/3y'*  - 6c  depends  on  Che 
history  of  Che  pressure  gradient  rather  than  its  local  behaviour.  Evidently  only  an  interaction  between 
Che  boundary  layer  velocity  field  and  the  pressure  - such  as  relaxation  of  Che  boundary  layer  approximation 
3p/3y  • 0 - can  relieve  Che  singularity.  However  the  change  of  Th  ia  rapid  rather  than  large . Consider 
laminar  flow  and  estimate  9'*U/3y‘*  as  Ue/i**  to  an  order  of  magnitude.  Then 


Now  6 is  rather  larger  than  (2v  x/U  where  x is  measured  from  Che  leading  edge,  so  a generous  estimate 
for  T„  is 


(8) 


The  upstream  influence  allowed  by  Che  Navier  Stokes  equations  but  ignored  by  Che  boundary  layer  equations 
will  extend  for  a distance  of  order  not  greater  than  d.  Thus  a rough  but  generous  estimate  of  the 
maximum  difference  between  a singular  boundary  layer  solution  and  the  regular  Navier  Stokes  solution  is 
obtained  by  putting  x - Xg  - 6 in  Eq.(8).  Since  in  constant -pressure  flow  (S/Ug)  Ty/p  is  of  order  unity 
this  shows  that  the  maximum  error  in  caused  by  Che  singularity  is  of  order  (6/x)I  times  Che  constant- 
pressure  value  of  Tw.  That  is,  the  singularity  is  rather  weak.  From  this  it  follows  that  only  a small 
adjustment  to  Che  boundary  layer  calculation  - essentially,  a small  departure  from  Che  specified  pressure  - 
is  needed  to  suppress  the  effects  of  Che  singularity.  One  might  even  be  able  to  march  right  over  Che 
point  of  zero  wall  shear  stress  in  a numerical  calculation,  using  a step  length  of  the  order  of  the 
boundary  layer  thickness.  This  is  indeed  often  done  in  calculations  of  a flat-place  wake  where  the  Blasius 
profile  is  assumed  Co  apply  up  to  the  trailing  edge  x > Xj  and  some  crude  approximation  is  eiade  to  obtain 
U(x  • . Ax,  y ■ 0);  for  example  if  Che  y spacing  of  the  finite-difference  net  is  Ay  one  can  write  the 

momentum  equation  on  the  centre  line 
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1 would  not  like  to  recommend  a general  procedure  for  marching  over  the  singularity  at  a point  of  zero  shear 
stress  (flow  reversal!  on  a flat  surface,  nor  do  1 wish  to  imply  Chat  one  could  or  should  always  do  this. 
However  the  idea  of  the  singularity  at  separation  as  something  catastrophic  needs  to  be  corrected,  and 
several  authors  who  have  studied  the  behaviour  of  Che  boundary  layer  equations  find  Chat  conventional 
solution  techniques  fail  only  very  close  Co  Che  singular  points.  The  weakness  of  the  singularity  is  also 
demonstrated  by  the  success  of  inverse  boundary-layer  calculations  in  which  $*  or  tw,  rather  chan  p,  is 
specified  as  a function  of  x.  If  an  ii^ilicic  calculation  method  is  used  it  is  almost  trivially  easy  to 
iterate  at  given  x to  get  the  required  value  of  4*  or  Xyi  taking  9p/9x  ■ (p(x!-p(x-dx)) /Ax  one  guesses  p(xji 
solves  the  direct  problem  with  the  coefficients  - like  U in  U9U/9x  - evaluated  at  x - Ax,  compares  the  value 
of  A*  with  Chat  required,  adjusts  p,  updates  Che  coefficients  and  recalculates  U(x)  and  so  on.  The 
adjustment  of  p can  be  carried  out  by  Newton's  method,  94*/9p  being  obtained  nuwrically  from  two  consecutive 
iterates.  A more  refined  technique,  in  which  p is  formally  created  as  an  unknown,  is  Ccbeci's  "Mechul 
function"  approach  (Ref. 6).  Note  that  inverse  techniques  do  not  in  themselves  overcome  the  second 

difficulty  of  bomdary-layer  calculations  for  separated  flows,  the  absence  of  upstream  influence. 

The  reason  why  freeing  p and  fixing  4*  removes  Che  singularity  is  Chat,  although  there  is  no  upstream 
influence  in  Che  differential  equations,  Che  solution  of  the  finite-difference  equations  at  x is  allowed  to 
adjust  Che  pressure  gradient  in  Che  finite-difference  interval  (x  - Ax,x)  so  as  to  preserve  a smooth  4* 
contour.  If  a singularity  in  (9l//3y)y  occurred  there  would  also  be  a singularity  in  4*  because  of  the  rapid 
change  of  profile  shape  very  near  the  surface.  It  is  not  very  helplul  to  ask  "how  does  (9''U/9y'')yadjusC 
itself  to  zero  at  the  point  of  zero  shear  stress?"  The  equations  simply  yield  (9''U/9y'')„  - 0 when  (9U/9y) 
passes  smoothly  through  zero;  in  general  of  course  i3‘*V/3y'')y  varies  as  (x  - x,)  . It  is  possible  in  principle 
to  remove  the  singularity  by  freeing  p and  fixing  almost  any  property  of  the  solution,  such  as  the  velocity 
at  some  specified  distance  from  the  surface.  There  is  absolutely  no  connection  between  the  presence  of  the 
singularity  in  shear  stress  and  the  rapid  growth  of  4 or  4*  at  separation;  the  singularity  is  a local  effect. 
In  practice  of  course  it  is  the  interaction  between  the  shear  layer  and  the  external  flow  that  adjusts  p to 
avoid  the  singularity  but  there  is  no  reason  why  that  interaction  should  be  strong.  The  other  consaon  form 
of  inverse  calculation,  with  specified,  is  concaptionally  straightforward;  the  singularity  disappears 
from  T„  and  does  not  appear  elsewhere. 
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In  turbulent  flow  the  region  affected  by  the  singularity  will  be  confined  to  the  viscous  sublayer. 
In  view  of  our  ignorance  of  the  behaviour  of  the  sublayer,  especially  near  separation,  refined  treatment 
of  the  singularity  %K>uld  be  premature. 


(ii)  Three-dimensional  steady  flow. 

Choose  the  axes  so  that  (dU/dy),,  passes  through  zero  along  a line  in  the  z direction  (Fig.l).  Then 
on  this  line  OU/3y)y  and  d/dz  OU/dy)y  are  zero  and  Eq.(4)  reduces  to  exactly  the  same  form  as  in  two 
dimensions  irrespective  of  the  behaviour  of  dW/dy  if  it  is  regular.  The  two-dimensional  analysis  holds  in 
entirety;  unless  p or  soise  other  boundary  condition  is  freed,  there  will  be  a singularity  (Ref. 7).  If  both 
(dU/dy>w  (dW/dy)y  go  to  zero  at  the  same  point  (isolated  point  of  zero  shear  stress)  the  z-derivative 
terms  in  Eq.(4)  will  not  necessarily  be  zero  if  a singularity  occurs,  but  they  will  be  zero  if  it  does  not 
occur.  That  is,  these  terms  do  not  affect  the  formation  of  a singularity.  Since  an  isolated  point  of  zero 
shear  stress  is  alisost  certain  to  be  associated  with  a massive  separation,  as  in  an  atiiK>spheric  tornado, 
the  thin-shear-layer  equations  %K)uld  not  be  applicable  to  the  problem  anyway. 


(iii)  Unsteady  two-dimensional  flow. 

There  is  great  controversy  about 
shows  the  dU/9y  will  approach  zero  as 
■ (l/u)dp/dx  and  therefore  its  tiae  de 
conditions  and  is  not  in  general  zero).  An  exception,  of  course,  is  the  semi -infinite  oscillating  plate 
on  idiich  dU/dy  goes  to  zero  at  all  x simultaneously.  The  controversy  is  partly  but  not  wholly  attributable 
to  confusion  between  "separation"  (i.e.  departure  of  the  shear  layer  from  the  surface)  and  the  occurrence 
of  zero  shear  stress,  and  between  "separation",  as  just  defined,  and  the  appearance  of  a singularity. 

(a)  There  is  no  doubt  that  in  unsteady  flow  the  point  of  zero  shear  stress  and  the  point  of  separation  can 
be  distinct,  (b)  The  prediction  of  large  d6/dx  (or  order  unity)  by  the  boundary  layer  equations  is  a sign 
that  those  equations  are  inadequate  because  d6/dx  « 1 is  assumed  in  their  derivation:  however  this  is  a 
physical  inadequacy  which  does  not  necessarily  imply  the  gross  mathematical  inadequacy  represented  by  the 
singular  behaviour  of  t^. 


this  case.  Inspection  of  Eq.(A),  with  the  U terms  neglected,  again 
(Xg  - x)i  unless  the  other  terms  cancel.  (Note  again  that  O^U/3y^)fi 
rivative,  the  first  term  in  Eq.(4),  is  determined  by  the  external 


Two  rather  detailed  reviews  of  unsteady  boundary  layers  have  been  published  recently,  and  disagree 
considerably.  Sears  and  Telionis  (Ref. 8)  do  not  discuss  the  detailed  behaviour  of  Eq.(l)  or  Eq.(4)  near 
the  point  of  zero  r^  but  state  that  their  numerical  calculations  show  no  difficulties  at  separation.  Riley 
(Ref. 9)  discusses  mathematical  behaviour  in  more  detail  and  quotes  the  work  of  Buckmaster  (Ref. 10)  %diose 
asymptotic  analysis  shows  that  the  singularity  at  the  point  of  zero  shear  stress  is  smoothed  out  although 
the  possibility  of  its  reappearance  in  the  reversed-flow  region  cannot  be  ruled  out.  The  above  analysis 
differs  from  both  these  view  points,  which  appear  to  contradict  the  findings  of  Brown  and  Stewartson  (Ref. 2) 
without  saying  so  explicitly. 


(iv)  Two-disiensional  steady  compressible  flow. 

Differentiation  of  the  equivalent  of  Eq.(l)  for  laminar  flow  yields 
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and  the  right-hand  side  contains  derivatives  of  p as  well  as  of  U.  Now  u is  controlled  by  the  enthalpy 
equation  which  is  in  turn  coupled  to  the  momentum  equation  via  U,  and  in  particular  via  the  dissipation 
term  M(dU/dy)^;  it  is  therefore  probable  that  a singularity  in  dU/9y  will  lead  to  a singularity  in  enthalpy 
h or  in  3h/dy,  and  possible  that  the  two  equations  will  in  fact  interact  so  as  to  avoid  the  singularity. 

The  enthalpy  equation  for  a gas  with  constant  Cp  is 


3x 


dx 
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At  the  separation  point  (U  - V - 3U/3y 


0)  this  gives 


or 
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(12b) 


If  the  heat  transfer  through  the  surface  is  zero,  (3T/3y)„  is  zero  and  so,  from  Eq.(12b)  is 
therefore  if  p is  a function  of  T only,  the  right-hand  side  of  Eq.(ll)  reduces  to  (|i3'*U/3y'*)v  as  in 
incoaq>ressible  flow,  and  the  singularity  is  still  present.  If  the  heat  transfer  is  non-zero  the  coupling 
can  suppress  the  singularity.  Stewartson  (Ref. II)  has  reached  a firmer  but  more  restricted  conclusion, 
that  heat  transfer  almost  certainly  does  preclude  the  appearance  of  the  singularity  in  the  case  of  a gas 
with  p a T and  Pr  ■ 1,  by  analysing  a power-series  expansion  of  the  solution.  The  situation  in  unsteady 
or  three-dimensional  flow  is  not  clear  but  it  seems  likely  that  the  velocity  and  temperature  fields  will 
again  interact  to  avoid  the  singularity. 


Buckmaster  (Ref. 10)  says  "reasonable  men  may  differ  in  their  opinion  as  to  whether  this  singular 
behaviour  occurs  in  practice"  (Chat  is,  in  the  Navier  Stokes  equations).  In  fact  there  is  no  positive 
reason  to  suppose  that  the  solution  of  Che  Navier  Stokes  equation  is  singular  except  perhaps  at  discontinuities 
in  surface  slope.  The  above  analysis  suggests  that  even  the  singularity  in  the  boundary  layer  equations  is 
quite  weak. 


M<4 


2.0  Upstream  Influence 

Here  we  follow  the  usual  meaning  of  ^'upstream",  namely  the  direction  opposite  to  the  main  direction  of 
motion:  the  latter  is  normally  the  positive  x direction.  According  to  the  Navier  Stokes  equations, 
conditions  at  a point  P (xQ,yo)  can  influence  the  flow  at  x < Xq  by 

(l)  pressure  disturbances,  propagating  at  the  speed  of  sound  (assumed  infinite  in  incompressible 
flow) 

(ii)  convected  disturbances,  moving  along  the  streamlines  at  the  velocity  of  the  fluid 
(iii)  viscous  diffusion,  at  a typical  velocity  of  order  times  the  flow  speed,  or  turbulent 

diffusion  at  a typical  velocity  of  order  0.01  to  0.1  times  the  flow  speed. 

Viscous  diffusion  in  the  negative  x direction  is  very  weak  at  high  Reynolds  nun^ers  and  can  almost  always 
be  neglected  (in  principle  it  could  aid  in  the  avoidance  of  the  singularity  at  the  point  of  zero  shear 
stress  but  is  probably  not  essential  even  there;  Stewartson's  triple  deck  analysis  of  separation  (Ref. 12) 
uses  the  thin-shear-layer  approximation  in  the  "lower  deck"  next  to  the  surface  and  thus  neglects  x-wise 
diffusion).  Longitudinal  turbulent  diffusion  of  oiomentum  is  also  weak.  Pressure  disturbances  can  carry 
upstream  influence  either  through  the  shear  layer  itself  or  via  the  inviscid  external  flow  (or  via  a 
recirculating-flow  region  below  a separated  shear  layer).  When  the  shear  layer  is  thin  and  slowly  growing, 
the  upstream  influence  transmitted  in  the  shear  layer  itself  is  negligible  compared  with  that  transmitted 
via  the  potential  flow  and  down  into  the  shear  layer  further  upstream.  According  to  the  thin  shear  layer 
approximation  it  is  zero.  To  represent  upstream  propagation  of  pressure  disturbances  in  the  shear  layer 
we  have  to  allow  the  pressure  within  the  shear  layer  to  vary  independently  of  the  free-stream  pressure,  i.e. 
to  allow  dp/dy  to  be  non-zero.  This  is  why  the  inclusion  of  (x-wise)  upstream  influence  requires  inclusion 
of  the  y-componeut  momentum  equation.  Note  that  highly-curved  but  slowly-growing  shear  layers  may  have 
significant  dp/dy  but  negligible  upstream  influence  (in  such  cases  the  y-component  momentum  equation  reduces 
to  dp/3y  • pU^/R  where  R is  the  radius  of  curvature  of  the  surface  or  the  known  axis  of  the  shear  layer, 
and  this  leaves  the  equations  parabolic).  Self-consistent  sets  of  approximate  equations  including  the  y- 
component  momentum  equation  will  be  discussed  below. 

The  one  form  of  upstream  influence  within  the  shear  layer  that  can  virtually  never  be  ignored  is 
convection  by  a reversed-f low  region.  If  it  is  present,  the  boundary  layer  equations  cannot  be  solved 
uniquely  by  marching  downstream  (Ref. 13)  even  if  the  reversed-f low  region  is  followed  by  a unidirectional 
thin  shear  layer  so  that  downstream  boundary  conditions  are  not  required.  In  shallow  "separation"  bubbles, 
dp/dy  may  be  negligible  and  longitudinal  diffusion  small  so  chat  the  thin  shear  layer  approximation  suffices 
even  though  the  streamline  angles  reach  90  deg.  at  the  extremities  of  the  closed  streamlines  (Fig. 2). 

Many  authors  have  developed  iterative  schemes  for  solving  the  chin-shear-layer  equations  for  separation 
bubbles.  The  first  and  sio^lesc  scheme,  that  of  Reyhner  and  Flugge-Lotz  (Ref .14),  sets  U to  zero  in 
UdU/dx  whenever  it  is  predicted  to  be  negative,  thus  removing  the  convective  upstream  influence.  This 
scneme  will  be  discussed  below;  it  is  currently  used  only  as  a first  approximation.  Most  of  the  later 
schemes  have  been  developed  for  laminar  flow  but  could  be  extended  to  turbulent  flow  by  inserting  a suitable 
turbulence  model:  Che  prospects  for  such  models  are  discussed  in  Paper  10. 


The  essential  feature  of  any  reversed-f low  calculation  method  is  Che  simulation  of  convective  upstream 
influence  by  allowing  conditions  at  x Ax  to  influence  the  solution  at  x.  That  is,  the  finite-difference 
"molecule"  used  in  Che  reversed-f  low  region  must  extend  downstream  of  the  station  being  calculated  (Fig. 4): 
a central-difference  molecule  could  be  used  in  principle  but  properties  at  x - Ax  would  be  irrelevant  and 
their  use  can  destabilize  the  solution  if  the  mesh  Reynolds  nun^er  UAx/v  exceeds  about  2.  The  use  of  one- 
sided "upwind"  differences*  like  those  implied  by  Fig. 4 gives  only  first-order  accuracy  in  dU/dx;  that  is, 
the  finite-difference  approximation  to  UdU/dx  at  x in  the  reversed-f low  region  is 


U 


dx 


Ax 


[u(x  + ax)  - U(x)]  + U — 2 — + 


(13) 
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where  the  position  at  which  Che  unsubscripced  U and  d^U/dx^  are  evaluated  is  iimnaterial  to  the  argument. 

The  term  in  d^U/dx^  can  be  grouped  with  the  viscous  term  vd^U/dy^  and  UAx/2  is  often  called  a "pseudoviscosity". 
If  VdU/dy  is  also  evaluated  by  an  upwind  - y-component  - difference  formula  an  error  of  order  (VAy/2) d^U/dy^ 
appears.  In  a conventional  boundary  layer  with  a typical  ratio  of  Ax  to  Ay  the  two  pseudoviscosity  terms 
would  be  of  the  same  order.  In  a conventional  boundary  layer  dU/dy  would  normally  be  evaluated  from  a 
central -difference  formula  because  V is  usually  too  small  for  instability  problems  to  arise,  but  in  reversed 
flow  regions  V may  be  large  enough  to  exceed  the  stability  limit  of  the  central-difference  scheme, 

VAy/v  » 2.  If  so,  the  central-difference  scheme  will  be  unsuitable  and  the  pseudoviscosity  term  VAyd^U/dy^ 
in  the  upwind-difference  scheme  may  be  appreciable.  So  far,  however,  central-difference  schemes  for  y 
derivatives  have  been  used,  without  apparent  trouble,  in  reversed-f low  regions.  Patankar  and  Spalding 
(Ref *15)  describe  a "high-lateral-flux"  modification  to  their  program  for  conventional  boundary  layers, 
which  is  implemented  if  V/U  is  large  and  which  introduces  an  upwind  difference  for  dU/dy:  similar  action 
could  be  taken  in  reversed-f low  regions. 


It  is  important  to  distinguish  between  the  use  of  upwind  differences  and  the  use  of  downwind 
(upstream)  marching.  Logically,  if  the  thin-shear-layer  equations  are  used  we  should  march  in  the  direction 
of  local  U,  discarding  profile  data  more  than  one  x step  behind  the  current  x station.  However  exactly 
the  same  results  can  be  obtained,  with  the  same  finite-difference  molecule,  by  successive  downstream 
sweeps,  using  stored  profile  data  from  the  previous  sweep  and  starting  with  a rough  approximation  to  the 
solution.  That  is,  on  the  n*th  sweep  we  evaluate  dU/dx  in  a reversed-f low  region  as 


3U/3X  » [u"“\x+ax)  - U"  (x)]/Ax  (14) 

with  l/*  ^(x.&x)  knotm.and  solve  for  u"(x)  .whereas  in  Che  single  sweep  of  upstream  marching  we  evaluate 
3U/3x  as 

3U/3X  . (U  (x+Ax)  - U(x)J/Ax  (15) 

* "upwind"  means  "against  the  local  stream  direction";  "upstream"  means  "against  the  main  scream  direction" 


with  U (x't-Ax)  kno%m,  and  solve  for  U(x).  Clearly  if  the  successive  dowiistreaa  sweeps  converge  so  that 
profiles  at  the  n'th  and  (n-l)'th  sweeps  are  the  same,  Eqs.(14)  and  (13)  are  the  same.  Successive 
downstream  marching  requires  more  computing  time  and,  because  of  the  need  to  store  U at  all  mesh  points 
within  the  reversed-f low  region,  more  computer  storage.  However  it  is  easier  to  incorporate  in  a 
solution  for  the  main  doimstream-'going  flow  because  iteration  is  needed  to  match  the  results  from  the 
upstream  sweep  in  the  reversed  region  to  the  results  from  the  downstream  sweep  in  the  main  part  of  the 
flow. 


Klemp  and  Acrivos  (Ref. 16)  have  obtained  solutions  for  a steady  laminar  separation  bubble  by  matching 
downwind  sweeps  at  the  boundary  between  the  domstream^going  and  reversed  regions  of  the  flow  (the  "zero* 

U line").  The  position  of  the  zero-U  line  was  guessed,  one  sweep  performed  in  each  region,  and  the  boundary 
position  y ■ r(x)  adjusted  to  improve  the  matching  of  dll/dy  (equivalent  to  t in  a laminar  flow;  U is  of 
course  set  to  zero  on  y ■ r(x)  for  both  sweeps).  Klemp  and  Acrivos  used 


r“*'(x) 


r"(x)  fl  + r I 

L T(x,r*)  -1 


(16) 


where  r is  an  under-relaxation  factor  set  at  about  0.3:  thus  if  t or  dU/3y  is  too  large  at  the  upper 
boundary  of  the  reversed  flow  region,  the  boundary  is  moved  outwards  to  reduce  dU/dy  in  the  reversed  flow 
region.  This  is  not  the  only  possible  strategy  for  matching,  but  apparently  no  further  work  has  been  done 
on  the  matching  of  sweeps  in  opposite  directions. 


The  earliest  technique  used  to  permit  downstream  matching  in  a reversed-f low  region  is  the  FLARE 
(Flugge-^tz  and  R^hner)  scheme  (Ref. 14)  of  setting  UdU/3x  to  zero  whenever  U is  negative.  This  of 
course  removes  upstream  influence  from  the  equations,  and  Che  x-component  momentum  equation  becomes 

(17) 

3y  p 5x 

which,  if  V is  regarded  as  known,  is  an  ordinary  differencial  equation  for  U.  If  V happened  to  be 
negligible,  this  equation  would  give  the  Coi£tte-flow  solution  of  a parabolic  U profile.  Matching  at  the 
zero-U  line  is  automatic,  to  within  ordinary  finite-difference  errors,  because  Eq.(17)  is  correct  there. 
Note  that  the  decision  whether  or  not  to  neglect  convective  terms  is  based  on  the  sign  of  the  finite- 
difference  form  of  U used  for  the  coefficient  in  UdU/dx;  if  that  finite-difference  form  is  the  sum  of  two 
or  more  velocities  at  different  mesh  points  the  individual  signs  are  not  considered.  It  follows  that  the 
zero-U  line  does  not  have  to  be  defined  explicitly  in  the  way  that  it  is  in  Klemp  and  Acrivos*  method. 
Carter  (Ref. 17)  states  that  if  reversed-f low  values  of  U are  less  than  roughly  3 percent  of  the  main 
stream  velocity,  the  FLARE  approximation  is  adequate.  Carter's  paper  is  a useful  review  of  past  work  on 
inverse  methods. 


Several  more  recent  workers  have  used  repeated  sweeps  of  downstream  marching,  changing  the  sense  of 
the  finite-difference  molecule  in  the  reversed-f low  region  to  retain  "upwind"  differences.  One  of  the 
latest  versions  of  this  approach  is  the  DUIT  scheme  due  to  Williams  (Ref. 18);  an  implementation  of  this 
for  the  "box"  molecule  is  described  by  Cebeci  and  Bradshaw  (Ref. 6).  It  seems  to  be  immaterial  whether 
"primitive"  variables  (the  velocity  and  pressure)  or  the  stream  function  and  vorticity  are  used.  However 
Carter,  using  an  upwind-difference  expression  for  vorticity,  had  to  resort  to  central  differences  for  the 
x-vise  gradients  of  his  stream  function;  the  reason  appears  to  be  that  stream  function  is  not  strictly  a 
convected  quantity.  These  schemes  frequently  use  FLARE  to  provide  a first  approximation. 

We  recall  that  the  above  schemes  are  often  used  in  an  inverse  manner  (specified  6*  or  Xy  rather  than 
p)  to  relax  the  singularities  at  point  of  zero  shear  stress.  Furthermore  the  whole  shear-layer 
calculation  has  to  be  iteratively  matched,  in  a real  problem,  with  the  inviscid-f low  solution.  The  need 
for  this  "outer  iteration"  means  that  the  "inner  iteration"  required  in  the  shear  layer  calculation  can 
be  carried  on  at  the  same  rate,  and  in  the  same  loop,  and  is  therefore  "free  of  charge". 

The  above  schemes  were  developed  for  steady,  two-dimensional  flow.  The  extension  to  steady  three- 
dimensional  flow  describable  by  the  boundary-sheet  equations  (with  the  inequality  3/dx,  3/3z  « 3/3y)  is 
straightforward  in  principle.  In  attached  three-dinmnsional  flow,  difficulties  are  encountered  in 
obtaining  the  solution  in  the  yz  plane,  at  given  x,  if  W changes  sign.  These  difficulties  are  quite 
closely  analogous  to  those  found  in  the  xy  plane  in  recirculating  two-dimensional  flow.  The  brute-force 
solution  is  to  solve  as  if  the  equations  were  elliptic  in  the  yz  plane,  analogous  to  a Navier-Stokes  field 

solution  for  recirculating  two-dimensional  flow.  However  Cebeci  (see  Ref. 19)  has  recently  used  a scheme 

%rhich,  at  each  x,  marches  in  the  predominant  direction  of  W (say  the  positive  z direction,  root-to-tip  on 
a swept  wing)  and  changes  the  sense  of  z-wise  differencing  when  W changes  sign.  Providing  that  the  x step. 
Ax,  is  smaller  than  (U/W)Az  (the  appropriate  form  of  the  Courant  condition  for  the  xz  plane,  z-wise  viscous 
diffusion  being  neglected)  the  procedure  is  stable.  Only  one  z-wise  sweep  is  needed  at  each  x;  this  is  not 
an  iterative  procedure  but  an  x-wise  development  from  a "known"  solution  at  the  initial  x.  Clearly  it  is 
much  faster  than  an  elliptic  solution  in  the  yz  plane  at  each  x,  and  combining  it  with  one  of  the  iterative 
schemes  for  recirculating-flow  described  above  would  be  fairly  economical.  The  calculation  would  consist 
of  three  nested  loops  (Fig. 3):  the  innermost  loop  is  the  z wise  march,  calculating  U(y)  and  W(y)  at  each 
z,the  sense  of  z-vise  differencing  depending  on  the  sign  of  W;  the  next  loop  is  the  streanwise  march,  with 
the  sense  of  x-vise  differencing  depending  on  the  sign  of  U;  and  the  outer  loop  is  the  iteration  which 

Lag>roves  the  initial  guess  at  the  solution  for  U and  W as  functions  of  x,  y and  z. 

The  strongly  three-dimensional  separation  that  occur  at  highly-swept  leading  edges  or  on  the  leeward 
side  of  conical  bodies  have  been  discussed  in  Paper  9.  Providing  that  the  vortex  sheet  leaves  the 
body  at  a sufficient  angle  to  be  well  outside  the  boundary  layer  this  approach  is  quite  acceptable.  There 
are,  however,  occasions  when  rolled-up  vortex  sheets  remain  merged  with  the  boundary  layer.  Examples 
include  wing-body  junctions  and  the  flow  over  a cone  at  an  angle  of  incidence  slightly  larger  than  its  own 
seou -angle.  It  is  a nice  point  whether  such  flows  should  be  counted  as  separated;  in  any  case  they  must 
be  treated  by  using  the  "slender-shear-layer"  equations  in  which  y-wise  gradients  and  z-wise  gradients  are 
of  equal  order  while  x-wise  derivatives  are  of  order  6/i  times  these.  The  behaviour  of  the  pressure  in 


in  Che  y z plane  may  be  critical.  The  solution  of  these  equations  involves  an  elliptic  problem  in  the  y z 
plane  combined  with  an  x-wise  marching  scheme  and  is  straightforward  in  principle  providing  that  Che 
boixidary  conditions  can  be  specified  explicitly  or  derived  from  iteration  with  a boundary  layer  solution 
over  Che  rest  of  the  body  surface. 

One  of  the  first  successful  solutions  for  unsteady  "separated"  flow  was  Chat  of  Phillips  and  Ackerberg 
(Ref. 20).  The  flow  Created  was  actually  Chat  over  an  oscillating,  semi-infinite  plate  so  the  surface  shear 
stress  changed  sign  but  the  shear  layer  did  not  leave  Che  surface.  The  solution  involved  marching  in  Che 
positive-x  direction,  once  for  each  time  step.  The  inviscid  unsteady-flow  equations  are  hyperbolic,  so  the 
behaviour  of  Che  convective  terms  in  Che  unsteady  Chin-shear-layer  equations  is  hyperbolic  also.  Thus 
Phillips  and  Ackerberg  had  Co  ensure  that  the  time  step  was  less  than  &x/u  and  that  the  spatial  differencing 
followed  the  usual  "upwind"  rules.  A guessed  solution  is  required  at  t • 0 for  all  x,  y;  if  the  motion 
starts  at  t • 0 the  solution  is  null.  Phillips  and  Ackerberg's  flow  was  a rather  specialized  one,  and  they 
were  able  to  use  the  Rayleigh  solution  for  an  oscillating  infinite  plate  as  Che  downstream  boundary  condition 
at  X > t/U  where  U is  a typical  downstream-going  flow  velocity . Similar  but  more  complicated  expedients 
may  be  usable  in  more  general  flows. 
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1.0 


INTRODUCTION 


The  calculation  of  any  high  Reynolds  number  flow  with  large  amounts  of  separation  presents  a formidable 
challenge  to  the  modem  fluid  dynamicist.  The  general  features  of  unsteady  separated  flows  on  oscillating 
airfoils  have  been  described  In  detail  In  Papen6ind8;  some  of  these  are  Indicated  schematically  In 
Fig.  1.  We  turn  our  attention  now  to  a number  of 
special  techniques  that  have  been  suggested  for  pre- 
dicting the  engineering  quantities  of  Interest,  such 
as  the  Instantaneous  values  of  lift,  drag,  and  pitch- 
ing moment.  It  should  be  emphasized  again  that  a11 
of  these  methods  are  still  being  developed,  refined, 
and  Improved,  even  In  two  spatial  dimensions.  Fur- 
thermore, all  except  the  laminar  Navler  Stokes  calcu- 
lations Invoke  some  sort  of  simplifying  assumptions 
and  approximations,  and  their  limitations  and  valid- 
ity remain  to  be  established. 


2.0 


THE  DISCRETE  POTENTIAL  VORTEX  APPROACH 


One  of  the  most  promising  analytical  approaches 
to  the  problem  of  strong  dynamic  stall  with  fully 
developed  vortex  shedding  takes  Its  cue  from  the  dis- 
crete vortex  model  that  has  been  applied  to  bluff- 
body  separation  (Fig.  2).  In  the  simpler  case  of  a 
cylinder  In  the  low  subcritical  Reynolds  nunber  re- 
gime (Paper  6,  Section  2).  alternate  or  staggered  rows  of 
potential  vortices  produce  the  essential  features  of 
the  actual  forces  on  the  cylinder,  but  the  vortex 
spacing  and  frequency  have  to  be  specified  empiri- 
cally. 

The  Initial  vortex-shedding  phenomenon  on  a 
thin  flat  plate  was  first  modeled  by  a series  of 
emitted  vortices  by  Ham  (Ref.  1),  as  shown  on  the 
right  In  Fig.  2.  Each  vortex  rtnves  under  the  In- 
fluence of  all  the  others,  and  the  result  Is  a ten- 
dency for  the  Individual  filaments  to  coalesce  Into 
a structure  that  resembles  the  experimentally- 
observed  features  of  dynamic  stall. 

As  In  the  case  of  the  cylinder,  assumptions 
have  to  be  made  regarding  the  geometry  and  strength 
of  the  vortex  emissions.  In  fact,  the  crux  of  this 
general  approach  lies  In  choosing  the  strength  to  be 
assigned  to  each  vortex  and  In  the  mechanism  for 
relating  the  birth  of  the  vortices  to  the  boundary- 
layer  separation  characteristics  on  the  body.  Ham 
started  the  process  at  an  arbitrarily-assumed  Inci- 
dence, and  adjusted  the  strength  of  the  vortex  emis- 
sions to  Insure  stagnation  points  at  the  two  edges 
of  the  plate. 

This  approach  has  been  extended  and  refined  at 
Soclete  Bertin  In  France  (Refs.  2,  3)  for  an  airfoil 
with  finite  thickness  and  leading-edge  radius.  The 
vortices  are  emitted  from  the  point  of  boundary- 
layer  separation  In  the  leading-edge  region,  and  the 
circulation  of  the  vortex  filaments  grows  according 
to  the  flux  of  vorticity  from  the  boundary  layer. 

This  has  been  simplified  to 
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Fig.  1.  Sketch  of  the  flow  fields  around  airfoils 
at  high  Incidence. 
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Fig.  2.  Sketch  of  the  discrete  vortex  model  applied 
to  a cylinder  In  a uniform  free  stream  and  to  a 
flat  plate  following  an  Impulsive  start. 
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Where  U Is  the  velocity  at  the  edge  of  the  boundary  layer  at  the  separation  point  and  U^  Is  the  maximum 
reverse  velocity  Induced  by  the  free  vortices  above  the  airfoil.  The  flow  fields  resulting  from  the  com- 
bination of  the  body  and  the  free  vortices  Is  calculated  by  an  adaptation  of  the  numerical  potential-flow 
technique  of  Glesing  (Ref.  4). 

Figure  3 shows  a comparison  between  the  calculated  and  measured  flow-field  development.  Indicating 
both  the  complexity  of  the  flow  and  the  degree  to  which  the  overall  features  are  reproduced.  Normal  force 
hysteresis  loops  are  compared  In  Fig.  4.  The  theoretical  case  starts  from  potential  flow  at  a ■ 15*:  the 
curve  falls  to  close  because  steady-state  oscillatory  viscous  motion  Is  not  achieved  at  the  end  of  the 
first  cycle.  Nevertheless,  the  results  are  encouraging. 
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Fig.  4.  Experimental  and  calculated 
normal  force  hysteresis  for  the 
conditions  of  Fig.  3. 


Fig.  3.  Experimental  and  calculated  flow  fields 
on  an  oscillating  airfoil  (Ref.  2).  a = 

15°  + 6°  sinu)t.  k * 0.24,  Re  = 10^. 


Although  somewhat  complex,  the  numerical  Imple- 
mentation of  this  approach  does  not  seem  to  be  a major 
limitation.  Instead,  the  main  drawback  at  this  time 
Is  that  crucial  assumptions  still  have  to  be  made  In 
order  to  perform  the  calculations.  The  Incidence,  or 
time,  at  which  the  free-vortex  emissions  begin  has  to  be  specified.  In  addition,  the  results  have  been 
found  to  be  sensitive  to  (1)  the  angle  at  which  the  vortex  sheet  leaves  the  surface;  (2)  the  time  at  which 
the  emissions  terminate,  so  as  to  start  the  reattachment  process;  and  (3)  the  viscous  diffusion  of  the 
free  vortices.  Thus,  while  this  method  seems  promising.  It  has  not  yet  been  developed  to  a reliable  state 
for  arbitrary  profiles  under  arbitrary  unsteady  conditions. 


3.0  THE  THIN  BOUNDARY  LAYER  APPROACH 

A logical  starting  point  for  calculating  unsteady  separated  flow  Is  to  analyze,  with  the  aid  of  the 
classical  Prandtl  boundary-layer  equations,  the  thin  viscous  layer  on  an  oscillating  airfoil.  The  inclusion 
of  unsteady  terms  In  these  equations  could  be  expected  to  alter  the  separation  characteristics,  so  that  some 
Indication  of  unsteady  stall  behavior  might  be  calculated,  even  though  this  approach  Is  Incapable  of  treat- 
ing the  problem  In  its  entirety.  Any  one  of  several  unsteady  boundary-layer  methods  should  suffice  (Refs. 

5,  6). 


Figure  5 Illustrates  a tralling-edge  separation  flow  for  which  boundary- layer  theory  might  apply  up- 
stream of  the  separated  zone.  For  high- Incidence  conditions  at  low  or  moderate  reduced  frequencies  of 
oscillation,  the  laminar  flow  near  the  leading  edge  Is  exposed  to  severe  spatial  pressure  gradients,  and 
the  unsteady  derivatives  In  the  boundary- layer  equations  are  relatively  unimportant,  as  Indicated  In  the 
upper  part  of  Fig.  5.  This  predominance  of  u 3u/3x  over  3u/3t  Is  manifested  in  Fig.  6 from  Ref.  7, 
where  the  locus  of  the  point  where  the  laminar  flow  reverses,  that  Is,  where  Cf  * 0,  is  hardly  affected 
by  the  airfoil  motion.  On  the  other  hand,  the  turbulent  flow  reversal  occurs  In  a region  where  temporal 
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Fig.  5.  Sketch  of  an  oscillating  airfoil  with 
partial  tralling-cdge  separation. 


cr- 16®  ♦ e“  linuit  2Ugo 


Fig.  6.  Calculations  of  the  loci  of  laminar  and 
turbulent  flow  reversal  on  an  oscillating 
airfoil  (Ref.  7).  Arrows  Indicate  Increas- 
ing time. 
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and  spatial  gradients  are  comparable  In  magnitude,  a-o.Mi^/c 

again  Indicated  In  Fig.  5.  As  a result,  the  locus 
of  turbulent  Cf  • 0 shows  a large  amount  of  hyster- 
esis, In  agreement  with  experimental  observations. 

Figure  7,  from  Ref.  8,  shows  another  example  wherein 
unsteady  effects  delay  the  onset  of  turbulent  flow 
reversal  on  an  airfoil  whose  Incidence  Increases 
linearly  with  time. 

Although  calculations  of  the  types  shown  In 
Figs.  6 and  7 provide  a qualitative  explanation  of 
the  delay  In  the  onset  of  dynamic  stall,  they  have 
limited  quantitative  utility.  Furthermore,  they 
give  few  clues  to  the  mechanisms  responsible  for  the 
vortex-shedding  phenomenon  that  Is  such  a prominent 
feature  of  strong  dynamic  stall.  Part  of  this  Is 
simply  the  Inherent  limitations  of  classical 
boundary  layer  theory  Insofar  as  a coupled  Inter- 
action between  viscous  and  Inviscid  regions  Is  con- 
cerned. Also,  part  Is  probably  due  to  the  fact  that 
the  point  of  boundary  layer  flow  reversal,  as  cal- 
culated by  the  standard  methods,  does  not  have  the 
special  significance  In  the  unsteady  case  that  It 
does  In  steady  flows.  This  difference  between  flow 
reversal  and  catastrophic  separation  has  been  ad- 
dressed In  prevlou'.  lectures  of  this  series,  and  so 

the  point  will  not  be  Aielt  upon  here.  A great  deal  more  basic  research  remains  to  be  done  to  define  use- 
ful separation  criteria  based  on  boundary  layer  theory  for  the  unsteady  cases  of  practical  Importance. 


Fig. 


7.  Calculations  of  the  loci  of  turbulent  flow 
reversal  on  a linearly-pitching  airfoil  (Ref.  8). 
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THE  STRONG  INTERACTION  APPROACH 


A more  realistic  representation  of  the  flow  field  sketched  In  Fig.  5 would  result  If  the  boundary- 
layer  concepts  were  to  be  retained  wherever  possible,  while  allowing  a strong  coupling  to  exist  between 
the  viscous  flow  In  the  separated  zone  and  the  surrounding  Inviscid  flow.  Crimi  and  Reeves  (Ref.  9)  have 
made  an  ambitious  analysis  of  this  sort.  However,  they  paid  more  attention  to  the  details  of  bursting  of 
the  leading-edge  bubble,  shown  In  Fig.  5 as  the  mechanism  for  transition,  rather  than  to  the  effects  of 
tralling-edge  separation.  Partly  as  a result  of  this  and  partly  because  of  some  deficiencies  that  are 
described  below,  the  method  has  not  yet  gained  widespread  acceptance. 

Crlml  and  Reeves  modeled  the  Inviscid  flow  with  an  extension  of  unsteady  thin-airfoll  theory,  repre- 
senting the  airfoil  and  the  separated  flow  with  distributed  source  and  vortex  singularities.  Finite  dif- 
ference calculations  of  the  unsteady  boundary  layer  equations  were  performed  for  the  attached  flow,  using 
an  eddy-viscosity  model  for  the  turbulent  flow.  In  the  absence  of  boundary- layer  separation,  no  Interac- 
tion between  the  viscous  and  inviscid  flow  was  considered. 

For  the  airfoil  considered,  laminar  separation  occurred  near  the  leading  edge.  The  ensuing  free-shear 
layer  was  analyzed  with  an  Integral  method  that  had  been  developed  earlier  for  supersonic  wake  flows  (Refs. 
10,  11).  Because  this  method  Included  the  analysis  of  the  leading  edge  separation  bubble,  the  first  step 
was  to  determine  whether  the  turbulent  flow  following  transition  within  the  bubble  would.  In  fact,  overcome 
the  adverse  pressure  gradient  and  reattach  within  the  bounds  of  the  Inviscid  pressure  distribution.  That 
Is,  would  the  bubble  close  without  bursting?  If  not,  then  the  separated  zone  was  allowed  to  grow  according 
to  a prescribed  mass-conservation  law  and  to  Interact  with  che  inviscid  flow.  In  this  case,  the  viscous 
and  Inviscid  regions  were  Iterated  until  mutually-consistent  solutions  were  obtained. 

despite  the  many  approximations  and  assumptions  that  had  to  be  made  In  the  analysis,  all  of  the  essen- 
tial flow  elements  seem  to  have  been  Included,  although  the  application  to  tralling-edge  stall  was  not 
attempted.  Crlml  and  Reeves  (Ref.  9)  and  Crlml  (Refs.  12,  13)  applied  the  method  to  a variety  of  unsteady 
airfoil  and  helicopter  problems,  with  varying  degrees  of  success.  One  of  the  main  faults  was  that  the 
basic  prediction  of  whether  the  leading-edge  bubble  would  burst,  even  under  static  conditions,  did  not 
seem  to  depend  In  the  proper  manner  on  Reynolds  number  and  leading-edge  geometry.  Attempts  by  the  present 
author  to  apply  the  method  to  the  prediction  of  the  static  and  dynamic  stall  characteristics  of  several 
helicopter- type  airfoils  which  are  thought  or  known  to  stall  by  the  bubble-bursting  mechanism  have  not 
correlated  well  with  experiments. 

A recent  improvement  of  the  bubble  analysis  (Ref.  14)  seems  to  show  better  agreement  with  experiments 
on  unstalled  airfoils,  but  the  reliable  prediction  of  leading-edge  stall  remains  to  be  demonstrated.*  Fur- 
thermore, the  viscous  part  of  the  analysis  does  not  account  for  the  feature  of  a thin  layer  of  reversed 
flow  near  the  wall  before  catastrophic  separation  begins  In  the  unsteady  case,  as  discussed  In  Paper  6.  Section 
I;  Paper  8,  Section  3;  and  Section  3 of  this  Paper.  Therefore,  Its  application  to  dynamic  stall  should  be  viewed  with 
caution  at  this  time.  Nevertheless,  the  general  approach  of  matching  various  viscous  and  Inviscid  regions, 
with  simplifying  approximations  In  each,  remains  an  attractive  alternative  to  the  Navler-Stokes  calculations 
described  below. 


5.0  SOLUTIONS  TO  THE  NAVIER-STOKES  EQUATIONS 

The  Inherent  limitations  of  potential  theory  and  boundary- layer  theory  can,  of  course,  be  overcome  by 
the  use  of  the  full  Navler-Stokes  equations.  Unless  special  techniques  or  approximations  are  employed, 
however,  this  approach  Is  limited  to  laminar  flows  at  Reynolds  numbers  much  lower  than  realistic  for  most 
practical  applications.  Nevertheless,  recent  calculations  (Refs.  15-18)  have  shed  new  light  on  the  basic 
mechanisms  of  stall  under  unsteady  conditions  at  2000  s Re  s 10,000. 


*The  same  statements  apply  to  other  bubble-bursting  prediction  methods,  as  well. 


The  approach  at  low  Reynolds  numbers  Is  to  apply  Implicit  finite  difference  techniques  to  the  stream- 
function  and  vorticity-transport  equations  In  two  dimensions. 

ii  ♦ Itli  . lili  . 1 (2) 

at  ay  ax  ax  ay  Re 


where  i|i  Is  the  nondimenslonal  stream  function  and  c Is  the  nondimenslonal  vorticity.  The  formidable 
task  of  numerically  solving  the  finite  difference  analogs  of  these  equations  requires  large  amounts  of  time 
on  large  computers,  careful  attention  to  grid  networks  and  boundary  conditions,  and  special  numerical  tech- 
niques to  minimize  the  computational  effort.  Each  Investigator  (Refs.  15-18)  has  his  special  and  elabor- 
ate techniques  for  each  of  these  aspects  of  the  problem,  and  further  discussion  of  these  methods  Is  beyond 
the  scope  of  this  lecture. 

Mehta's  results  (Ref.  15)  may  be  cited  as  repre- 
sentative  of  the  state  of  the  art  for  this  approach. 
(NWATwa  Reaio  , kBO.iB  Figure  0 shows  streamlines  calculated  using  a second- 

••nMT  order  scheme  for  an  oscillating  airfoil  at  Re  » lO**, 

compared  with  flow  visualizations  obtained  by  H.  Werl6 
^ of  ONERA  (Ref.  19)  for  Identical  flow  conditions.  The 

^ . latter  were  obtained  as  trajectories  of  air  bubbles  In 

''t  a water  tunnel , and  the  experimental  flow  pattern 

5!®'  ^7  shows  the  same  structure  of  separation  bubbles  and  vor- 

tices  that  were  calculated.  Figure  9 shows  the  varla- 

tion  of  o(t)  after  a uniform  state  had  been  developed 

at  a ° 0,  as  well  as  the  calculated  pressure  distri- 
bution during  the  early  stages  of  the  oscillatory 
motion.  The  suction  peaks  over  the  middle  of  the  air- 
foil shown  in  curves  5 and  6 are  direct  manifestations 
of  the  two  main  separation  bubbles  and  vortices  shown 
In  Fig.  8. 

These  calculations  have  produced  Impressive  results 
that  show  the  forward  vortex  development  to  be  qualita- 
tively similar  to  the  experimental  results  obtained  at 
high  Reynolds  numbers,  described  In  Papeis6and8 
Nevertheless,  the  calculated  force  and  moment  behavior 
Fig.  8.  Navler-Stokes  calculations  (Ref.  15)  and  at  Re=  10“*  Is  considerably  different,  quantitatively, 
flow  visualization  (Ref.  19)  of  the  flow  ff'om  the  behavior  at  Re  = 10®  and  higher.  This  is  not 
field  of  an  oscillating  airfoil.  Conditions  surprising,  in  view  of  the  turbulent  state  of  the  boun- 
clted  in  Fig.  9.  dary  layer,  separated  region,  and  far  wake 

at  high  Reynolds  number  and  the  absence  of 
__  the  multiple-vortex  pattern  that  occurs  at 

Reynolds  number.  These  differences 

o.  IQ  \ point  out  the  limitations  of  the  low  Reynolds 

y X RP-ioa  number,  or  purely  laminar,  calculations, 

Q ±/ , . , A Re-io  apart  from  any  questions  of  the  practicality 

0 TT  Ztt  /I  ^^*0.25  of  the  computer  codes. 

5 [ J \ * logical  question,  then.  Is 

1 ' — ^ le  what  about  high  Reynolds  number  calcula- 

1 1 tions  of  the  so-called  Reynolds-averaged 

4 - \ I \-  1 Navler-Stokes  equations  with  some  sort  of 

\ j \ U''  turbulence  modeling?  So  far,  this  approach 

j _ N N I applied  to  several  simpler  prob- 

^ V / \ lems,  such  as  the  transonic  shock  wave- 

“Cp  \ ! >6^4  ^ — \y  boundary  layer  Interactions  described  In 

2 - \ Paper  8.  Section  4,  but  not  to  the  dynamic  stall 

— 5^  problem  on  an  oscillating  airfoil.  Mr. 

I 14.0  MacCormack  will  address  these  Issues  In 

' ■ I — z7^\0.0  ANGLE  twre  detail  In  the  following  lecture,  but 

I ^ ATTACK,  the  prospects  for  success  for  the  latter 

Q ^ I I . o.  seem  less  than  favorable  at  the  moment. 

The  viscous  region  of  the  dynamic  stall 
flow  field  Is  quite  large,  and  this  may 

-i} * ' require  a relatively  fine  computational 

0 .25  .50  .75  1.0  gr-lij  over  a much  larger  portion  of  the  flow 

CMOMOWISE  LOCATION,  x/c  field  than  Is  now  feasible.  Much  more  dif- 

ficult, however.  Is  the  question  of  how  to 
model  the  turbulence  In  such  a complex  slt- 

Flg.  9.  Calculations  of  the  upper-surface  pressure  distribu-  uatlon.  Considerable  new  basic  research, 
tion  before  and  during  dynamic  stall  (Ref.  15).  theoretical  and  experimental,  will  be 

required  to  answer  this  question  adequately. 


Fig.  8.  Navler-Stokes  calculations  (Ref.  15)  and 
flow  visualization  (Ref.  19)  of  the  flow 
field  of  an  oscillating  airfoil.  Conditions 
cited  in  Fig.  9. 


Re =10'* 


^r^4.0 
■laO  ANGLE 
OF  ATTACK, 
a.  deq 


0 .25  .50  .75  1.0 

CMOROWISE  LOCATION,  x/c 


Fig.  9.  Calculations  of  the  upper-surface  pressure  distribu 
tion  before  and  during  dynamic  stall  (Ref.  15). 


6.0  EMPIRICAL  CORRELATIONS  OF  EXISTING  DATA 

Despite  the  lack  of  a thorough  understanding  of  dynamic  stall  and  the  shortcomings  of  the  various  the- 
oretical approaches,  several  empirical  methods  exist  for  estimating  the  unsteady  airloads  on  oscillating 
airfoils.  These  methods  seek  to  correlate  force  and  moment  data  obtained  from  relatively  simple  wind 
tunnel  tests  In  formulations  that  show  the  effects  of  the  numerous  relevant  parameters,  such  as  airfoil 
shape,  Mach  number,  amplitude  and  frequency  of  sinusoidal  oscillations,  mean  angle,  and  type  of  motion. 

Common  to  all  the  available  literature  relevant  to  dynamic  stall  Is  the  observation  that  unsteady  ef- 
fects Increase  with  Increasing  pitch  rate,  that  Is,  rate  of  change  of  airfoil  Incidence.  It  Is  also  evident 
that  the  dynamic  stall  events  require  finite  times  to  develop.  Therefore,  some  form  of  the  nondimenslonal 
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parameters  dc/U_  and  U.At/c  appears  In  all  of  the  empirical  methods.  Another  conmon  aspect  Is  that  the 
empirical  correlations  are  used  as  corrections  to  steady  airfoil  data,  so  that  the  geometrical  and  Reynolds 
number  effects  are  only  accounted  for  Insofar  as  they  determine  the  static  section  characteristics. 

The  highlights  of  several  methods  currently  In  use  by  the  helicopter  Industry  are  outlined  below. 

More  detailed  accounts  of  each  can  be  found  In  the  references  cited  and  In  two  recent  review  articles 
(Refs.  20.  21). 


Boeing- Vertol  Ganiiia  Function  Method  (Refs.  22. 


The  onset  of  dynyil c stall  Is  assumed  to  occur  at  * acs  Aap.  where  ass  the  static  stall 
angle  and  Aon  « >i4c/U„.  The  quantity  y.  which  Is  the  essential  empirical  function,  depends  on  airfoil 
geometry  and  Mach  number  and  Is  different  for  lift  and  moment  stall.  The  gaima  functions  were  generated 
from  a large  amount  of  data  generated  In  a Boeing  transonic  wind  tunnel  test  of  various  airfoils  oscillat- 
ing sinusoidally  In  pitch.  The  force  and  moment  coefficients  are  constructed  from  static  data  using  an 
equivalent  angle  of  attack  that  accounts  for  unsteady  potential-flow  effects,  agq,  and  a reference  angle. 
Op  « o - Y/|ac/U„l  slgn(o),as  follows; 

* [oeq/“r^  *-1  “r) 

Cg  • Cq  (at  Op) 

Cm  * [0-25  - Xc.p.]Cl 

The  location  of  the  aerodynamic  center  of  pressure,  Xc.p.,  Is  specified  empirically  In  the  current  version 
of  the  method  (Ref.  24).  This  formulation  permits  a dynamic  overshoot  of  Ci  above  Its  maximum  static 
value,  but  not  of  Cq.  Also,  It  should  be  noted  that  opg  Is  always  less  than  amax- 


UTRC  o.  A.  B METHOD  (Refs.  25.  26) 


A table-lookup  correlation  method,  which  has  recently  been  synthesized  Into  a more  streamlined  format, 
was  developed  at  United  Technologies  Research  Center  to  determine  C|_  and  C|i)  from  three  Independent  param- 
eters of  the  airfoil  motion.  The  choice  of  the  parameters  was  Inspired  by  thin-airfoll  potential  theory; 
they  are  the  Instantaneous  Incidence  a(t),  the  angular  velocity  parameter  A • 4c/2U«,  and  the  angular 
acceleration  parameter  B • aC^/4U„^.  The  data  base  for  the  empirical  correlations  came  from  experiments 
on  an  NACA  0012  airfoil  oscillating  In  pitch  at  M 0.3,  Including  both  sinusoidal  and  nonsinusoldal  motion. 
None  of  the  data  attained  the  extreme  values  that  have  been  observed  to  accompany  the  fully-developed  vortex 
shedding  phenomenon. 


MIT  Method  (Ref.  27) 


This  method  Is  basically  an  empirical  representation  of  the  forces  and  moments  due  to  the  vortex- 
shedding  phenomenon  for  ramp  changes  in  angle  of  attack.  The  actual  angle  of  dynamic  stall  must  be  speci- 
fied separately;  the  value  aps  • “ss  3°  has  normally  been  used.  For  ass  < a < ops,  the  data  below 
static  stall  are  extrapolated.  Starting  at  a * aps,  Ci_  and  are  assumed  to  Increase  linearly  with 
time,  over  a specified  time  Interval,  from  Invlsclo  to  peak  values  that  depend  on  dc/U.  at  the  Instant 
of  dynamic  stall.  If  this  Is  attained  before  a • (iinax>  then  C(,  and  Cm  remain  constant  until  onux- 
They  decay  exponentially*  with  preassigned  time  constants  thereafter,  until  the  static-stall  values  are 
attained.  These  new  values  are  retained  until  a * agg  on  the  downstroke,,  when  the  unstalled  static  sec- 
tion characteristics  are  resumed. 


Lockheed  Method  (Refs.  28.  29) 


This  combined  analytical  and  empirical  modeling  of  dynamic  stall  Incorporates  phase  lag  time  constants 
and  pitch-rate-dependent  stall  angle  delay  Increments  Into  a ficticious  effective  angle  of  attack.  This  ef- 
fective angle  Is  used  to  construct  and  Cm  from  static  airfoil  characteristics  and  a linear  combination 
of  a number  of  separate  dynamic  stall  elements.  Some  of  these  elements  are  assumed  to  be  analogous  flow 
phenomena  that  have  been  treated  elsewhere  in  the  literature,  such  as  leading  edge  jets,  the  lag  In  circula- 
tion build-up  on  a pitching  airfoil  In  potential  flow,  separation  over  moving  walls,  fluctuating  pressure 
propagation  In  turbulent  boundary  layers,  and  the  vortex  lift  due  to  leading-edge  vortices  on  delta  wings. 
Other  elements  are  modeled  directly  from  dynamic-stall  measurements  on  oscillating  airfoils.  In  this 
sense,  the  method  has  more  degrees  of  freedom  than  any  of  the  others,  and  Information  from  many  sources 
has  been  utilized. 


At  low  freouency,  the  phase  lag  of  the  effective  Incidence  Is  linearly  proportional  to  uc/U„.  The 
latest  version  (Ref.  29)  Includes  Increments  of  Cl  and  Cm  due  to  the  vortex  shedding  phenomenon,  that 
are  proportional  to  sln^a.  Compressibility  corrections  are  developed  from  various  applications  of  the 
Prandti-Glauert  rule.  It  may  be  mentioned  that  this  Is  the  only  method  which  distinguishes  between  pitch- 
ing and  plunging  motion. 


Time- Del  ay  Methods  (Refs.  30.  31) 


The  basic  Idea  of  this  approach  Is  that  each  dynamic  stall  event  Is  governed  by  a separate,  universal 
nondimenslonal  time  constant  of  the  form  t « U_at/c,  regardless  of  the  time-history  of  the  motion.  The 
construction  of  the  force  and  moment  characteristics  can  be  explained  with  the  aid  of  Fig.  10,  which  Is 
adapted  from  Ref.  31.  If  to  Is  the  time  at  which  the  angle  of  attack  passes  through  asst  then  moment 
stall  begins  at  time  t;  • to  + tj  c/U,  and  Climx  occurs  at  t2  • to  ♦ t2  c/U_.  For  to  < t < tj  (line 
segnents  1 In  the  figure),  the  values  of  Cl  and  Cm  are  taken  from  unsteady  potential  theory.  For  t,  < 
t < t2.  Cl  continues  this  trend,  but  the  aerodynamic  center  of  pressure  moves  rearward  along  the  locus  of 
the  static  curve  of  Xc.n,  vs  a.  Therefore,  -Cm  Increases  along  line  segment  2 according  to  the  relation 
Cm  • (0.25-  Xg  p ) Cl  during  this  time  Interval. 


•A  linear  decay  over  a time  Interval  Aut  • 0.2  has  also  been  used. 
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Fig.  10.  Sketch  of  the  principal  phases  of  the 
dynamic  stall  calculations  by  the  Time-Delay 
Method. 


a-IS^Clinut  k-0.24 


a- 15°  * 14*  wiut  h-0.10 
EXPERIMENT 


Fig.  11.  Predictions  and  measurements  of  maximum 
normal-force  and  pitching-moment  coefficients 
for  an  oscillating  airfoil;  revision  of  Ref. 
20. 


After  lift  stall  at  t * tj.  Cl  decreases  by  an 
empirical  exponential  law  with  respect  to  time,  whereas 
Cm  is  calculated  from  the  same  relation  as  before. 

Line  segments  3 terminate  at  a * 055  a value 

of  Cl  that  corresponds  to  a ful ly-separated  approxi- 
mation, indicated  in  the  figure.  The  return  to  minimum 
incidence,  line  segments  4,  Is  governed  by  still  other 
exponential  functions. 

In  Ref.  iO,  the  time  constants  ii  * ? and  * 6 
were  chosen  based  on  the  NACA  0012  studies  at  UTRb  that  . 
supplied  the  data  for  the  a.  A,  B Method.  These  values 
have  since  been  modified  to  2.5  and  5.0,  respectively 
(Ref.  32).  The  large  Boeing-Vertol  data  base  was  used 
in  Ref.  31  to  set  tj  * 2.44  and  t,  - 5.41.  The  method 
makes  no  provision  for  compressibility  phenomena  other 
than  in  the  static  characteristics  for  Cl(o)  and 
Xc.p.(o),  nor  for  the  contribution  of  the  vortex- 
shedding  phenomenon  to  Cl,  and  hence  to  C^. 

Discussion  of  the  Methods 


All  of  the  methods  described  above  provide  esti- 
mates of  the  effects  of  unsteady  incidence  changes, 
but  each  has  shortcomings.  Each  method  manages  to 
reproduce  reasonably  well  most  of  the  data  sets  that 
were  used  in  their  development,  but  almost  no  compari- 
sons have  been  made  between  any  given  method  and  inde- 
pendent sets  of  data. 

One  notable  exception  was  reported  in  Ref.  20. 

With  the  assistance  of  the  originators  and  their  col- 
leagues, the  writer  was  able  to  compare  the  results  of 
the  aforementioned  methods  to  an  experiment  in  which 
the  amplitude  of  sinusoidal  pitching  motion  was  varied 
from  6°  to  14°,  while  the  maximum  pitch  rate  parameter 
was  held  constant  at  (ac/l)j^  0.050,  the  mean  angle 
was  kept  constant  at  approximately  the  static-stall 
angle.  Re  = 2.5x106,  and  M = 0.09  (Ref.  33).  Four 
quantities  were  compared  for  each  of  three  amplitudes: 
the  phase  angle,  ut,  at  the  onset  of  moment  stall;  the 
phase  angle  and  maximum  value  of  the  normal  force 
coefficient,  and  the  value  of 

The  phase  angles  for  the  onset  of  moment  stall 
were  predicted  almost  to  within  the  experimental  un- 
certainty by  the  Time-Delay  Methods.  But  lift  stall 
occurred  earlier  than  predicted.  The  latest  version 
of  the  Lockheed  Method  predicted  both  phase  angles 
correctly  for  the  intermediate  condition  aj  * 10°, 
but  the  values  were  significantly  too  large  for  aj  = 
14°  and  too  small  for  aj  =6°.  The  other  methods 
predicted  all  phase  angles  substantially  smaller  than 
the  experimental  values. 

Figure  11  shows  the  maximum  values  of  and  -Cm 
for  the  minimum  and  maximum  amplitude  cases.  It  should 
be  mentioned  that  the  experimental  values  of  Cfi|  in 
Ref.  33  were  significantly  less  than  had  been  reported 
earlier  in  Ref.  34.  The  latter  had  been  plotted  in 
Ref.  20,  whereas  the  values  from  Ref.  33  are  shown  in 
Fig.  11. 

The  Boeing-Vertol  Method  and  the  UTRC  a.  A,  B 
Method  are  seen  to  consistently  underpredict  the  force 
and  moment  coefficients.  The  Sikorsky  version  (Ref. 

30)  of  the  Time-Delay  Method  tended  to  predict  lift 
stall  later  than  the  experiment,  thereby  partially 
compensating  for  the  failure  to  include  the  excess 
normal  force  overshoot  due  to  the  vortex  shedding 
phenomenon;  since  t2  in  the  Westlands  version  (Ref. 

31)  is  approximately  the  same  as  Sikorsky's  latest 

value,  Cn1,„  would  be  expected  to  be  almost  the  same 
as  Sikors™  predicts.  Since  somewhat  low 

and  Ch  Is  derived  from  C^,  so  is  -Ct^ax  the 

experimental  uncertainty  band.  The  MIT  and  Lockheed 
Methods  overemphasize  the  Importance  of  vortex  shed- 
ding on  Off. 

On  the  whole,  the  predictions  seem  reasonably 
satisfactory,  although  the  need  for  further  improve- 
ments is  indicated.  Further  comparisons  of  this  type 
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for  a wide  variety  of  airfoil  shapes  and  over  a range  of  higher  Mach  numbers  would  certainly  be  desirable. 

7.0  CONCLUDING  REMARKS 

As  Indicated  at  the  beginning  of  this  section,  the  calculation  of  the  flow  around  an  airfoil  under- 
going dynamic  stall  Is  a formidable  task.  The  calculation  has  not  yet  been  accomplished  at  high  Reynolds 
numbers,  although  several  approximate  analytical  methods  have  been  proposed.  The  most  promising  of  those 
methods  seems  to  be  either  a combination  of  the  discrete  potential  vortex  and  thin  boundary  layer  approaches, 
or  a significantly  Improved  version  of  the  strong  viscous-inviscid  Interaction  approach.  The  former  may 
prove  to  be  superior  for  low-speed,  high-amplltude  flows,  but  the  latter  seems  likely  to  be  more  suitable 
for  airfoils  that  operate  under  supercritical  transonic  flow  conditions  and  for  cases  that  do  not  penetrate 
deeply  Into  stall . 

At  the  present  time,  the  engineer  who  Is  faced  with  the  need  to  predict  the  aerodynamic  forces  and 
moments  on  oscillating  airfoils  would  be  better  advised  to  turn  to  one  of  the  empirical  correlation  tech- 
niques described  In  Section  6.0,  or  perhaps  to  utilize  more  than  one  method  and  average  the  results.  In 
any  event,  these  methods  permit  the  essential  features  of  dynamic  stall  to  be  described,  even  though  further 
Improvements  are  highly  desirable.  Future  efforts  will  probably  see  more  use  made  of  the  two-dimensional 
theoretical  analyses,  while  experiments  can  be  expected  to  play  the  major  role  In  assessing  the  Importance 
of  the  three-dimensional  effects  that  are  likely  to  be  encountered  In  practice. 
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SUMMARY 

The  Navier-Stokes  equations  adequately  describe  aerodynamic  flows  at  standard  atmospheric  temperatures 
and  pressures.  If  we  could  efficiently  solve  these  equations  there  would  be  no  need  for  experimental  tests 
to  design  flight  vehicles  or  other  aerodynamic  devices.  Although  we  have  made  much  progress  toward  their 
solution.  Including  complex  unsteady  two-dimensional  and  steady  three-dimensional  separated  flows  and  have 
recently  made  some  dramatic  Improvements  in  developing  numerical  methods,  the  calculation  of  flow  fields 
past  complete  aircraft  configurations  at  flight  Reynolds  numbers  are  far  beyond  our  reach,  perhaps  as  long 
as  a decade  away.  They  await  substantial  progress  In  devising  accurate  and  efficient  numerical  methods. 

In  understanding  and  modeling  the  physics  of  turbulence,  and  In  developing  reliable  and  powerful  computer 
hardware. 

1.  INTRODUCTION 

The  unsteady  compressible  form  of  the  Navier-Stokes  equations  Is  a coupled  nonlinear  parabolic  system 
of  partial  differential  equations  that  describes  viscous  fluid  flow  at  standard  atmospheric  conditions. 
Reynolds  number  is  a measure  of  the  ratio  of  the  Inertial  forces  to  the  viscous  forces  of  the  fluid.  The 
viscous  terms  that  cause  the  system  to  be  parabolic  are  of  the  order  of  the  reciprocal  of  the  Reynolds 
number.  At  high  Reynolds  number  the  system  is  almost  everywhere  hyperbolic;  the  viscous  terms  are  negli- 
gible except  In  thin  layers  near  body  surfaces.  Because  of  the  disparity  in  magnitude  at  high  Reynolds 
nunber  between  the  inertial  and  viscous  terms  and  also  because  of  their  resulting  length  scales,  such  sys- 
tems are  difficult  to  solve  numerically  and  are  termed  stiff. 

Much  success  has  been  achieved  by  efficiently  solving  subsets  of  the  Navier-Stokes  equations.  Two 
examples  are  (1)  the  Euler  equations  for  flows  for  which  viscous  effects  are  negligible  and  (2)  the 
boundary- layer  equations  for  attached  flows  near  surfaces  with  mild  pressure  gradients  and  little  Interac- 
tion with  the  exterior  Inviscid  flow.  For  complex  flows  with  separation  and  strong  viscous-inviscid 
interaction  these  subsets  are  inadequate  and  a larger  set,  though  not  necessarily  the  complete  set  of 
Navier-Stokes  equations,  is  required. 

An  excellent  survey  of  numerical  methods  for  solving  the  unsteady  compressible  Navier-Stokes  equations 
was  presented  by  Peyret  and  Vlviand  in  1975  (Ref.  1).  The  present  paper  presents  some  recent  developments 
relating  to  the  use  of  numerical  methods  to  study  complex  flows  at  high  Reynolds  nuntier.  Numerical  results 
for  separated  unsteady  two-dimensional  and  steady  three-dimensional  flows  will  be  presented.  Techniques 
for  accounting  for  the  effects  of  turbulence  will  be  discussed.  An  excellent  study  of  turbulence  modeling 
for  compressible  flows  has  been  presented  by  Marvin  in  1977  (Ref.  2).  Finally,  future  prospects  for  cal- 
culating flow  fields  past  complete  aircraft  configurations  at  flight  Reynolds  nunbers  will  be  assessed. 

2.  THE  NAVIER-STOKES  EQUATIONS 
2.1  Differential  Equations 

The  time-dependent  compressible  Navier-Stokes  equations  in  two  dimensions  may  be  written  In  conserva- 
tion form  as 


{ in  terms  of  density  p,  x,  and  y velocity  components  u and  v,  viscosity  coefficients  X and  u,  total 

('  energy  per  unit  volume  e,  specific  internal  energy  t,  and  coefficient  of  heat  conductivity  r.  Finally, 

the  pressure  p is  related  to  c and  p by  an  equation  of  state,  p(e,p),  where 
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2.2  Integral  Equations 

Using  the  Divergence  Theorem  we  can  write  Eg.  (1)  in  integral  form  by  Integrating  it  over  an  arbi- 
trary volume  V enclosed  by  surface  S 

II  + ^ H • n ds  - 0 (2) 

where 


U = I U dv 
V 

H = fTx  + sTy 

and  n is  the  local  unit  outer  normal  to  S. 


3.  COMPUTATIONAL  MESH  FOR  INVISCIO-VISCOUS  INTERACTING  FLOWS 

For  computational  efficiency  the  number  of  mesh  points  must  be  kept  to  the  minimum  required  to  spa- 
tially resolve  all  significant  features  of  the  flow.  A typical  computational  mesh  for  calculating 
inviscid-viscous  interacting  flows  such  as  that  sketched  in  Fig.  1 for  a shock  wave  boundary-layer  inter- 
action is  shown  in  Fig.  2.  It  consists  of  a fine  boundary-layer  type  mesh  near  the  body  surface  for 
resolving  the  flow  where  viscous  effects  are  important  and  a coarse  outer  mesh  where  the  flow  is  essen- 
tially inviscid.  A mesh  about  a more  general  body  surface  is  shown  in  Fig.  3.  Additional  efficiency  can 
be  gained  by  stretching  the  fine  or  coarse  mesh  away  from  the  body  to  reduce  the  number  of  mesh  points  in 
regions  requiring  less  resolution. 

In  the  fine  viscous  layer  mesh,  about  20  mesh  points  are  typically  positioned  across  the  layer.  Along 
the  layer  the  spacing  is  much  coarser,  usually  of  the  order  of  the  boundary-layer  thickness  itself.  Such 
a mesh  cannot  give  adequate  support  to  every  term  of  the  Navier-Stokes  equations.  Finite  difference  quo- 
tients can  accurately  approximate  the  transverse  direction  terms:  however,  not  all  the  remaining  terms,  and 
particularly  not  all  the  pure  longitudinal  diffusion  terras,  will  be  resolved.  The  set  of  terms  of  the 
Navier-Stokes  equations  that  is  resolved,  however,  is  larger  than  that  usually  retained  by  boundary- layer 
theory  and  contains  all  the  terms  of  the  Euler  equations.  In  general,  for  laminar  or  "sheet  like"  flows  the 
unresolved  terms  have  been  found  by  comparison  of  computational  and  experimental  results  to  be  negligible. 
Some  results  will  be  presented  later.  For  flow  regions  that  need  all  terms  resolved,  the  mesh  point  spac- 
ing in  the  longitudinal  direction  must  be  severely  reduced.  The  outer  mesh  region,  in  which  the  mesh 
spacing  is  relatively  coarse  in  each  direction,  can  at  most  support  the  subset  consisting  of  the  Euler 
equations. 


Because  of  computer  speed  and  memory  limitations,  the  computational  mesh  cannot  be  made  fine  enough  to 
resolve  all  significant  eddy  length  scales  of  high  Reynolds  nuirter  turbulent  flow.  Turbulent  flows  will 
have  to  be  modeled;  mesh  size  and  smaller  turbulence  effects  must  be  accounted  for  by  closure  models. 

4.  TURBULENCE  MODELING  , 


A turbulent  flow  fluctuates  rapidly  about  the  mean  flow  solution,  which  also  may  itself  be  varying  in 
time.  Because  the  instantaneous  solution  is  impossible  to  determine  with  present  or  foreseeable  computa- 
tional resources  and  because  mean  flow  quantities  such  as  lift,  drag,  and  heiat  transfer  are  of  primary 
interest,  solutions  of  the  Reynolds  or  "time-averaged"  Navier-Stokes  equations  are  sought.  These  equations 
are  obtained  by  expanding  each  dependent  variable  into  two  parts,  a mean  part  and  a fluctuating  part.  For 


example,  p » p + p',  where 


- 1 f' 

P - T J P 


dt  and  T is  long  relative  to  turbdlent  eddy  time  scales,  but 


short  relative  to  mean  flow  time  scales.  E4ch  dependent  variable  is  replaced  by  its  expanded  form  and  a 
new  set  results  that  closely  resembles  the  original  set  with  the  except^is  that  the  mean  flow  variables 
take  the  place  of  the  original  flow  variables  and  there  are  some  new  called  Reynolds  stress  and  tur- 

bulent heat  transfer  terms.  A particularly  convenient  time-averaged  set  has  been  devised  by  Rubesin  and 
Rose  (Ref.  3)  using  time-mass-averaged  variables.  For  example,  using  this  approach  the  x-momentum  equa- 
tion of  Eq.  (1)  becomes 


W * * pu'u* ) + ■—  (puv  + T^y  + pu'v' ) = 0 

where  u • pu/p,  v • pv/p  and  the  terms  pu'u'  and  pu'v'  are  Reynolds  Presses. 

The  time  averaging  procedure  loses  Information  on  the  instantaneous  solution  and  Increases  the  nunber 
of  unknowns  to  Include  the  Reynolds  stress  and  heat  transfer  terms.  Because  the  number  of  equations 
remains  the  same  during  the  procedure,  relationships  for  the  additional  unknowns  must  be  determined.  This 
is  called  the  turbulence  closure  problem.  Two  types  of  relationships,  algebraic  and  differential,  have 
been  devised  to  close  the  system. 

4.1  Algebraic  Turbulence  Models 

Several  models  have  been  devised  which  directly  relate  the  Reynolds  stress  and  turbulent  heat  transfer 
terms  to  the  mean  flow  conditions  using  simple  algebraic  relations.  Bousinesq's  eddy  viscosity  concept  is 
used  to  relate  the  terms  to  the  product  of  an  eddy  viscosity  coefficient  0 or  a turbulent  heat  transfer 
coefficient  i,  and  special  derivatives  of  the  mean  flow  velocities  or  temperatures.  For  example 


i 
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The  turbulent  mixing  coefficients  u and  i are  also  determined  from  mean  flow  conditions.  A widely  used 
procedure  for  this  has  been  developed  by  Cebeci  and  Smith  (Ref.  4).  Their  model  consists  of  two  layers, 
one  near  the  wall  including  the  laminar  sublayer  and  the  other  covering  the  outer  part  of  the  boundary 
layer.  The  mixing  coefficients  are  evaluated  in  the  inner  layer  using  Prandtl's  mixing-length  hypothesis 
with  van  Driest's  wall  damping  factor;  in  the  outer  layer  Clauser's  formulation  is  used. 

In  general,  the  algebraic  closure  model  has  performed  well  for  calculating  compressible  attached  tur- 
bulent boundary  layers  in  zero  to  mild  pressure  gradients.  For  strong  adverse  pressure  gradients,  strong 
enough  to  cause  flow  separation,  the  model  has  been  deficient.  Calculations  show  that  this  model,  which 
assumes  that  the  turbulent  Reynolds  terms  instantaneously  adjust  to  local  flow  conditions,  over-predicts 
turbulent  mixing  in  regions  with  pressure  gradients  strong  enough  to  cause  flow  separation.  The  excess 
mixing  transfers  higher  momentum  fluid  deep  into  the  boundary  layer  thus  retarding  separation. 

Shang  and  Hankey  (Ref.  5)  modified  the  simple  algebraic  model  by  adding  a relaxation  length,  usually 
cf  the  order  of  a few  boundary- layer  thicknesses.  Instead  of  an  instantaneous  adjustment  to  turbulet.t 
equilibrium,  the  algebraic  model  with  relaxation  assunes  the  flow  reaches  equilibrium  after  the  mean  flow 
travels  a given  distance  and  thus  delays  turbulence  change.  The  flow  separation  predictions  of  Shang  and 
Hankey  agreed  closely  with  experiment.  Other  studies  showed,  however,  that  although  the  separation  region 
for  a given  choice  of  relaxation  length  was  better  predicted,  the  model  underpredicts  turbulent  mixing  in 
regions  of  flow  reattachment  and  in  general  overpredicts  the  length  of  separated  regions. 

4.2  Differential  Turbulence  Models 

Several  models  have  been  devised  which  relate  the  Reynolds  terms  to  the  mean  flow  variables  plus  quan- 
tities determined  by  solving  additional  flow  equations.  The  models  vary  from  the  one-equation  model,  which 
determines  turbulent  kinetic  energy,  k = l/2(pu' u'  + pv'v' ),  and  the  two-equation  model,  which  adds  a 
length  scale  equation,  to  the  complete  Reynolds  stress  model  which  contains  12  equations.  The  equations 
describe  changes  in  turbulence  in  terms  of  convection,  diffusion,  production,  and  dissipation.  They  con- 
tain constants  which  are  determined  and  adjusted  from  experimental  data  and  theoretical  analysis. 

Considerable  experience  has  been  obtained  with  Rubesin's  one-equation  model  (Ref.  6)  and  two-equation 
models  such  as  those  of  Saffman  and  Wilcox  (Ref.  7).  In  general,  the  differential  models,  which  contain 
more  turbulence  physics,  provide  more  flexibility  and  thereby  better  predictions  of  turbulent  flows. 
Unfortunately,  they  are  at  present  far  from  being  universal;  adjustments  depending  on  flow  conditions  are 
still  required. 

5.  NUMERICAL  METHODS 

5.1  Basic  Concepts 

Many  numerical  methods  have  been  devised  for  solving  the  compressible  Navier-Stokes  equations.  As 
noted  earlier,  a good  review  was  presented  by  Peyret  and  Viviand  in  1975  (Ref.  1).  Since  that  time  some 
new  and  dramatic  advances  have  been  made  in  the  development  of  numerical  methods  for  calculating  complex 
flows,  including  shock  wave  induced  separation,  at  high  Reynolds  numbers.  These  advances  have  each  suc- 
cessfully dealt  with  the  numerical  stiffness  problem  associated  with  high  Reynolds  number  solutions. 

Before  we  examine  them,  some  basic  concepts  will  be  reviewed. 

Let  us  begin  our  discussion  with  a model  linear  scalar  parabolic  equation  representative  of  the 
Navier-Stokes  equations 
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The  first  term  on  the  right-hand  side  represents  a hyperbolic  convection- like  term  with  characteristic 
velocity  c.  The  second  term  represents  a viscous  diffusion  term  with  viscosity  u.  In  the  high  Reynolds 
number  limit,  u/c  0,  this  equation  is  hyperbolic  in  character  everywhere  except  in  thin  viscous  regions. 
The  model  equation  can  be  solved  numerically  by  first  discretizing  time  and  space  into  At  and  Ay  incre- 
ments. The  solution  at  time  t = (n  + 1)At  can  then  be  determined  from  the  known  solution  at  t = nAt 
by  solving  an  algebraic  finite  difference  equation  that  approximates  the  model  equation. 


5.1.1  Explicit  and  Implicit  Finite- Difference  Equations 


If  the  difference  equation  approximates  the  special  derivatives  by  differences  using  only  solution 
values  known  at  t = nAt,  the  difference  equation  is  called  explicit.  On  the  other  hand,  if  the  approxima 
tions  to  the  special  derivatives  are  expressed  in  terms  of  the  to  be  solved  for  solution  at  t • (n  + l)At, 
the  difference  equation  is  called  Implicit.  For  example,  a simple  explicit  difference  equation  (upwind, 
c > 0)  approxinating  the  model  equation  is 
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and  an  implicit  one  (Crank-Nicolson)  is 
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The  implicit  equation  can  be  rewritten  as 
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and  solved  for  by  Inverting  a tridiagonal  matrix. 

5.1.2  Splitting 

Instead  of  approximating  every  term  of  the  model  equation  In  a single  difference  equation,  as  shown 
above,  the  difference  approximation  can  be  split  or  factored  Into  a sequence  of  simpler  difference  equa- 
tions. For  example,  we  could  construct  the  following  sequence  of  two  equations  to  approximate  the  model 
equation: 


V*  = v”  - ^ (v"  - v"  1 
''j  ''j  Ay  ''j-i' 
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The  first  equation  approximates  only  the  convection  term  of  the  model  equation  and  uses  a simple  explicit 
upwind  difference.  The  second  equation  accounts  for  the  diffusion  term  using  an  Implicit  Crank-NIcolson 
approximation. 

5.1.3  Characteristic  Equations 

Consider  the  model  equation  with  v = 0 


Using  characteristics  theory  to  transform  this  partial  differential  equation  Into  a simple  ordinary  differ- 
ential equation,  we  obtain 


where  the  total  derivative 
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Thus,  the  solution  v is  constant  along  characteristic  paths  having  slope  1/c  In  the  y-t  plane.  In 
Fig.  4 the  characteristic  path  passing  through  the  point  y - yj  and  t = (n  + l)At  Intersects  the  known 
solution  line  t » nit  at  y = y^.  Thus 


■r' 

v”  can  be  determined  by  Interpolation.  For  example 
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5.1.4  Numerical  Accuracy 

The  first  requirement  of  an  accurate  finite  difference  approximation  Is  that  In  each  flow  region  all 
the  physically  significant  terms  of  the  governing  equations  are  resolved.  Though  not  necessary  or  suffi- 
cient, a good  rule  of  thumb  Is  to  approximate  each  physically  significant  term  to  the  same  order  of  accu- 
racy and  to  choose  time  and  space  Increments  so  that  the  coefficients  of  the  terms  appearing  In  the 
difference  equations  are  of  the  same  order  of  magnitude.  We  Illustrate  this  rule  by  first  examining  the 
difference  equations  of  Sec.  5.1.1. 

The  coefficients  of  the  explicit  upwind  difference  equation  are  1,  cAt/ay,  and  vAt/Ay*.  The  second 
coefficient  Is  called  the  CFL  (Courant,  Friedrichs,  and  Lewy)  number.  For  the  numerical  stability  of  this 
explicit  method,  this  nuirt>er  cannot  exceed  1.  Violation  of  the  CFL  condition  causes  a rapid  error  growth 
which  quickly  renders  the  numerical  solution  meaningless.  If  the  second  and  third  coefficients  are  of  the 
same  order  of  magnitude 
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This  last  nunter  is  the  mesh  Reynolds  number.  A mesh  Reynolds  number  of  the  order  of  1 Is  necessary  so 
that  the  convection  difference  term  neither  dominates  nor  Is  dominated  by  the  diffusion  difference  term. 
For  flow  regions  In  which  convection  and  diffusion  are  each  physically  significant,  the  mesh  Increments 
can  be  chosen  (&y  v/c  and  at  *>  ay/c)  so  that  each  coefficient  Is  near  1,  satisfying  the  second  part  of 
the  rule.  Expanding  the  convection  and  diffusion  difference  terms  by  Taylor  series  we  obtain 
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As  shown  above  the  convection  term  Is  approximated  only  to  first  order  In  ay  but  the  diffusion  term  Is 
second  order  accurate,  a violation  of  the  rule.  Because  cay  • v,  the  error  In  the  convection  approxima- 
tion Is  of  the  same  orde*-  as  the  diffusion  term  Itself  and  hence  Is  an  Inadequate  approximation. 


The  coefficients  of  the  implicit  Crank-NIcolson  approximation  are  1,  cat/Aay,  and  vat/2ay2.  Unlike 
the  explicit  method,  this  method  Is  stable  for  any  CFL  number  but,  as  we  will  see  In  the  next  section.  If 
the  second  coefficient  exceeds  1,  Inaccuracies  will  occur,  although  the  numerical  solution  will  remain 
stable.  Again,  If  convection  and  diffusion  are  both  physically  significant,  the  third  coefficient  should 
be  chosen  so  that  the  mesh  Reynolds  number  Is  of  the  order  of  1 . By  Taylor  series  expansion  it  can  be 
shown  that  all  terms  are  second-order  accurate. 


Finally,  let  us  also  consider  the  characteristic  equation  of  Sec.  5.1.3  for  solving  the  hyperbolic 
part  of  the  model  equation  (v  < 0) 


This  can  be  rewritten  as 


.1+1  , v" cAt  , n _ n. 


where  CAt/(yj  - yj,),  the  corresponding  CFL  number,  is  exactly  1.  The  accuracy  Is  limited  only  by  the 
Interpolatlon'^procedure  for  obtaining  vj. 

5.1.5  Numerical  Efficiency 


In  solving  unsteady  flow  problems,  the  relative  numerical  efficiencies  of  competing  methods  of  the 
same  order  of  accuracy  can  be  measured  by  the  machine  computation  time  required  to  calculate  a given  flow 
from  time  t » 0 to  t • T.  Numerical  efficiency  is  therefore  directly  proportional  to  the  time  step  size 
At  and  Inversely  proportional  to  the  machine  time  required  by  one  time  step  of  the  method.  The  methods 
presented  earlier,  typical  of  explicit  and  Implicit  methods,  require  about  the  same  order  of  magnitude  of 
computation  time.  Implicit  methods  generally  require  more  time,  by  a factor  of  about  2,  than  explicit 
methods.  Therefore,  numerical  efficiency  strongly  depends  on  time  step  size.  We  will  now  examine  the 
allowable  time-step  sizes  of  these  methods  for  solving  the  model  equation  In  the  high  Reynolds  number  limit 
(v  - 0). 


The  time  step  size  of  an  explicit  method  Is  limited  by  stability  conditions  to  CFL  nunfcers  less 
than  1.  Its  numerical  efficiency  1s  therefore  proportional  to 


On  the  other  hand.  Implicit  methods.  In  general  not  subject  to  stability  conditions,  are  frequently  limited 
by  accuracy  conditions  to  CFL- like  limits.  This  can  be  Illustrated  by  considering  the  solution  to  the 
Initial  value  problem 


IV  + c IV 
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and  at  time  t • 0 the  solution  Is  ramp-like  as  shown  In  Fig.  5.  The  length  of  the  ramp  Is  x ■ 4Ay. 

For  t > 0 the  wave  profile  propagates  to  the  right  with  speed  c.  For  accuracy,  the  time  step  cannot  be 
so  large  that  the  wave  moves  more  than  one  wave  length,  cAt/x  s 1.  Otherwise  there  Is  a region  of  the  flow 
that  lies  ahead  of  the  wave  before  and  behind  the  wave  after  the  time  step.  Hesh  points  within  this  region 
should  see  a zero  special  gradient  at  each  time  as  shown  In  Fig.  6 and  thus  have  no  accurate  ni.imerical  way 
to  change  In  value.  Figure  7 shows  the  results  of  using  the  Crank-NIcolson  method  with  "Implicit  CFL  num- 
bers" of  1,  At  • x/c,  for  which  the  numerical  solution  shows  agreement  with  the  exact  solution  and  of  2, 

At  • 2x/c,  which  shows  poor  agreement.  The  numerical  efficiency  of  an  Implicit  method  Is  proportional  to 


where  X Is  the  smallest  wave  length  to  be  resolved.  For  unsteady  flows  containing  significant  features 
of  length  e(Ay),  Implicit  methods  offer  no  advantage.  On  the  other  hand  for  low  Reynolds  number  flows, 
which  are  diffusion  dominated  and  contain  only  smooth  flow  features,  or  for  flows  that  after  Initial  tran^ 
slants  characterized  by  small  wave  length  phenomena,  are  past  and  the  flow  Is  approaching  a steady  state, 
the  ratio  x/c  Is  high  and  Implicit  methods  are  significantly  more  efficient  than  explicit  methods. 
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Finally,  let  us  again  consider  the  characteristic  approximation.  The  characteristic  method,  techni- 
cally an  explicit  method.  Is  like  the  Implicit  method  not  limited  by  any  time  step  condition.  As  shown 
earlier.  It  automatically  adjusts  Its  computational  length  scale  for  any  time  step  so  that  Its  "CFL  nutiter" 
Is  exactly  1.  Figure  8 shows  the  results  of  applying  the  characteristic  method  of  Sec.  5.1.3  to  solve  the 
Initial  value  problem  presented  earlier  with  At  • 3/c  and  At  • 2x/c.  For  these  Integral  time  steps  the 
numerical  results  are  exact.  In  general,  they  will  have  error  of  the  order  of  the  Interpolation  procedure. 
The  machine  computation  time  per  step  Is  about  the  same  as  for  the  Implicit  method.  Its  numerical  effi- 
ciency Is  high  for  all  wave  lengths. 

5.2  Explicit  Methods 

Several  explicit  numerical  methods  have  been  developed  and  used  (Refs.  8-11)  for  solving  the  Navler- 
Stokes  equations  at  high  Reynolds  numbers.  Solutions  obtained  at  Reynolds  numbers  as  high  as  20x10^  com- 
pare accurately  with  experiment  but  required  hours  of  computing  time  on  machines  like  the  COC  7600.  One 
widely  used  method  will  be  presented  to  serve  as  a reference  point  for  the  developments  to  be  described 
later.  The  method,  originally  presented  by  HacCormack  In  1971  (Ref.  9),  Is  briefly  described  In  the  fol- 
lowing for  two-dimensional  unsteady  flow.  Its  extension  to  three-dimensional  flow  Is  straightforward. 

If  the  solution  u7,j  Is  known  at  time  t > nAt  at  each  mesh  point  (1,J),  the  solution  at  time 
t * (n  + l)At  Is  calculated  by 


where  i(At)  Is  a syimetrlc  sequence  of  time-split,  one-dimensional  difference  operators  -x{Atx)  and 
•fy(Aty).  For  example. 


In  this  sequence  the  Xx  operator  is  called  twice,  each  time  advancing  the  solution  In  time  by  At/2  by 
accounting  only  for  the  effect  on  the  solution  of  the  x-derivative  In  Eq.  (1).  Similarly,  the  iy  oper- 
ator advances  the  solution  by  At  once  by  accounting  only  for  the  effect  of  the  y-derivative  on  the 
solution.  The  iy  operator  solves  the  time-split  differential  "equation" 


ly  + IS  = 0 

at  ay  “ 


,(P) 


by  first  predicting  a new  value  from  the  current  solution  value  j 


= U 

'^l.j  ‘'l,j 


At 


(G 


- G, 


Ay  '"i,j  "i,j-i 


,) 


and  then  correcting  the  predicted  value. 


j(o)  - 1 /n  + - — Fg'P^  - G^P^l  r 

^1,J  71*^1, j"l.J  Ay  p.j+i 

s the  current  value  for 
defined. 

The  operators  £^(Atx)  and  Xy(Aty)  are  stable  If 


The  corrected  value  then  becomes  the  current  value  for  the  next  split  difference  operator  In  the  sequence. 
The  operator  Is  similarly  defined. 


At,  i 


Ax 


|u|  + c + (1/p){(2YM/PrAx)  + [(-Xw)*/2/Ay]} 


and 

Aty  S 

^ (v|  + c + (1/p){[(-Xu)»/Vax]  + (2Yu/PrAy)} 

where  c Is  the  speed  of  sound,  y is  the  ratio  of  specific  heats  of  the  gas,  and  Pr  Is  the  Prandtl 
number. 

For  calculating  an  Inviscld-viscous  Interacting  flow  on  the  two-mesh  system  shown  In  Fig.  2,  typical 
operator  sequences  are  (1)  for  all  (1,J)  In  the  coarse  mesh 

where  At  s m1nj^j{2  max  At,,  max  Aty),  and  (2)  for  all  (1,J)  In  the  fine  mesh 


where  m Is  the  smallest  Integer  such  that  (At/m)  t mln^ ^(max  At,,  2 max  Aty). 

For  high  Reynolds  number  calculations,  the  viscous  region  becomes  very  thin,  requiring  Ay  near  the 
wall  to  be  very  small.  This  causes  A^  of  the  Xy  operator  also  to  be  small  and  the  Integer  m to  be 
large.  Values  for  m often  exceed  100,  requiring  a great  amount  of  calculation  time  In  the  fine  mesh. 
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Oelwert  (Ref.  12)  has  extended  the  above  explicit  method  to  solve  the  Navler-Stokes  equations  In 
Integral  form,  Eqs.  (2),  on  a mesh  consisting  of  arbitrarily  shaped  quadrilaterals.  He  has  applied  the 
method  to  solve  for  high  Reynolds  nunter  turbulent  transonic  flows  past  arbitrarily  shaped  blunt  nosed 
lifting  airfoils  at  angle  of  attack.  His  results,  using  an  algebraic  eddy  viscosity  model,  for  flow  at  a 
Reynolds  nuirber  of  21x10*  past  a Garabedlan-Korn  airfoil  are  shown  in  Fig.  9;  the  agreement  with  experiment 
is  exceptionally  good.  The  simple  turbulence  model  performed  well  for  the  mild  pressure  gradient  flow. 

5.3  Implicit  Methods 

Encouraged  by  the  advantages  In  numerical  efficiency,  noniterative  or  one  step  Implicit  methods  have 
been  developed  In  recent  years.  In  1973,  Lindemuth  and  Killeen  (Ref.  13)  developed  an  alternating  direc- 
tion Implicit  method  for  solving  the  two-dimensional  equations  of  magnetohydrodynamics.  Briley  and 
McDonald  (Ref.  14),  also  In  1973,  presented  an  efficient  Implicit  method  for  solving  the  three-dimensional 
compressible  Navler-Stokes  equations  with  applications  to  low  Mach  nunber  viscous  flows.  Later,  In  1975, 
they  extended  their  method  to  efficiently  treat  steady  supersonic  viscous  or  Inviscid  flows  (Ref.  15).  In 
1976,  Beam  and  Warming  (Ref.  16),  following  an  approach  similar  to  that  of  Briley  and  McDonald,  developed 
an  Implicit  method  In  conservation-law  form  capable  of  treating  flows  with  shock  waves.  The  Beam  and 
Warming  method  has  been  applied  to  solve  Inviscid  flows  (Ref.  17)  and  unsteady  shock  separated  viscous 
flows  (Ref.  18).  Their  approach  Is  briefly  presented  In  the  following. 

If  the  solution  Is  known  at  time  t = nAt  at  each  mesh  point  (1,J),  the  solution  at  time 
t X (n  + l)At  Is  calculated  to  second-order  accuracy  In  time  by 


“i.j  “i.j  ■ t[-w-  * -IT  * ~w-  * -ir) 


Linearizing  fJj  and  g"j  by  Taylor  series  expansion  we  obtain 

^ 

where  A and  6 are  4x4  matrices  for  two-dimensional  flow  and  5x5  matrices  for  three-dimensional  flow  and 
represent  the  Jacoblans  of  F and  G with  respect  to  U.  By  substitution  we  obtain 
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where  I Is  the  Identity  matrix  and  the  differential  operator 


U denotes 


We  can  rewrite  this  equation  as 


X*(At)u7;]  - * «?,J 

X*(At)AU;,j  * B?,J 


To  complete  the  numerical  approximation,  the  differential  operators  3/3^  and  3/3y  must  be  replaced  by 
difference  operators.  Beam  and  Warming  have  several  ways  of  doing  this.  Including  first,  second,  and 
fourth-order  accurate  approximations,  each  using  only  three  grid  points.  In  application,  second-order  cen- 
tral difference  appraximatlons  have  been  used.  Finally,  because  Inversion  of  the  matrix  equation  Implied 
by  X*(At)AUy  j • bV.J  Is  difficult,  the  operator  X*(At)  Is  factored  or  split  so  that  only  block  tri- 
diagonal  matrices  n 


raxlmatlons  have  been  used.  Finally,  because  Inversion  of  the  matrix  equation  Implle 
Y,i  Is  difficult,  the  operator  X*(At)  Is  factored  or  split  so  that  only  block  trl- 
leeo  to  be  Inverted.  This  procedure  Is  attributed  to  Peaceman  and  Rachford  (Ref.  19), 


diagonal  matrices  need  to  be  Inverted.  This  procedure  Is  attributed  to  Peaceman  and  Rachford  (Ref.  19), 
Douglas  (Ref.  20),  and  Douglas  and  Gunn  (Ref.  2lj.  The  equation,  still  second-order  accurate,  becomes 


x;(At)xJ(At)40y  j • 
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where 


end 


t*Ut)  - I + X w ''l.J 


The  factored  method  Is  solved  In  two  steps,  each  Inverting  a block  tridlagonal  matrix 

1.  X*(At)AU*  j ' bJ  j 

2.  r;(At)AUy^j  . AU;  j 
The  new  solution  Is 


.n+i 

“l.J 


‘Jj.j  " 


The  method  can  be  extended  to  three  dimensions  In  a straightforward  manner.  Steger  (Ref.  18)  has  used 
the  method  with  general  coordinate  transformation  and  grid  generation  techniques  to  calculate  inviscid  and 
viscous  flows  past  arbitrarily-shaped  airfoils  at  low  and  transonic  Mach  nunk>ers.  The  time  step  sizes  were 
chosen  for  accuracy  considerations  and  not,  as  in  the  explicit  method,  for  stability  conditions;  hence, 
solutions  were  obtained  with  much  less  computer  time. 


5.4  Hybrid  Methods 

In  the  last  few  years  several  methods  have  been  developed  which  attempt  to  combine  the  best  features 
of  explicit,  implicit,  and  characteristic  approximations.  The  basic  approach  is  to  split  the  governing 
stiff  set  of  equations  into  parts,  none  of  which  is  stiff  by  itself.  Appropriate  numerical  methods  are 
chosen  for  each  part.  The  methods  chosen  from  mathematical,  physical,  and  numerical  considerations  are 
combined  to  form  a sequence  of  numerical  operators  which  Is  used  to  obtain  the  complete  solution.  The 
approach  is  optimum  in  that  as  new  and  better  numerical  methods  evolve  they  can  be  used  to  replace  less 
efficient  component  operators  of  the  sequence.  The  approach  has  drastically  reduced  the  computation  time 
required  to  obtain  complex  two-  and  three-dimensional  unsteady  viscous  flow  solutions. 

Three  hybrid  methods  - Li  in  1976  and  1977  (Refs.  22,  23),  Shang  in  1977  (Ref.  24),  and  MacCormack  in 
1976  (Ref.  25)  - have  been  developed  and  applied  to  solve  shock-boundary  layer  interactions.  Each  uses  the 
basic  framework  of  the  explicit  method  outlined  in  Sec.  5.2  and  replaces  the  operator  £y  in  the  sequence 
for  the  fine  mesh  region,  with  more  efficient  operators.  As  noted  earlier  this  operator  for  high  Reynolds 
number  calculations  and  consequently  small  mesh  spacings  required  very  small  time  steps.  The  time  step 
limit  of  this  operator  outside  the  fine  mesh  region,  as  well  as  the  Xx  operator  in  all  regions,  was  one 
or  two  orders  of  magnitude  larger. 


Li  and  Shang  independently  replaced  the  explicit  operator  Xy  in  the  sequence  for  the  fine  mesh  with 
an  implicit  operator  xj.  The  "equation" 


at  ay 


0 


is  first  linearized  and  then  numerically  solved  implicitly  for  each  time  step  using  either  a Crank- 
Nicolson  approximation  or  a Laasonen  approximation.  The  Crank-NIcolson  method  is  second-order  accurate  In 
both  time  and  space  but  can  exhibit  erratic  behavior  under  certain  known  conditions.  The  Laasonen  method 
Is  first-order  accurate  in  time,  second-order  in  space,  and  generally  behaves  well  under  all  conditions. 
For  the  test  problems  considered  and  with  the  time  step  size  no  longer  controlled  by  the  Xy  operator  In 
the  fine  mesh,  the  hybrid  methods  of  LI  and  Shang  reduced  the  required  conputatlon  time  by  an  order  of 
magnitude.  Shang  has  used  his  method  for  calculating  unsteady  three-dimensional  viscous  flows  with  arbi- 
trary geometries. 


MacCormack  replaced  the  explicit  operator  Xy  in  the  sequence  for  the  fine  mesh  by  two  operators, 

Xy^  for  solving  the  hyperbolic  part  using  characteristic  approximations  and  xj  for  solving  the  para- 
bolic or  viscous  part  using  an  Implicit  approximation.  This  method  Is  briefly  described  in  the  following. 


The  operator  Xy^  solves  the  split  conservation  law  "equation" 


au 


+ 


ay 


0 


where 


®H 


puv 
OVV  ♦£ 

_{e  + £)v_ 


The  convection  velocity  v and  pressure  p have  been  underlined  for  later  reference.  Characteristic 
relations,  as  shown  in  Fig.  10,  are  used  at  each  time  step  to  calculate  provisional  values,  p*  j and  v*  4, 
at  each  mesh  point.  These  values  are  used  to  obtain  time-averaged  convection  and  pressure  gradients  at 
t • (n  t 1/2)At,  which  are  used  In  turn  to  define  the  underlined  variables  above  In  a conservation-law  form 


< 


finite  difference  approximation  to  solve  Eq.  (3).  With  the  exception  of  the  determination  of  the  under- 
lined variables,  the  conservation-law  form  finite  difference  approximation  is  the  same  as  that  of  the 


explicit  operator 
The  operator 


however,  time  steps  that  are  orders  of  magnitude  larger  are  now  possible, 
solves  the  "equation" 


+ -r^  = 0 
3y 


The  operator  is  implicit,  using  Crank-Nicolson  or  Laasonen  approximations,  and  is  in  conservation-law  form. 
Because  Gp  does  not  contain  the  hyperbolic  terms,  no  linearization  is  required  and  simple  scalar, 
instead  of  block  tridiagonal,  procedures  are  used. 

Several  shock  wave  boundary-layer  interaction  problems  were  calculated  using  the  former  explicit 
method  of  Sec.  5.2  and  the  present  hybrid  method.  For  each  calculation  the  flow  was  at  Mach  2,  and  a shock 
wave  incident  on  a flat  plate  increased  the  pressure  by  a factor  of  1.4.  Molecular  viscosity  was  calcu- 
lated using  Sutherland's  formula,  and  turbulent  eddy  viscosity  was  calculated  using  a simple  algebraic 
Cebeci-Smith  turbulence  model.  Figure  11  compares  the  results  of  both  methods,  experiment  (Ref.  26),  and 
boundary- layer  theory  (Ref.  27)  (using  Crocco's  method),  for  a separated  laminar  boundary  layer  at  a 
Reynolds  number  of  2.9«10*.  The  results  of  the  two  methods  agree  well.  The  computing  times  of  the  former 
and  present  methods  for,  a wide  range  of  Reynolds  numbers  are  compared  in  Fig.  12.  For  each  case  the  mesh 
was  32x32,  with  16  points  in  the  fine  mesh;  the  calculation  was  run  128  time  steps  to  convergence.  The 
present  method  reduced  the  required  computation  time  by  one  and  two  orders  of  magnitude.  The  present 
method  has  been  applied  with  similar  success  to  solve  the  Navier-Stokes  equations  in  Integral  form, 

Eq.  (2),  for  flows  with  arbitrary  geometries.  Hung  and  MacCormack  (Ref.  28)  have  extended  the  method  to 
solve  three-dimensional  viscous  flows. 

6.  COMPUTATIONAL  RESULTS 

6.1  Two-Dimensional  Unsteady  Flow 

A Joint  experimental  and  computational  study  to  examine  turbulent  transonic  flows  is  being  conducted 
at  Ames  Research  Center.  McOevitt,  Levy,  and  Deiwert  (Ref.  29)  experimentally  investigated  the  flow  past 
a symmetric  circular  arc  airfoil,  of  thickness  18t  the  chord  length,  for  a range  of  Mach  and  Reynolds  num- 
bers. An  unexpected  phenomenon  occurred:  For  fixed  Reynolds  number,  as  the  Mach  number  was  increased  the 
flow,  at  first  steady,  became  unsteady  with  strong  oscillations;  then,  as  the  Mach  number  was  increased 
further,  the  oscillations  stopped  and  the  flow  returned  to  the  steady  state.  The  boundaries  of  the  three 
regions  are  shown  in  Fig.  13.  The  shaded  area  in  Fig.  13,  labeled  "hysteresis,"  represents  a steady  flow 
region  if  approached  in  Mach  number  from  below  and  an  unsteady  flow  region  if  approached  in  Mach  number 
from  above.  On  examination  of  shadowgraph  movies  it  was  observed  that  for  the  low  Mach  number  steady-flow 
region,  the  turbulent  boundary  layer  separated  at  the  trailing  edge  of  the  airfoil;  for  the  high  Mach  niMD- 
ber  steady-flow  region,  the  flow  was  separated  at  the  shock  wave  and  covered  the  last  30t  of  the  airfoil 
surface;  and  for  the  middle  Mach  number  unsteady-flow  region,  the  separation  point  oscillated  between  the 
trailing  edge  and  the  shock  wave.  Three  test  cases,  shown  also  in  Fig.  13,  were  selected  for  computations 
by  Levy  (Ref.  30),  one  in  each  region.  For  his  application.  Levy  modified  Oeiwert's  computer  program, 
employed  the  hybrid  expllclt-impllclt-characterlstics  method  of  Sec.  5.4,  and  used  an  algebraic  eddy  vis- 
cosity model  to  account  for  the  effects  of  turbulence.  His  results  are  shown  and  compared  with  experiment 
in  Fig.  14.  The  bars  on  the  experimental  results  and  the  shaded  region  about  the  computational  results 
represent  the  maximum  and  minimum  values  of  the  unsteady  fluctuations  and  not  uncertainty  in  the  measured 
mean  values.  Levy's  surface  pressure  distributions  exhibit  the  same  steady-unsteady-steady  phenomenon 
found  experimentally.  They  agree  well  with  experiment  where  the  boundary  layer  is  attached  or,  as  in 
Fig.  14(a),  slightly  separated  at  the  trailing  edge,  but  disagree  significantly  whete  the  boundary  layer  is 
well  separated,  as  in  Fig.  14(c),  between  the  shock  located  at  x/c  • 0.65  and  the  ^'.ailing  edge.  This 
disagreement  is  attributed  to  inadequate  turbulence  modeling.  For  the  unsteady  case,  .eyy  ^termined  that 
both  the  wave  form  and  frequency  of  the  airfoil  surface  pressure  oscillations  agreed  reasonably  well  with 
experiment.  Incorporation  of  differential  turbulence  models  is  under  way. 

6.2  Three-dimensional  Flow 

Hung  and  MacCormack  (Ref.  28),  also  using  an  explicit-implicit-characteristics  hybrid  method  they 
devised  for  three  dimensions,  have  calculated  the  supersonic  viscous  flow  past  a compression  comer  with  a 
sidewall  (Fig.  15).  The  flow  shows  strong  three-dimensional  effects,  including  shock-shock  and  shock- 
boundary-layer  interactions.  Their  computational  domain  and  mesh  are  shown  in  Figs.  16  and  17.  The  veloc- 
ity profiles  and  deflection  angles  acroj.s  the  sidewall  boundary  layer  are  shown  in  Fig.  18.  The  separa- 
tion and  reattachment  lines  on  the  compression  surface  that  bound  a "wine  glass"  region  of  separated  flow 
at  the  comer  are  shown  in  Fig.  19.  Note  the  two-dimensional  result  obtained  by  Hung  and  MacCormack 
earlier  (Ref.  31). 

6.3  Comparison  of  Turbulence  Models 

Viegas  and  Coakley  (Ref.  32),  also  using  a hybrid  explicit- Implicit-characteristic  method,  have  com- 
puted the  interaction  of  a normal  shock  wave  with  a turbulent  boundary  layer  within  an  axisyaiaetrlc 
channel.  Their  results,  using  an  algebraic,  algebraic  with  relaxation,  and  the  Rubesin  one-equation  dif- 
ferential turbulence  models,  are  compared  with  the  experimental  results  of  Mateer  (Ref.  33)  in  Fig.  20. 

For  this  flow,  ranging  in  Reynolds  number  from  9x10*  to  4*10*,  surface  pressure  was  predicted  well  with  all 
models.  However,  for  skin  friction  only  the  results  using  the  Rubesin  model  agree  with  experiment.  The 
relaxation  model  offered  no  improvement  over  the  simple  algebraic  model  for  this  flow. 
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7.  FUTURE  PROSPECTS 

During  the  past  two  decades  rapid  progress  has  been  made  In  computer  hardware  development.  Computer 
technology  has  Increased  computing  speeds  by  a factor  of  10  approximately  every  5 years.  This  has  resulted 
In  a reduction  of  the  computation  cost  of  a given  problem  by  a factor  of  10  about  every  7 years.  During 
the  next  decade  It  appears  that  this  trend  will  continue  and  that  computers  more  than  two  orders  of  magni- 
tude faster  than  present  machines  and  with  memories  as  large  as  32  million  words  can  be  built  for  fluid 
dynamics  applications. 

The  availability  of  powerful  computers  has  spurred  on  the  development  of  numerical  methods  for  solving 
the  Navier-Stokes  equations.  During  the  past  decade,  dramatic  progress  In  computational  fluid  dynamics  has 
reduced  the  time  required  to  solve  a given  problem  on  a given  computer  by  one  and  two  orders  of  magnitude. 
During  the  next  decade  we  can  expect  that  this  trend  will  continue  and  that  ntmerlcal  methods  an  order  of 
magnitude  faster  will  be  devised. 

Finally  we  can  expect  the  availability  of  fast  computers  and  methods  to  spur  on  the  development  of  the 
third  essential  element  - the  understanding  and  modeling  of  the  physics  of  turbulence.  Where  today  we  can 
calculate  some  complex  unsteady  two-  and  three-dimensional  flows  about  simple  but  arbitrary  geometries  at 
high  Reynolds  numbers,  a decade  from  now  we  will,  perhaps,  be  routinely  calculating,  for  design  purposes 
and  In  computation  times  measured  only  In  minutes,  flows  past  complete  aircraft  configurations  at  flight 
Reynolds  nuabers. 
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Fig.  1.  Shock  wave  boundary- layer  Interaction. 
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Fig.  2.  Computational  mesh  for  Inviscld-viscous 
Interaction  flows. 


an  airfoil . 
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Fig.  4.  Characteristic  path  through  [yj,  (n  + l)flt]. 
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Fig.  5.  Initial  value  problem  (t  • 0). 
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Fig.  6.  Exact  solution  at  t = 0 and  t = Zx/c. 
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(b)  at  * 2x/c 


Fig.  7.  Numerical  solutions  using  Implicit  method 
after  one  time  step. 


(b)  at  * 2x/c 


Fig.  8.  Numerical  solution  using  characteristic 
method  after  one  time  step. 


(a)  Surface  pressure  distribution. 


(b)  Velocity  vectors. 

Fig.  9.  Transonic  flow  past  a 6arabedlan-Kom 
shockless  airfoil:  M • 0.755,  Re  • 21*10®, 
and  a • 0.12. 


(a)  Surface  pressure. 


(c)  Velocity  profile  ahead  of  separation. 


(d)  Velocity  profile  Interaction  region. 

Fig.  11.  Comparison  of  results  of  former  and 

present  methods  for  calculating  laminar  separated 
flow. 


(e)  Velocity  profile  aft  of  reattachment. 
Fig.  11.  Concluded. 


Fig.  12.  Comparison  of  computing  times  for  former 
and  present  methods  on  the  CDC  7600  vs  Reynolds 
number  for  several  shock  boundary-layer  Inter- 
action calculations. 


Fig.  13.  Experimental  flow  domains  for  the  18*  thick 
circular  arc  airfoil . 
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(a)  H,  . 0.720 


(b)  • 0.754 


(c)  M,  • 0.783 

Fig.  14.  Computed  and  experimental  pressure 
distributions  on  the  circular  arc  airfoil. 

Re  • 11’<10®. 
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Fig.  15.  Three-dimensional  compression  corner 


(b)  Streamline  deflection  angles. 

Fig.  18.  Velocity  profiles  and  deflection  angle  across 
sidewall  boundary  layer. 
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Fig.  16.  Cross-sectional  views  of  the  computational 
domain. 


Fig.  19.  u-velocity  separation  and  reattachment  on 
y < 0 plane. 
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I.  20.  Improvements  In  turbulence  modeling  for  a 
flow  having  . normal  shock  wave  Interacting  with  a 
turbulent  boundary  layer. 


Fig.  17.  Details  of  "mesh"  cells  In  (y-z)  plane 
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Fig.  22  Variation  of  total  damping  with  lift  coefficient 


Fig. 23  First  bending  mode  - variation  of  aerodynamic  damping  with  density  and  velocity 


